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Abstract- In this research, the analytical solutions of
optimal control problems constrained by ordinary
differential equations are examined. The analytical
solutions are obtained by applying the first order
optimality conditions on the Hamiltonian function
and solving the resulting system of first order
ordinary differential equations. This leads to the
optimal state, control and adjoint variables and
hence the optimal objective function value. Two
examples of optimal control problems constrained by
ordinary differential equations are considered.
1. INTRODUCTION

Optimal control problems are mathematical
programming problems involving state and control
variables. Optimal control theory is used to minimize
an objective function by finding a control law for a
dynamical system over a given period of time. It has
numerous applications in both science, engineering,
epidemiology etc. Optimal control is a mathematical
optimization method for deriving control policies [16].
It is an extension of the calculus of variations. The
method is mainly due to the work of Lev Pontryagin
and Richard Bellman in the 1950s.

In general, a quadratic constrained dynamic
continuous optimization problem is defined as:
Minimize J (x(t),u(t)) = f[of £t x(t), u(t))de
Subject x(t) =
g(t,x(t),u(t))

Xgg =Xplg St <t
where fi RXR'XR"T >R, g: RXR*"XR" -
RP are given functions and m < n and p < n. The
components of g are denoted by g1,9,,...,9p
respectively.

to

1.1

Mathematical control theory deals with the basic
principles underlying  the  analysis and
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design of control systems stemming from some areas
of applied Mathematics. To control any system means
to influence its behaviour so as to achieve a desired
goal. Mathematical techniques are built to implement
this influence [3].

Pontryagin’s maximum (or minimum) principle, also
known as the necessary condition, is a condition that
must be satisfied for a statement to be established.
However, the condition does not validate the
statement. For the validity of the statement to be
established, the sufficient conditions must be satisfied
in order to determine the nature of the turning point
([6]). Pontryagin’s maximum (or minimum) principle
was formulated in 1956 by the Russian mathematician
Lev Pontryagin and his students as Pontryagin’s
maximum principle and proved historically based on
maximizing the Hamiltonian [4].

Optimal Control involves determining control and
state trajectories for a dynamic system over a period of
time in order to minimize an objective function, cost
functional or a performance index. The theory of
optimal control is well developed for many decades
([18]). It requires a performance index or cost
functional J(x(t),u(t)), a set of state variables
(t,x(t) € X), a set of control variables (t,u(t) € U)
inatimet, with t, <t <ty. To maximized a given
objective functional, one must obtain the associated
state variable x(t) and a piecewise continuous control

x(t).

Many optimization techniques have been developed
over the years for the solutions of optimization
problems. In the early years of optimal control, the
favoured approach for solving optimal control
problems was that of indirect method. In an indirect
method, the calculus of variations is employed to
obtain the first-order optimality conditions ([9]).
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Several well-defined new areas in optimization theory
were reviewed in [12]. A number of numerical
techniques have been developed over the years for
optimal control problems that have analytical
solutions and the ones that did not have analytical
solutions by [1], [2], [5], [11], [13],
[14], [15] and [16].

[7] considered an optimal control problem involving
equality and inequality state-control constraints with
fixed initial and final endpoint state constraints. The
control variables belong to the class of piecewise
continuous functions while and state variables belong
to the class of piecewise smooth functions
respectively. The paper provided a direct derivation of
second order necessary conditions, based on a
variational approach where a certain quadratic form is
non-negative. The inequality constraints are treated as
equalities of the active constraints for this set, thus
producing a restrictive set of optimality conditions.

[10] obtained the analytic and numeric solutions of
discretized constrained optimal control problems. The
analytic and numeric solutions of general continuous
linear quadratic optimal control problem were
presented. The associated general Riccati differential
equation was solved by numerical-analytical approach
using variational iteration method. Numerical
solutions of the constrained optimal control problem
were obtained via quadratic programming of the
discretized continuous optimal control problems by by
shooting method and the conjugate gradient method
(CGM). The results showed that both the analytical
and numerical solutions agreed favourably. In the

2.1 Necessary Conditions for General Optimal
Control Problem with Equality Constraints.

The standard form of a general optimal control
problem constrained by n equality constraints is given
as:

Minimize I(x,u) = f(;r f(x,u,t)dt

Subject to x;(0) = hx,ut), i=
1,2,.. .,n (2.2)

where x € R" and u € R™.
Feow) = (D + I A(hibxu) -
%i(D))dt (2.3)

The necessary conditions required to solve (2.2) is
derived from the Hamiltonian which is given as
H(t,x,u,2) = f(t, x,u) + Xt Ah; (L x,u)

(2.3)

where Ajare the adjoint variables and are dependent on
t, x and u.
The Euler-Lagrange equations for (2.4) are given as

oH d 0H
—_— —(—)=0,1=1,2..... 1
on, di'ag) "L i L2en 2.5)
OH d OH
— — ——) = . 7 = 1. 2 ..... m
du;  dt Oy / " (2.6)
aH  d ,0H_
— Sy =0, i=1.2,..., -
I\ dr(a,\[) T el (2.7)

Applying equations (2.5), (2.6) and (2.7) on (2.4), we
have

paper, the analytical solution and numerical solution daf . oh . o (2.8)
by penalty function methods were presented and aJF)‘i% +A=0, i=12...n
convergence analysis was conducted. : 5f ! o,
S h—=0, j=12....m (29)
. MATERIALS AND METHODS duj Oy
. . . 2.10)
rud)-i(f) =0, i=12...n ¢
The general form of optimal control problem h’[l' t t) Ilm 0, 1=12...m
constrained by n equality constraints is given as Hence,
Minimize I(x,u) = fOT f(x,u, t)dt o
Subject to %) = hy(x,u,t), i= Ai=—on Adjoint Equation (211)
Lz...n 2.1 % =0 Optimality Condition (2.12)
wherex € R™, UER™ £ R x K" x KM > R and g: X(t) = hi(X, u, t) State Equation (213)
R X R x R™ - RP.
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Equations (2.11) and (2.13) are system of first order
ordinary differential equations that can be solved
simultaneously in order to get the values of the two
constants by applying the boundary conditions. If only
one boundary condition is given, then the free end
condition is applied to get the second boundary
condition. The free-end condition is given as

Z—H—Oor?\i(T)= 0

Xi

Condition (2.14)

Transversality

For the solution to be optimal, all the conditions given
by equations (2.11), (2.12), (2.13) and (2.14) must be
satisfied. If one or more of the conditions are not
satisfied, then the solution is not optimal.

2.2 Analytical Solution of Optimal Control Problems
Constrained by two Equality Ordinary Differential
Equations

Minimize 1G5, %5,0) = [ (px2(1) + qx3(6) +

wu? (t))dt (2.15)

Subject to X;(t)= ax,(t) +bx,(t) + cu(t)

(2.16)

X,(1) = dx(t) + exy(t) + fu(t) (2.17)
Xl(o) = X10;X2(0) = X900 £t T

where a, b, c,d, e, f are real constants and p,q,w > 0.

Theorem 0.2.1. Given the optimal u* (t) and the
solutions xj and x5 of the state system (2.16) and
(2.17) that minimizes I(x,,x,,u) over U (where U is
the permissible set of controls), then there exists
adjoint variables 1(t) and po(t) satisfying

(D) = —2px; (0 — apy (D — dpp (D).t €

[0,T] (2.18)
() = —2gx,(t) — by (V) — epp (D), t €

[0,T] (2.19)
and with the transversality conditions

i (T) =0, HZ(T)f =0 (2.20)
w(p) = O (2.21)

H(xq, X2, 1, 1y, 1p) = px5 (D) + qx3(0) + wu?(t) +
H(ax1(t) + bx,(t) + cu(t))

+u, (dx,(t) + ex,(b) +
fu(t)) (2.22)

From the knowledge of calculus of variation, it seems
plausible that the optimal solutions for our initial
optimal control problem ought to be the Euler-
Lagrangian equations for H regarded as function of
five variables (x4, x5,u, 1y, 1,). Thus, the E-L system
can be written as

don ol
dt'or,”  On (2.23)
d ool
dt 0zs" Oz (2.24)
doH,_oH
dt' o’ ou (2.25)
d.0H, _0H
dt " Opiy toJTh (2.26)
4 oH _oH
dt Oy Ous (2.27)

Equations (2.23)-(2.27) together with (2.21) now give
the following system of first order ordinary differential
equations:

() = ax, (6) + biy(1) — (2D (2.29)
£,(0) = diy (1) + ex, (1) — 220y 9 29)

iy () = =2px, (0 — apy (D — dpp (D) (2.30)
() = —2gx,(t) — buy(t) — epy (V) (2.31)

The optimality system of equations (2.28)-(2.31)
represent a linear 4-point boundary value differential
equations, which are the necessary conditions for an
optimal control u*(t). The general solution is given by

Proof. With appropriate conditions on the end points, 71 (t) 21(0)
adjoipt variables M (t) and p, () can be int_roduced by (1) M 1.2(0)
forming the required augumented functional from . =e€
(2.15)-(2.17) fir(t) p11(0)
e pa(t) #12(0) (2:32)
The Hamiltonian function is given as where
IRE 1702348 ICONIC RESEARCH AND ENGINEERING JOURNALS 39
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2 —cf
a b 2”; 2;'
e =
ﬂ[ = d € 2u 2w

0 —2¢g —b —e (2.33)
Since we know x4 (0) and x,(0), the task is to choose
1 (T) and p, (T) so that the transversality condition is
satisfied. The characteristics equation of M is given by
o (czp +f2q+w(a?+e? + 2bd)> 22
w

+ (w(aze2 + bd(bd — Zae))) +
f2(a%q+b?p)+c?(d2q+e?p)-2cf(adq+bep)

w

0 (2.34)

and its eigenvalues are

L= /T T 4 2 2 240+ 2 w
)\1=*\‘."( VIA+B+C)+ep+ 29+ a’w + e?w + 2bdw) (2.35)

2w

e \;" VA BEO) +2p+ g+ 0w + et + Adw
N [ 2w

(2.36)

= _\I‘-‘"(\/(A + B+ C)+c*p+ fq+a’w+ e*w + 2bdw)

o (2.37)

M= ‘I‘I"‘I—‘f(fl +B+C)+ctp -; g+ a?w+ e?w + 2bdw (2.39)

where

A= a*w? + 4a’hdw? + 2a’c’pw — 2a%e’w? — 2a*fqw +
8abdew? + 8acdfqw (2.39)

B = 4bc’dpw — 4b*f2pw + 8bcefpw + 4bde®w? +

. RESULTS

Example 1.
Minimize
0.005u?(t))dt (3.1)
subject to X, (t) = x,(t)
%2(0) = =x,(0) + u(t)

1(x1,%2,w) = [ (x2(0) + x3(0) +

(3.2)
(3.3)

AbdfPqw + c*p? — 4c’d’qw

(2.40)

with initial conditions
(3.4)

x1(0) = 0,x,(0) = —1

Solution 1. The Hamiltonian function, H, is given by
H(zy, 22,1, 1, p2) = 23(t) + 23() + 0.005u (8) + prwa(t) + po (=22 (t)

From the knowledge of calculus of variations, it seems
plausible that the optimal solutions for our initial
optimal control problem ought to be the Euler-
Lagrange equations for H regarded as a function of
five variables (x4,x,,u, 44, 1iy). Thus, the E-L system
can be written as

d 0H, 0H

5w =
d dH _ aH
@'o = ous
d aH aH
' oa) = ou
d oH _ aH
dt'dpr dur
d oH aH
E[a_;.u = Jus

Equations (3.6)-(3.10) together with (3.2) and (3.3)
now give the following system of first order ordinary
differential equations;

C = 2¢*?pg — 2c%’pw + e*w? + 2e’f2qw + fg?
(2.42)
These eigenvalues are used to obtain the eigenvectors

— —
Uy, ﬁ; Us and (7: Thus, the general solution of
equation (2.32) is

— —
V(t) = clae’\" + CQ@B’W + c3Use™t + cyUye’
(2.42)

where ¢, c,, c5 and c, are the constants of integration.
Thus, c;,c,,c3 and c, can be determined by
substituting the initial and terminal conditions into
equation (2.42).
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%1 () = x,(0 (3.11)
X2 (1) = —x2(0) — 100p, (V) (3.12)
u(t) = —100p,(t) (3.13)
iy (D) = 2%, (1) (3.14)
(D) = —2x,(t) — uy (V) + 12 (O (3.15)

The optimality system of equations (3.11)-(3.12) and
(3.14)-(3.15) represent a linear 4-point boundary value
differential equations, which are the necessary
conditions for an optimal control u+(t) with an
algebraic equation (3.13). These equations can be
written in matrix form as

@y (1) 0 1 0 0 T
) | | 0 -1 0 —100 2

() | | =2 0 0 0 Ji1

Ji (1) 0 -2 -1 1 K2 ) (3.16)

ICONIC RESEARCH AND ENGINEERING JOURNALS 40
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The general solution is Since we know x;(0) and x2(0), the task is to choose
iy (1) and p, (1) using the free-end condition so that

g;l(t) :[,'1(0) the transversality condition is satisfied. The
xo(t) o | 22(0) characteristics equation of M is given by A* — 2012 +
111 (1) =¢ 11(0) 200 = 0 and its eigenvalues are
) A =26 N — 1 A= 1,0\ _ 2786
pa(t) 12(0) (3.17) 1= 97 "2 = L A= “land M = T g7,
where The corresponding eigenvectors are obtained and
substituted into the general solution to obtain
0o 1 0 0
0 -1 0 —100
M =
-2 0 0 0
0o -2 -1 1 (3.18)
z1(t) 652 —932 881 —187
[l Rl D15 I
xo(t) 2786 ﬁa i) 28 2786 pilly
o |=act [ R e | BE |teet| WP |t | W
H 9% 13 1079 8939
, 955 i) B
pa(t) 837 17147 0 1231
(3.19)
K (1)=0and uz(l) =0 into equation (3.19).
. . - _ 9692
where ¢1, €2, C3 and ¢4 are constents of mteg.ratlen. Hence €1 = —3 6123350 2 = 1ms,
Thus, ¢y, €y, czand ¢, can be determined by substituting 3379 62831
; i _ Cy = — df = g
the initial and terminal conditions x;(0) = 0 and x2(0) 20958 an 58794,
=1, Therefore, the particular solution becomes
21(t) 1304 =-9032944 —2976899 117493497
lt Sl Y 1 (T N (1 3 R
o |7 2N enrte| THIET | DR e BEEE [
H1 8405111270215 4]14}1%;{}’,{ 22613682 f‘ft%(ff%
pa(t) 715310435673 1087308417 0 36187707
3.20
Subjectto X, (t) = x4 + 2u(t) (3.22)
The analytical objective function value is 0.1732. %0 = x(0) (3.23)
Example 2 with initial conditions x1(0) = 1,x,(0) = 1
Minimize 1y, %,0) = [7(0.5x3(t) + 2x3(t) + (3.24)
u?(t))dt (3.21) Solution 2. The Hamiltonian function function, H, is

given by
H(zy,29,u, pry, o) = 0527 (£) + 225 (£) + w*(£) + py (21 (t) + 2u(t)) + pa(2a(t))  (3.25)

From the knowledge of calculus of variation, it seems
plausible that the optimal solutions for our initial
optimal control problem ought to be the Euler-
Lagrange equations for H regarded as a function of
five variables (X1,X2,U,M1,2). Thus, the E-L system can
be written as
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dt 9y’ Bz
d oH B oH
dt 9y’ Dz
d oH B ol
dt'du’  du
d dH B JdH
dt dp’ A
d aH 3 dH
d!, 3,&2 B ﬂu-‘g
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(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

Equations (3.26)-(3.30) together with (3.2) and (3.3)
now give the following system of first order ordinary

differential equations

(0 =% — 2y (D)

X,(0 =x%,(0)

u® =-—y,

L® =-x0 -
(D) = —4x,(0) — 2p,()

The optimality system of equations (3.31)-(3.32) and
(3.34)-(3.35) represent a linear 4-point boundary value
differential algebraic equations, which are the

necessary conditions

for an optimal control ux(t).

These equations can be written in matrix form as

Rfl(t) 1 0 —2 0 I

fg(t) . 0 1 0 0 Io

piq (t) -1 0 -1 0 I

pia (1) 0 —4 0 -2 i
(3.36)

z(t) z1(0)
Iz(t) _ M IQ(O)
pa(t) p1(0)
112(t) 12(0) (3.37)
where
1 0O -2 0
I R T I
M=1_3 0 -1 o
(3.31) 40 -9
(3.32) (3.38)

(Z5fe we know x4 (0) and x,(0), the task is to choose
(3:134)) and p, (1) using the free-end condition so that

ét}% transversality condition is satisfied. The
characteristics equation of
M is given by A*+ 23— 502 — 3L + 6 = 0 and its

. 1351 1351
eigenvalues are A, = %,)\2 = = A; = —2and

A, = 1. The corresponding eigenvectors are obtained
and substituted into the general solution to obtain

1233 368
z1(t) 1313 623 0 ?
xa(t) 1351, 0 _ 1351 0 ol 0 ; s

(1) = ¢1€ T80 408 +coe 780 3322 | +e3€ 0 +eqe l']j
a 1187 1117 f
Ha(t) 0 0 L ~5
(3.39)
(1) = 0 andp,(1) = 0 into equation (3.39).
i i _ 3931 . __ 66202 . __ 83047
where ¢y, c,,c3 and c, are constants of |r?tegrat|on. Hence, €1 = 35303 C2 = 11’36737 3 = S0 and
Thus, cy,c,,cgandc, can be determined by 5
L L . . Cy = 3
substituting the initial and terminal conditions 3.
x,(0) = 1andx,(0) = 1, Therefore, the particular solution becomes
) 1615641 243623306
Ilgt% 154465132 2?21:_;%279 2 [1]
xo(t 1351, — 1351, —2t t
0 | = —omez [eTH| awezsess | TN T 0 e
H1 205351 179801741 83047
3047 _ 4
p2(t) 0 0 3101 3
(3.40)
The analytical solution is 0.5745.
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CONCLUSION

The analytical solutions of continuous quadratic

0
d

p

ptimal control problems constrained by ordinary
ifferential equations have been presented. The
roposed analytical method gives the exact solution of

this class of optimal control problems. It is therefore
recommended that the method will be extended to
solve real life problems.
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