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Abstract- The purpose of this paper is to analyse
theoretically the problem of the forced convections
in unsteady liquid flow in a confocal elliptical pipe.
The results are obtained in terms of Mathieu
function for any value of Qin general. As a
particular case the results have been obtained when
heat source is in the channel and pressure gradient
varies as negative exponential power of time.

I INTRODUCTION

Heat transfer problem of forced convections in
channels have contributed an important and useful
subject. Laminar forced convection problem under
fully developed conditions is one of the most
fundamental and important problems in heat transfer
as it forms the basis of several other problems of heat
transfer.

Tao (1961) and Nigam S.(2021)considered Laminar
forced convections in round and flat conduits.
Laminar forced convections in unsteady Liquid flow
in elliptic pipes has not yet been considered.

In the present work we imagine the following:

a) The flow is Laminar and unsteady and liquid
properties are constant.

b) An arbitrary heat source is present in the channel,
which has the intensity Q.

c)The flow is  fully  developed (both
hydrodynamically and thermally).

d)The liquid and wall temperatures increase or
decrease linearly at the same rate in the direction of
flow.

e)Theaxes of the channel and flow direction are in the
positive direction of z-axis.

In forced convections, the energy of the motion is

appreciably comparable with the amount of heat
transferred in the fluid. The presence of the arbitrary
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source of heat in the channel which has the intensity
Q accounts for the heat generation in the fluid.

The purpose of present work is to analyse
theoretically the problem of the forced convections in
unsteady liquid flow in aconfocal elliptical pipe.

The results are obtained in terms of Mathieu
functions for any value of Q in general. As a
particular case they have been obtained when heat
source is in the channel and pressure gradient varies
as negative exponential power of time. Nigam
S.(2021)

e Formulation of Problem:

The governing equations after Tao (1) are
o%u  oPuw _ 1op 10w

— = 1
dx 2 dy?2 u oz v ot ( )
a%T | 92T _ pAdT Q , 10T @)
0x 2 dy?2 Tk oz K K Ot

Where Q is the heat source intensity, k the thermal
conductivity, u the coefficient of viscosity, p the
density, u the local velocity in the direction of z-axis
and T the modified temperature T'—T,,, T’ the local
temperature and T, the wall temperature which
remains uniform throughout the wall. Let us further

assume

10p

GO =25,

aT pA
c, =222
z 0z K

C3(t) =%
C,(t) and C;(t) are functions of time alone. So
equations (1) and (2) transform to

e Solutions of the problem:
To solve equation let us choose qy, ., be the roots of
the equation
Cen(§, DFey2n (e q) +
Fey2n (€, q)Ce2n (§o, @) = 0.
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Now multiply the above equation

by.BeZ(f' an,m)CeZn (TI' q2n,m)and integrate f to go
and nwith in the limits o to 2nwhere

ﬁeZn (f, an,m) = {FeyZn (fo' an,m) -
FeyZnél g2ZnmleZné g2nm

_{CeZn (fw an,m) -

ceZnél,g2nmbey2né g2nm 3)
We get
2y =S GO + 1L
(4)
and  —2Tqpm = CZ—Z [c.a-c®+25
(5)

7~ 2

(O = [ [ €1 (6)(cosh 2 -
cosZypfezné,g2nmlelny,glnmdédy

— 2

G0 = [ 77 C5 (©)(cosh 2§ —
cosZypfeZné g2nmlelny,glnmdéay.

Now equation (4) and (5) transforms to
d_i 4q2nmvu

dt c? =-vG ®
i i (6)
and S+ M2 = 0yt — Gy (6)
(7

2
_ ft v(,‘1C2<e’“t—e_uZ"'mT)
T=k|,

VA2nm—a

C3e—fre—xd2nmlt—rdr

+

x f;ﬂl Bezn (§ G2nm )[243™ cosh 2§ —
A22nd§,

2
—e —KAZn,m t)

_ VC1C2<€70“
T=k

(V}‘%n,m _a)(xl%n,m _a)

2 2
Vclcz(e—vlzn,mte—Klzn,mt>

(VA%n,m _a)(K _V)A%n,m

212
—Bt _g~*AZn,m

¢
* 638(“27—1?) f " Bezn (&, @nm ) [2A%" cosh 2§ —

A22nd¢ (8)
By inversion theorem of Gupta (1)

Z VCICZ( —at _ e_KA%n,m)
T4 L (OB~ - )
VC1C2( _VAZH,mt—e_KAZn,mt)

(V/12n m a)(K

V)/12n m

2
(E =Bt _gKAZn,mt

+ C3 wT_ﬁ))l .BeZn (5' an,m)CZZTL (TI» an,m)

©)

IE2 Bron (€.a2n m)[ 245%™ cosh 26-aF™a

where A = s
TS B (§.02n,m )cosh 260 m ]dE
(10)
and
u =

_ 2
A’vCl(e_“t —eVAinm?

n=0 Zm=1 (V23 m—a0) Bran (f' an,m)CQn (7)' an,m)
(11)

Equation (10) & (11) give the temperature and
velocity at any point with in the cylinder.
Mean temperature is given by

I
Ly, Tda

2
vei(e=@t—e VA2nm?

21_[ o0 o0
f;;l L Zn:O Zm:l

(Vl%n,m -

a) ﬁeZn (f' an,m)CZZn (77' an,m)

Y a2 _ 42
v(;l(;2< —at _, KlZn,mf) vC1Cz(e VAZnm g MZn,m)

X Y- Xm=1 A [

(V’12n m _a)(KA%n,m _a)

(Vi%n,m _a)(K_V)A%n,m

C e—ﬁf_e_"Aan
+3((T] .BeZn (f q2n m)CEZn (77 q2n m) (COSh 25 — COs Zn)dfdn
e
AvCy(e—at—e™ 2n,mf
Lri=0 Zm=1 n(va3, ;—a)(sinh 2§ —sinh 2¢°) ffil Bezn (&, znm)[242" cosh 2§ — AZ"]d§
X HTCZ (sinh 2¢; — sinh 2¢&.)
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Using orthogonal property and on solving Cg(e—ﬁr _e_’d%n,mt>
(Mchachalem 2), Nigam S.(2021,V1)we get R Y R— (12)
—ai _e—vlzn,mt ’ ) R
— Y 3 ate G ’ )_ Overall heat transfer rate at the boundary 7 is given
n=0 4am=1 _ 2 _
(VXZTL m a)(KXZn,m 0() by

vClCz(e_M%"'mt—e_Mznfmt) q= [Czum - C3 (t)]KA

(Vl%n m _a)(’c_v)l%n m

© $1

C1C2AV —at _ g=vaZ;mt ) 2 2
i = — 2A n h 2 A n d
T 2 Z 1(vA3,,, — a)(sinh 2¢; — sinh 2¢&.) f Bezn (&, Ganm ) [2A%" cosh 2§ — A§"]dé

n=0m=1

2
+Cie Pt %l (sinh 2¢; — sinh 2&) (13)

or g can also be written as

—at _ o VAan )
Z Z H(VAan - a)(smh 2¢; — sinh 2&.) f Bean (§ d2nm) X

n=0m=1

where D, is equwalent hydraulic diameter i.e.,% and

4 [242" cosh 2¢ — A3M|dECsePt | kAC,C, h is heat transfer coefficient based on mixed mean
temperature.
211C2% (sinh 21 —sinh 2£-)
where  C,C, = C,, Cs = = So D, = 1n/
C1C2 4C(cosh &1+cosh &) [, "2/1—elcos2 6d6

Nusselts number N, based on the mixed mean

_ (14)
temperature are given by Now heat transfer coefficient based on mixed
N, = hfe temperature is given by
h=--1
STy,
2
C1C2A’v<e‘“t —eVAn, mt) £ o n st
[H(VAan—a)(51nh 2&1—sinh 2¢&- )f .BeZn (E anm) ZA cosh 26 A ]C3€
. i i x TIC2[sinh 2&; — sinh 2&.]
= V(31C2 e—at _e_’d%n,mt) VCch( _V/l%nmt_ ﬂd%n,m‘) (e—[)’t _e_’d%n,mt)
(V’12n,m a)(’c’l%n,m _a) - (Vlan a)(" 1})/1an + C3 (Kl%n,m _ﬁ)
X C;(cosh & — cosh&) [, s V1 —elcos?20do
(15) So Nusselts number is given by

2
A( —at _, "Aant)

31
H(VAan—a)(51nh 21 —sinh 2¢&°) f Bezn (E anm)

I12C%(sinh 2§; — sinh 2&.) {

X [2A%2™ cosh 2& — A%™] df+C56_ﬁt}

o ©
Nu - Z Z 4 [ v<efat_e_'d%n,mt) v( _‘M%n mt_ _KA%TL mt) N CS (e*ﬁt _e_’d%n,mt)l

(V}‘%n,m _a)(K}‘%n,m _a) (VAZn m _a)(K V)AZn m (K}‘Zn m B)

X [coshfl —coshé. |, /2\/1 —elcos?d d9]
(16)
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So dimensionless heat transfer rate
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q - -
o is given by

!v(e—at _ e—wl%n,m t)

§1

o0 o0 A
= 2n _ A2n
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