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Abstract- The main purpose of this paper is to 

establish the reflexive space of 
p .  We establish 

whether the linear functional ( ) CF p

x →
*

: 

defined by ( ) ( )xffFx =  is bounded ( )*pf   

i.e. 
p

x LF   and xFx =  and whether the 

Canonical mapping given by 
pp LC →: is linear 

and bijective  
px   and

p

x LF  . 
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I. INTRODUCTION 

 

We shall consider a normed space X, its dual 
*X  and 

the dual of 
*X of which we represent by  ( )**X . 

Now 
**X is some times called the second dual of X

. We define the functional xg  on 
*X by choosing a 

fixed Xx  and setting ( ) ( )xffg x =  
*Xf 

. The linear functional f   is bounded and we show 

that xg is a bounded linear functional on 
*X . 

 

II. DUAL SPACES 

 

2.1 Definition 

If X  is a linear space, the space of functions on X  

is called continuous linear functionals. They are also 

called dual spaces. 

 

2.2 Definition  

If X  is normed linear space, the set of all bounded 

linear functionals on X   denoted by 
*X  is also 

normed where the norm is defined as: 

( )













= 0,:sup xXx

x

xf
f    

 

2.3 Definition 

Let X and Y  be linear spaces. Then a function 

YXT →:  is called a linear operator if and only if. 

 = 

( ) ( ) ( ) +=+  ,,,, 212121 XxxxTxTxxT

K  

 

2.4 Definition 

An isomorphism of normed space X onto a normed 

space Y is a bijective linear operator YXT →:  

which preserves the norm i.e., ., XxxTx =  X 

is said to be isomorphic to Y. 

 

III. REFLEXIVE SPACES 

 

We shall consider a normed space X , its dual 
*X  

and the dual of 
*X of which we represent by  ( )**X  

Now 
**X is some times called the second dual of X  

We define the functional xg  on 
*X by choosing a 

fixed Xx  and setting ( ) ( )xffg x =  
*Xf 

. The linear functional f   is bounded and we show 

that xg is a bounded linear functional on 
*X as we 

shall see below: 

 

3.1 Lemma 

Let X be a normed linear space and ,Xx  then the 

linear functional ( ) ( )xffg x =  is bounded

*f  i.e. 
**Xg x  and .xg x =  

 

Proof  

Linearity 
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( ) ( )( ) ( ) ( ) ( ) ( )2211221122112211 fgfgxfxfxffffg xxx  +=+=+=+

, 

 21

*

21 ,,, Xff K and 
**Xg x   

( )( ) ( )( ) ( ) ( ).fgxfxffg xx  ===  

 ,, *** XfXg x K          

Moreover 

( ) ( )
.0,:sup0,:sup ** xfXf

f

xf
fXf

f

fg
g

x

x =












=












=    

  

Now for each ,Xx there corresponds a unique 

bounded linear functional ( ) ( ).xffg x =  This 

defines a mapping.  

**: XXC → such that ( ) xgxC = . 

C is called the canonical mapping of X on to 

**

X  

We shall show that C is linear and bijective.  

 

3.2 Lemma  

The canonical mapping C given by:  

 
**XX →  

 xgx →  

is linear and bijective of a normed space X on to the 

normed space ( )CR  where ( )CR  is the range of .C  

 

Proof  

Linearity of C  is clear, since we have  

( ) ( ) ( ) ( ) ( ) ( )fgfgyfxfyxffg yxyx  +=+=+=+  

Xyx  , and  , K  

Thus ( )yxC  + ( ) ( )yCxC  +=  

( )( ) ( )( ) ( ) ( ).xgxfxffg xx  ===  

Thus ( ) ( )xCxC  = . 

If ( ) ( ),yCxC =  then yx gg = , so yx − .Thus C is 

1-1. 

If 
**Xg x  then ( ) xgxC = , where Xx .  Thus, 

C is onto
**X . 

This shows that C is linear and bijective.  

 

 

3.3 Definition 

A normed space X is said to be embeddedable in a 

normed space Z  if X is isomorphic to a sub space 

.Z  

Lemma 1.1 And 1.2 shows that X  is embeddable in 

**X  and C is also called the canonical embedding of 

X into .**X  

 

3.4 Definition  

A normed space X  is said to be reflexive if the range 

( )CR  of C  is 
**X  where C  is the canonical 

mapping of X  onto
**X . If X  is reflexive, it is 

isomorphic with 
**X space 

 

IV. THE DUAL OF 
p SPACE. 

 

Let ( ) pp 0  be a linear space and 

( ) ,
* qp  = the set of linear functionals on 

p  

where 1
11
=+

qp
 

q  is the dual of
p . 

If 
px   then 

pn

k

p

kxx

1

1









= 

=

 and if 

( )*pf  then ( )p

x

p
ff

1

=  

The schauder basis of 
p  is ,ke where 

.
,0

,1
.







=
==

kj

kj
e kik  

,...2,1,1 == ke  

We define  

( ) p

k

kk xxxexx ==


=

,...,, 21

1

 

and ( ) k

k

kxxf 


=

=
1

 where ( )kk ef= . 

The following theorem illustrates that 
q  is the dual 

of .p  
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4.1 Lemma 

Let
p  be a linear space and

px  , then the linear 

functional ( )*pf   is bounded i.e. .xf =  

Proof  

Isometric  

Let 
( )n

kn xx =  where  

( )











=

nk

nkx
k

q

k
n

k

,0

,



 where ( )kk ef=  

              

It follows that, 

( )













−===









=








= 

=



=

pqpqx

fxfxfxf

q

kp

k

pq

kp

k

pn

k

q

k

p

k

p

knn

,

1

1

1

1








 

                  

      But ( ) ( )
qn

k

kk

n

kn xxf 
=

==
1

  

Therefore 

pn
q

k

qn

k

k f

1

1













 

=

  

So that f
qn

k

q

k 








=

1

1

  

     ( ) ., fnsonn q

k =   

 

Conversely, 

 

Suppose ( ) q

nnn =  is given. 

 

Define f on 
p  by 

  ( ) ( ) p

nk

n

k

k xxxxf ==
=

,
1

  

 

By Holders inequality, 

( ) .

1

1

1

1

xxxf
pn

k

p

k

qn

k

q

k  =















 

==

 

 

Therefore 

qff    

Since ( ) kkef =  and f  

     .= f  

If ( ),......, 21 nx =  then it follows that 

.xf =  

Now there corresponds a unique bounded linear 

functional ( )*pf   given by  

( ) .
1

n

k

kxxf 


=

=  This defines a mapping 

( ) .:
* qpT  →  

 

4.2 Lemma 

The mapping ( ) qpT  →
*

: is linear and 

bijective. 

Proof 

T is linear 

  Let ( ) ( ) kk

p fgf =  ,,
*

 and 

( ) = keg kk , N 

 

Then  

........,, 321 =Tf  and  

( ) qTg = ............,, '

3

'

2

'

1   . 

Therefore  

( )*pgf +  and ( )( )kegf +  

( ) ( ) '

kkkk egef  +=+=  

Therefore  

( ) ( )......, '

22

'

11 +++=+ gfT  

( ) ( ) ........,....., '

2

'

121 TgTf +=+=   

Likewise 

 ( ) ( ) ( ),..,,..., 2121  ==fT . = .Tf  

T is 1-1  

Let ( )*, pgf    and ,TgTf = then 0=−TgTf

(since T is linear). 
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But since T is an isometry. 

( ) 00 ==−=− gfgfT  

So that 00 =−=− gfgf  

T is onto  

If ( ) q.........21  then there is a g

( ) ( ),....,: 21

*
= Tgp  

i.e. ( ) = keg kk , K 

Let ( ) px = ,......, 21   and define →pg :  

K by  

( ) 


=

=
1k

kkxg   then g is well defined and linear.  

Let ( ) ( ) ,,....,,..,........., 2121

pyx ==   

then ( ),...., 2211  ++=+ yx  

 

Therefore  

( ) ( ) ( ) ( )ygxgyxg K

K

Kk

k

kk +==+=+ 


=



=


11

 

         

Therefore  

( ) qpT  →
*

:  is linear, isometry, 1-1 and on to. 

Hence ( )p  is congruent to
q . 

 

V. METHODS 

 

To establish the reflexive space of
p , we shall use 

lemma 3.1, 3.2, 4.1 and 4.2 on boundedness, linearity 

and bijective mappings. 

 

RESULTS AND DISCUSSIONS 

 

We define the functional  

xF  on ( )*p  by choosing a fixed 
px  and setting 

( ) ( ),xffFx =  for all ( )*pf  . The linear 

functional f is bounded and we show that xF  is 

bounded linear functional on ( ) .
*p  

 

 

 

6.1 Proposition  

Let
px  , then the linear functional ( ) →

*
: p

xF 

C defined by  

( ) ( ) ( )*, p

x fxffF =  is bounded  

i.e. 
p

x LF   and .xFx =  

Proof 

Linearity  

( ) ( )( )xfffFx 2112211  +=+ =

( ) ( )xfxf 2211  + = ( ) ( )2211 fffF xx  +

( ) .,,, 21

*

21  pff    

( )( ) ( )( ) ( ) .,  == fFxffF xx  

Isometric  

( )
( )













= off
f

fF
F px

x ,:sup
*

  

      = 

( )
( ) pp xxff

f

xf
 =













 ,0,:sup
*

 

     i.e. .xFx =  

 

Now for each 
px   there corresponds a unique 

bounded linear functional 

( ) ( ) ( )*, p

x fxffF = . 

This defines a mapping 
pp LC →: such that 

( ) .xFxC = C is called the canonical mapping of 
p  

on to .pL  

 

6.2 Proposition  

The canonical mapping C given by 
pP LC →: is 

linear and bijective 
px  and .p

x LF   

Proof 

Linearity of C  

( ) ( ) ( ) ( )yfxfyxffF yx +=+=+  

     = ( ) ( )fFyfFx +  

., pyx   

( )( ) ( )( ) ( )  == fFxffF xx  

C is 1-1 
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For ,px   define ( ) ,xFxC = this gives a 

mapping 
pP LC →:  

If ( ) ( ),yCxC =  then ,yx FF =  so yx = .Thus C 

is 1-1  

C is onto.  

If 
p

x LF   then ( ) ,xFxC =  where .Px   Thus 

C is onto .PL  

 

CONCLUSIONS AND RECOMMENDATIONS 

 

Both the dual and reflexive spaces of 
p have drawn 

substantial interest in this study where,   

1
11
=+

qp
 

 

We have established that: 

i. The linear functional ( ) →
*

: p

xF  C defined by 

( ) ( )xffFx =  is bounded ( )*pf   i.e. 

p

x LF   and xFx =  

ii. The canonical mapping C given by 
pP LC →:  

is linear and bijective 
px   and .P

x LF   

Therefore (i) and (ii) implies that 
p space is reflexive 

and is isomorphic to 
pL .We recommend that effort be 

directed towards establishing duality among other 

Banach spaces. 
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