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Abstract- The main purpose of this paper is to
establish the reflexive space of /”. We establish

whether the linear functional F, :(Ep)* —-C
defined by F, ()= f(X) isbounded Vf € (ﬁ P )*
ie. F,el® and ||[F,|=|x| and whether the

Canonical mapping given by C : /? — L"is linear
and bijective Vx e /" andF, e L".
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l. INTRODUCTION

We shall consider a normed space X, its dual X " and
the dual of X~ of which we represent by (X*)*.
Now X " is some times called the second dual of X

. We define the functional g, on X ) by choosing a
fixed X € X and setting g, (f )= f(x) Vf e X~
. The linear functional f is bounded and we show

that g, is a bounded linear functional on X "

1. DUAL SPACES

2.1 Definition

If X is a linear space, the space of functions on X
is called continuous linear functionals. They are also
called dual spaces.

2.2 Definition
If X is normed linear space, the set of all bounded

linear functionals on X  denoted by X is also
normed where the norm is defined as:
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||f||:SUp(M:Xe X,x;toj

[

2.3 Definition
Let X and Y be linear spaces. Then a function
T : X —Y iscalled a linear operator if and only if.

T(AX, + 1%, ) = AT (X )+ 4T (X, ), VX, X, € X, A, 1 €

K

2.4 Definition
An isomorphism of normed space X onto a normed

space Y is a bijective linear operator T : X =Y
which preserves the normi.e., ||TX|| = ||X||, Vxe X. X

is said to be isomorphicto Y.

1. REFLEXIVE SPACES

We shall consider a normed space X , its dual X~
and the dual of X~ of which we represent by (X *)

Now X " is some times called the second dual of X
We define the functional g, on X *by choosing a

fixed X € X andsetting g, (f)= f(x) vf e X"
. The linear functional f is bounded and we show

that g, is a bounded linear functional on X “as we

shall see below:

3.1 Lemma
Let X be anormed linear space and X € X, then the

linear functional g, (f)=f(x) is bounded
vieX ie g, € X and |g,] =]

Proof
Linearity
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gx(% fita, fz)z(a1 fita, fz)(x)z a1f1(x)+az fz(x): algx(fl)+azgx(f2)

i

v, f,e X o, @, eKand g, € X~

(09, )(f)=(of Jx) = of (x) = g, ().
Vg, € X" feX ,aek

Moreover

o, =sup

I I
Now for each X € X,there corresponds a unique
bounded linear functional g, (f)= f(x). This

defines a mapping.
C:X — X suchthatC(x)=g, .

*%

C is called the canonical mapping of X onto X

We shall show that C is linear and bijective.

3.2 Lemma
The canonical mapping C given by:

X > X"
X—>0,

is linear and bijective of a normed space X on to the
normed space R(C) where R(C) is the range of C.

Proof
Linearity of C is clear, since we have

Guup(F)= Flox+ By)=cf (x)+ A (y) =g, (F)+ Ao, ()
VX,y e Xand &, f €K

Thus C(ax + fy) = aC(x)+ AC(y)
(g, () = (of Jx)=of (x)= ag, (x)

Thus C(ax): aC(X)

If C(X)= C(y), theng, =g,,s0 X—y.ThusCis
1-1.

If g, € X "thenC(x)=g,, wherex € X . Thus,

Cisonto X .
This shows that C is linear and bijective.
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‘gx(f}:f eX' f ¢0}:sup{f(x]: f eX*,f¢0}:X-

3.3 Definition
A normed space X is said to be embeddedable in a

normed space Z if X is isomorphic to a sub space
Z.
Lemma 1.1 And 1.2 shows that X is embeddable in

X ™ and C is also called the canonical embedding of
X into X ™.

3.4 Definition
A normed space X is said to be reflexive if the range

R(C) of C is X~ where C is the canonical

mapping of X onto X . If X is reflexive, it is
isomorphic with X~ space

IV. THE DUAL OF /" SPACE.

Let 6”(03 péoo) be a linear space and

(Ep) = (9 the set of linear functionals on ¢°

where 1+1=1 /% is the dual of /" .
P q

1
# xel® then ||x||=[i|xk|pj" nd it
k=1
" 1
f e (e°) wen ] = (]]7]°)r
The schauder basis of /P s €, , where
e, =0, = Li=k
k —Vik — O,j;tk'
e =1V =12,..
We define

x=ixkek,VX:(xl,xz,...)eé"
k=1

and f(x)= ixknk where 77, = T (g, ).

k=1
The following theorem illustrates that /9 is the dual
of £°.
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41 Lemma

Let /P be a linear space and X € /", then the linear

functional f & (¢° ) is bounded i.e. | f ]| = [X].

Proof

Isometric

Let X, = x\" where

[

x\" = ,;k K=< here n. = fle,)
0,k >n

It follows that,

(< il =1{ S0 ) =||f||(k§|,,k|qji

=1 =1

pPq
n
{kalp ! k||p =ln|",va=aqp- p}

|77k

n q
But f(x,)=> x"n, =>|n]
k=1
1

n q n P
Therefore Z|77k| < || f ”(Z|77k |qJ
k=1

.

soum [ S| <11]

=
=n=(n,) e, so|n| <|f].

Conversely,

suppose N =(n, ) e £ is given.

Define f on ¢° by
f(x):gnkxk,x:(xn)eﬂ’

By Holders inequality,

=[S ) (S =i
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Therefore
[Tl <l]= e

since f(e, )=7, and Il <|If]
=f]=lh
If X=(771,772 ..... . ) then it follows that
[ #]1=
Now there corresponds a unique bounded linear

functional f e (fp )* given by

f (X) = i X, 77,. This defines a mapping
k=1

T:(e") >0,

4.2 Lemma

The mapping T : (ﬁp)* —/%s linear and
bijective.
Proof
T is linear

Let f,ge(ﬁp)*,f(ﬁk)zqk and
g(ek):nk’VK eN

Then

Tf =a,,a,,04........ and

Tg = (g, 0, o) € £°
Therefore

f+g e(ﬁp)* and (f +g)(ek)
=fle)+9le)=a +a
Therefore

T(f +9)=(061 Foy,ay oyt )

Likewise
T(Af)=(Aey, Aaty,...) = Uy, @y,..) . = ATE.
Tis1-1

Let f,Q e(ﬁp)* and Tf =Tg,then Tf —Tg =0

(since T is linear).
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But since T is an isometry.
[T(f=g)=[f -gf=lol=

Sothat |[f —g[|=0= f -g=0

T is onto

it (BB,.......)el? then there is a g

() :Ta= (A o)
ie. g(e, )= p., vk eK
Let Xz(al,az, ...... ) € /” and define g: /" —
K by
Zakﬁk then g is well defined and linear.
k=1
Let Xz(al,az, ........... ),yz(ﬂl,ﬂz,....)eﬁp,

then X+ = (o, + 4,0, +4,,....)

Therefore

X+y :g ay +/1k)ﬂk =Ki:laKﬂK = g(x)+g(Y) su {“(X)

Therefore

T :(Kp) —> /% is linear, isometry, 1-1 and on to.

Hence (E P )* is congruent to /9 .
V. METHODS

To establish the reflexive space of /°, we shall use
lemma 3.1, 3.2, 4.1 and 4.2 on boundedness, linearity
and bijective mappings.

RESULTS AND DISCUSSIONS

We define the functional

F, on (ﬁ P )* by choosing a fixed X € ¢° and setting
F(f)=f(x), for allfe (ﬁp)* . The linear

functional f is bounded and we show that F, is

bounded linear functional on (ﬁp) .
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6.1 Proposition
LetX € £, then the linear functional F, : (E P )* -
C defined by
F (f)=f(x)vf e (ﬁ P )* is bounded
ie. F, e L and |F, || =]

Proof
Linearity

F o f,+a,f,)=(a,f, +a,)x)=
o, f ( )+a2 ( ) Fo(f )+0‘2fx(fz)
vf,, f, e(é ) o, a, K.
(oF, X )= (cf \X)=aF (f)Va ex.

Isometric

fe(rr), f¢0}=||x||,VXE€p

e [Fy =

Now for each X € /" there corresponds a unique
bounded linear functional

F (f)=f(x)vfe(er).
This defines a mapping C:/P — LPsuch that
C(X) = F,.Cis called the canonical mapping of £"

onto LP.

6.2 Proposition
The canonical mapping C given by C: /" — L"is
linear and bijective VX € /P and F, € L".

Proof
Linearity of C

Fo, ()= f(x+y)=f(x)+ f(y)
=F,(f)+Fy(f)
VX, ye/l®.

(aF N )= (of \x)=

Cis1-1

oF (f Vaex
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For Xe /P, define C(X)z F,, this gives a
mapping C: ¢° — L”
If C(X):C(y), then F, = Fy, so X =Y .ThusC

is1-1
C is onto.

If F, € L” then C(x)=F,, where X € £*. Thus

Cisonto L.

CONCLUSIONS AND RECOMMENDATIONS

Both the dual and reflexive spaces of ¢ have drawn
substantial interest in this study where,

1+£:1

P q
We have established that:
i.  The linear functional F, : (Ep )* — C defined by
F.(f)=f(x) is bounded Vf e (€ P )* i.e.
F, el and |[F,| = ||
ii.  The canonical mapping C givenby C : /7 — LP
is linear and bijective VX € /" and F, e L".

Therefore (i) and (ii) implies that ¢ space is reflexive

and is isomorphic to L” .We recommend that effort be
directed towards establishing duality among other
Banach spaces.
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