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Abstract- In this paper, we introduce the class of
(n+k, mBQ) operators acting on a complex Hilbert
space H. An operator if T €éB(H) is said to belong to
class (n+k, mBQ) if T #™T 2™ commutes with (T
ATnY2equivalently [T 2T 20K (T »nT*k)2] = 0, for
a positive integers n and m. We investigate algebraic
properties that this class enjoys. have. We analyze the
relation of this class to (n+k, m)-powerclass (Q)
operators.

Indexed Terms- (n,m)-power Class (Q),Normal
,Binormal operators , n-power class (Q), (BQ)
operators , (n+k,mBQ) operators.

l. INTRODUCTION

H denotes Hilbert space over the complex field
throughout this paper while B(H) the Banach algebra
of all bounded linear algebra on an infinite
dimensional separable Hilbert space H. A bounded
linear operator T is said to be in class (Q) if T *°T 2 =
(T *T)? (2), (n,m)-power class (Q) if T *2"T 2" = (T
“mTM2for  positive integers n and m (1).
The class of (Q) operators was expanded to many
classes such as the following classes, almost class (Q)
(4), n-power class (Q) (2), (a, p)-class (Q) (3) , K*
Quasi-n- Class (Q) Operators (6) and quasi M class
(Q) . An operator T €B(H) is said to belong to class
(BQ) if T 2T X(T *T)2 = (T *T)*T T 2(5), T €B(H) is
said to belong to class (n+k, mBQ) if T *2™T 20k (T
*an+k)2 = (T *an+k)2T *ZmT 2(”+k). A conjugation on
aHilbert space H is an anti-linear operator C from
Hilbert space H onto itself that satisfies
Cé&, CGi=h, &ifor every &,  €H and C? = 1. An operator
T is said to be complex symmetric if T = CT *C.

. MAIN RESULTS
Theorem 1. Let T € B(H) be such that T € (n+k,
mBQ), then the following holds for (n+k, mBQ);

i. AT for any real A
ii. Any S € B(H) that is unitarily equivalent to T.
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iii.  The restriction T M to any closed subspace M of

H.

Proof. i. The proof is straight forward. ii. Let S €B(H)
be unitarily equivalent to T, then there exists a unitary
operator U

€B(H) with

S™k =U xT™Uand S+™= U *T *™U for non-negative
integers n and m. Since T € (n+k, mBQ), we have;

T *ZmT 2(n+k) (T *an+k)2 - (T *an+k)2T >kZmT 2(n+k)’
hence

S#2MG2MHK) (SxMSMHk)2 = YT »2my «UT 20 U « (UT
*MUxUTMKU x)?

= UT #2"U U T 20 U *UT *"UxUT
*MUxUTMHRU U T U *

=UT >kZmT 2(n+k) (T *an+k)2U *

=U (T *an+k)2T *ZmT 2(n+k) U =

and

(S*¥MSMK)2842mG20+K) = (UT +MUxUT™kU=)2UT *>™U
«UT 2(n+k) U *

= UT «"UxUT™ UUT «"UxUT™ U*UT *?™U «UT
2(n+k) U *

= UT «MTMKT«MTHRT42MT «2mY «

=U (T >|<m-I-n+k)2'|' >|<Zm'r 2(n+k) U *

Thus, S is unitarily equivalentto T.

iv. If Tisin class (n, mBQ), then;
T *ZmT 2(n+k) (T *an+k)2 - (T *an+k)2T >k2m-|- 2(n+k).
Hence,
(T/M) «2™(T/M)Z0R) L(T/M) «™(T/M) "€}2
=(T/IM) 2™ (T/M)ZR) {(T/M) «M(T/M) k32
= (T *2"WM) (T 20/M) {(T «™/M) (T™M)} {(T
*M/M) (T™/M)}
- {(T *an+k)2/M} {T *2MT 2(n+k)/M}
= {(T ™M) (T™K/M)F2(T/M) =2M(T/M)>20+)

Thus T/M € (n+k, mBQ).

e Theorem 2. If T € B(H) is in (n+k,m)-power Class
(Q), then T € (n+k,mBQ).
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Proof. If T  €(n+k)-power
T *ZmT 2(n+k) = (T *an+k)2

post multiplying both sides by T #2MT 2k

T *ZmT 2(n+k) T *2mT 2(n+k) = (T *an+k)2T *ZmT 2(n+k)

T *ZmT 2(n+k) T *an+kT*an+k: (T *an+k)2T *ZmT 2(n+k)
T *ZmT 2(n+k) (T *an+k)2 = (T *an+k)2T *ZmT 2(n+k)l

(Q), then

Theorem 3. Let S € (n+k, mBQ) and T € (n+k, mBQ).
If both S and T are doubly commuting, then ST is in
(n+k, mBQ).

Proof.

(ST)*Zm(ST)2(n+k) ((ST)*m(ST)“"k)Z

:S*ZmT *ZmSZ(n+k) T 2(n+k) ((ST)*m(ST)”+k)
((ST)*m(ST)n+k) :S*ZmT *ZmSZ(n+k) T2(n+k) ((S*mT*m)
(Sn+k-|-n+k)) ((S*mT*m) (Sn+an+k))

:S*ZmT *2m52(n+k) T
2(n+k)S*mT*msn+an+kS*mT*msn+an+kS*mT *msn+an+k
=T *ZmT 2(n+k)S*2m82(n+k)S*mSn+ks*mSn+kT*an+kT*an+k
=T *ZmT 2(n+k) S*ZmSZ(mk) (S*mS”+k)2T *an+kT*an+k

=T *ZmT 2(n+k) (S*mSn+k)ZS*2mSZ(n+k) T

mTmkT-MTnk (Since S € (n+k, MBQ)).

- (S*msn+k)2T *ZmT 2(n+k) T *an+kT*an+kS*2m52(n+k)
:(S*msmk)zT *ZmT 2(n+k) (T *an+k)ZS*2m32(n+k)
:(S*mS”+k)2(T *an+k)2T *2MT 2(n+k) G+2mG2(n+k) (Since T
€ (n+k, mBQ)).

=((S*msn+k) (T *an+k))2T *ZmS*ZmT 2(n+k) SZm
:((S*mT*m) (Sn+an+k))ZS*2mT *stz(n+k) T 2(n+k)

- ((ST)*m(ST)n+k)2(ST)*2m(ST)2(n+k)

Thus ST € (n+k, mBQ).

e Theorem 4. Let T € B(H) be a class (n+k, mBQ)
operator such that T = CT *C for positive integers
n and m with C being aconjugation on H. If C is
such that it commutes with T *2™"T 20K and (T
mTNHY2 then T is an
(n+k,m)-power class (Q) operator.

Proof. Let T € (n+k, mBQ) and complex symmetric,
then we have; T *2MT 200+k) (T «mTn+k)2 = (T «mn+k)2T
*ZmT 2n+K)

and T =CT *C.

hence;

T 2N 20+ (T +mTN+k)2 = (T +mT+k)2T w2m 204K
T-2nT200CTMKCCTMCCTMCCTMC
:(T*an+k)ZCTn+kCCT*mCCTn+kCCT*mC.
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T*zmTZ(””‘)CT”*kT*mT”+kT*mC
:(T*an+k)ZCT”+kT*an+kT*mC

T *ZmT 2(n+k)CT 2(n+k)T *ZmC :(T *an+k)2CT
*an+kT*an+kC

T *ZmT 2(n+k) CT *ZmT 2(n+k) C = (T *an+k)2C (T
*an+k)2C.

C commutes with T =T 2% and (T *™T™)2 hence
we obtain;

T *ZmT 2(n+k) T *ZmT 2(n+k) = (T *an+k)2(T *an+k)2_
which implies;

T +2mT 2% = (T +MT™K)2 and thus T € (n+k,m)-power
class(Q).

Theorem 5. Let T € B(H) be (n+k-1, m)-class (Q)
operator, if T is a complex symmetric operator such
that C commutes with (T *™T)? for a positive integerm,
then T is an (n+k, m)-power class (Q) operator.

Proof. With T being complex symmetric and (n-1, m)-
class (Q), we have;

T=CT *Cand T 2T 2D = (T «mprek1y2

We obtain;

T *ZmT 2(n+k-1) T 2 — (T *an+k—1)2T 2.

hence;

T *ZmT 2(n+k) = (T *an+k71)2T 2_

T *ZmT 2(n+k) = T *ZmT 2(n+k-1) T 2 — T 2(n+k-1) T *ZmT 2

T *ZmT 2(n+k) = T 2(n+k-1) T*"T*"TT=

T 2wk CTCCTCCT *MCCT+*mC= T 2D CTTT
MM,

=T *ZmT 2(n+k) = T 2(n+k-1) CT 2T *ZmC =T 2(n+k-1) C (T
*mT)ZC

Since C commutes with (T *™T)?2 we obtain;
T *ZmT 2(n+k) = T 2(n+k-1) (T *mT)ZCC =T 2(n+k-1) T *ZmT
2CC = T 2+k=1) T 2T «2mCC = T *2MT 2(n+k) = (T *an+k)2

Hence T is n+k-power class (Q).
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