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Abstract- Here we have obtained solutions for fully
developed laminar flow through a vertical
cylinderwhose cross section is confocal vertical
elliptical cylinder under a pressure gradient. The
solutions are established in terms of Mathieu
functions.

I INTRODUCTION

Heat transfer problem of combined free and forced
convection due to a fully developed laminar flow
with constant wall temperature has been investigated
for many years. On the other hand the situation with
varying wall temperature has been studied only
recently.

The problem of fully developed laminar convection
flows of incompressible viscous fluid under a
pressure gradient in a vertical circular cylinder with
varying wall temperature was solved by Tao (1) and
Morton (2). Dalip Singh (3) discussed the flows of
incompressible viscous fluid under a pressure
gradient in a vertical elliptical cylinder.

Here we have obtained solutions for fully developed
laminar flow through a vertical cylinder whose cross-
section is confocal vertical elliptical cylinder under a
pressure gradient. The solutions are established in
terms of Mathieu functions.

1. FORMULATION OF PROBLEM :

The flow is assumed to be developed steady and
incompressible and to have constant physical
properties except density. Jaking Z-axis along the
axis of the cylinder the equation of continuity
momentum  for  fully developed flow of
incompressible viscous fluid in confocal vertical
elliptical cylinder of linearly confocal vertical
elliptical cylinder of linearly varying wall
temperature with heat sources are (Tao, 1).
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Where p is the pressure, p the density, u the
viscosity, g the acceleration due to gravity, g the
expansivity, C, the specific heat at constant pressure,
K the thermal conductivity, Q@ the heat source
intensity, and C;the wall temperature gradient, u is
the axial velocity and tthe difference of local and
wall temperature.

Following Tao the dimensionless form of (1.1), (1.2)
and (1.3) are
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R,being the Railegh number U,, the average
velocity.
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Again combining (1.5) and (1.6) with the help of

complex function.
0=U-+iep
iE

and e* =R,
we get

9% %0 . o, . 5
ﬁ+0y_2_16 0 = —ie“G (19)
Let h? = i3¢?

So equation (1.9) transforms to

2 2
2 9+Zy—§+h29=h26 (1.10)

dx2

Now let us introduce elliptic —
Coordinates given by
x = C cosh 2§ — cosn
y = C sinh¢sing (1.12)

In elliptic coordinates equation (1.10) transforms to

220 0% 2 =
F+W+2K (cosh2& — cos2n)6 =

2K?G(cosh 2 — cos 2n)
where  4K? = C2h? (1.12)

BOUNDARY CONDITIONS :
Let the boundary of the elliptic confocal cylinder

is¢ =¢, and & =¢;

So 6=0
where & =&,
and §=46
SOLUTION :

Let solve equation (1.12) let us choose g,, ., to be
the roots of the equation

CpZn (fl: Q)P;JyZn (‘Sw Q) - FbyZn (fl: q)CpZn (fw CI) =
0.

Now multiply equation (1.12) by

Bon(& q2nm )Con (M, @2nm) and integrate & with in
the limits &, to & and n with in the limits o to 2n
where

Ban (f' an,m) =
[{Ev2n (0 @2nm) = BY2n (& @2nm) }Co2n (&, d2nm)
~{Co2n (& d2nm) —
Cp2nélg2nmbpyiné,g2nm (1.13)
We get
2

R GE+
0280n2L2né,g2nmlpZny,qgZnmdédy
+2K*? fél J#(cosh 2¢ —
oS 2l 2né,qg2nmlplny,qglnmdédy
2K*G fél J#(cosh 2¢ —
cos2Znf2né,q2nmlpny.qglnmdédy
or

—2qmm0 + 2K%0 =
226 [ [ (cosh 2¢ —
CcoS2nf2né,qg2nmplny.qglnmdsdy

= K%G &1 p21
or 0= pEa— fgol [ (cosh 2¢& —
coS2Znf2né,qg2nmplnyg2nmdsay.

By inversion theorem of Gupta (4), we get

0 = i [Z?:O .82n (f’ an,m)CpZn (77' an,m)KZG f;l fnzn(COSh 25 — Cos 277).82n (f' q2n,m)Cp2n (77! q2n,m)d5dn]
n=0 H(KZ - an,m) f;l :822n (E' q2n,m)[COSh 26 - 92n,m]d§

—c i Z;:O KZBZn (E' an,m)CKZn (TI, an,m) f;l BZTL (E: q2n,m)[2Agn cosh 25 - A%n]dg
n=0 H(K2 - an,‘m) f;l A%n (E' QZn,m)[COSh 25 - QZn,m]dg

TRANSITION TO CIRCULAR CYLINDERS :
We find as in Gupta (4)

CpZn (E’ an,m) - P’ZTL]ZTL (\/%)/)
F;)yZn (E' an,m) - P’ZTLYZTL (\/%'}/)
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By Gupta (5) equation (1.15) transforms to

_ k2 JE@b)B.(y) ., J.(pb)—].(pa)
0= GZ”pZ—K21Z(pb)—/Z<pa)X Jo(pb) (1.16)

where  B.(py) = J.(0¥)v.(pa) — v.(py)J.(pa)
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Where p's are the roots of the equation.
J:(b)y.(pa) — v.(pb)J.(pa) = 0 (1.17)

Now U+ie2®=—(F+;—ez)

i ;:1 iCZ EZ ﬁZn (f! QZn,m)CpZn (77' an,m) X f;;l ﬁZn (‘S’ an,m)[ZAgn cosh 25 - A%n]df
n=0 H(CZEZi + Qan,m) fil A%n (f’ an,m)[COSh 2‘5 - QQZn,m]dS(

Z?Lzl ﬁz(f’QZn,m)CpZn (U'an,m) f;ﬂl Ban (ftan,m)X
w  |243" cosh 26 —A3"]d¢ C?(€*PC2~4qan m E)+i€2C

Yin=0

2
S =1 €% (420 m E—C 2Ra)|[E) Pon (€ a2m m )[243" cosh 26 -a3"]ag|

1 (16q%n,m +C4Ra) f;il ﬁZZn (E'QZn,m)[COSh 2§—0q2n,m ]df

2 402
(4Fqznm+e*c E)(sinh 2&, — sinh 2&.)

=1
" M(C4€*+1603, ) [ 1 B3, (£.02n,m ) [cosh 26-042n m]d

On separating real and imaginary parts, we get

U=

T —1C2(RaFC?~4q2n m E)B2n (§.92n.m )Crzn (.92n,m)
st‘il ﬁZn(E,an,m)[ZAOZ" cosh ZE—A%"]dE

Zn-1 (1635 1 +C*Ra) J3 } B30 (€.a2n,m )[cosh 26 -0qzn m |dE
(1.18)
¢ =
€2 % 1(C2E+4q2nm F)Banm (§.02n,m )Cezn (1.92n,m)
. X [£1 B2n (€.a2n m)[243™ cosh 26-A3"|dg
Zno (1643, 1 +C*Ra) [ 30 (€.a2n,m )[cosh 26 —0q2p m |dE
(1.19)
Now U= i
So
4 =
T =1tm C2(FC2=4q2n m F)B2n (€.92n,m )Cozn (1.92n,m)
" X[£ 1 Ban (£.02n,m )[243" cosh 26-A3"]d
2= 11(16q3, m +C*Ra) fsfj B3, (£.a2n,m )[cosh 26—0q2p 1 ]dE
(1.20)
Kt
and ¢ = Y
CpCrumo?
t=2rmm g
t =
pCyCruma?C? o _1(C2E+4q2m m )B2n (€.920,m )Coon (1.92n,m)
" xffil Ban ({,an,m)[ZAoz" cosh 2§—A%n]d§
—2Zn=0

MK (1643, +C*Ra) JE} B30 (€020 m)cosh 26-0q2n m ]
(1.21)

Now to evaluate the flow rate we have
fA UdA :umfA dA

0 211
Zm=1 CZ(FCZRa _4q2n,m) f;ol fo BZn (§‘q2n,m)cp2n (ﬂvQZn,m)
2
X%[cosh 2&—cos 2n]dédn f;ol B2n (€.a2n,m )[242™ cosh 2§—A%”]d§ _

11(1643, 1 +6*Ra) [{! B3, (§.a2n,m )[cosh 26-0q2p m |d€

2
% (sinh 2¢; — sinh 2¢&.)
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=0
"2 (16 0k +C*Ra) [51 B3 (£.02nm ) [cosh 26—04 2 m ]d

4 2
o SR B2n (6020 ) (242" cosh 26-43"ag |
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2

of  E=YioShog b+ (sinh2g —
sinh 2&.)

X

o o (16qgn,m +C4Ra)f§°1 ﬁzzn (S'QZn,m)[COSh ZS_Qan,m]df
Zn:O Zm:l 2 £ 2 2 2
A2 €200 m [ [ 1 Ban (€020 m ){243" cosh 264"} |
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Now mixed temperature is given by

Ty = fo tudA.

J, udA

On substituting the values of t, u, dA and integrating
and on making use of orthogonal property of Mathieu
functions, we get
TM =
pCpa2C2(C%e+4q2mm )(FC?Ra—4q2nm )
X1 B30 (€.a2nm )[cosh 26~0q2n m |dE
X1 Bon (€.a2n,m)[242" cosh 26 -A3"]ds
(sinh 2§ —sinh 2£)1°K (1645, ,, +€*R,)
11 83, (8 a2 m)[cosh 26-0qan m |dg
(1.23)
Now the Nusselts number in this case is
mc? /2(sinh 2§1—sinh 2&°)

1 .
4C(cosh &1—cosh &) [, 12 V1-e2cos?06dO

Yin=0 Lm=1

N, =

F-1

Tm
Where e is the eccentricity of the elliptical tube.
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mc (sinh 2&1—sinh 2&)

So N, = uy X
8(cosh &1—cosh &) [, '2y/1—e2 cos2 6dO

F-1

= (1.24)

Where T, is given by Equation 1.23.
. REMARKS

Here the solutions are in the form of double aeries
involving Mathieu functions. The rapidity of
convergence is an important point. It can be easily
seen that first three terms of the series are sufficient
to give the shape of the results.

I1l.  DISCUSSIONS

It is seen that the results hold good only for positive
Raileigh numbers. For zero or negative Raileigh
number the formula obtained do not hold good.

In this the Mathieu functions and transform
applicable to Mathieu functions analogous to Hankel
transform are used.
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