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Abstract- A mathematical technique known as the 

Elzaki transformation is used to solve differential 

equations by changing one from in to another from. 

It frequently works well to solve partial or ordinary 

linear differential equations. By transforming the 

time domain function into a frequency domain 

function, the Elzaki transformation is employed to 

solve the time domain problem. The Laplace 

transform method is typically used to solve cooling 

problems according to Newton's Law. The Elzaki 

transform approach is used in the study to 

investigate Newton's Law of Cooling. The goal of 

the paper is to demonstrate how Elzaki transform 

can be used to analyse Newton's Law of Cooling. 

 

Indexed Terms- Elzaki Transform, Inverse 

ElzakiTransform, Newton’s Law of Cooling, 

Temperature of environment, Temperature of body. 

 

I. INTRODUCTION 

 

Boundary value issues have been solved using the 

Elzaki Transform in the majority of science and 

engineering professions [1]. It also proves to be a 

very efficient method for solving conventional, non-

linear differential equations, as well as partial 

differential equations, and is widely used in physics. 

A linear differential equation is converted using the 

Elzaki transform into an algebraic equation that can 

be solved using algebraic principles. Several 

branches of science, engineering, and technology 

have successfully employed the Elzaki Transform 

[1], [2], [7], [9], [24], [25]. The cooling of a heated 

body located in a cold environment is predicted by 

Newton's Law of Cooling, which is referred to as an 

ordinary differential equation [3, [4, [5], [6]]. 

Newton's law of cooling states that the rate of heat 

transfers from 

𝑇 ′ = −𝑘 𝑇 − 𝑇𝑒  …………………………(I) 

with initial condition as T(𝑡0) = 𝑇0 ………(II) 

Where,T is the temperature of the object 

 𝑇𝑒 is the constant temperature of the environment, 

k is the constant of proportionality, 

𝑇0is the initial temperature of the object at time 𝑡0 

 

The negative sign of RHS in (1), indicate temperature 

of the body is decreasing with time and so the 

derivative 
𝑑𝑇

𝑑𝑡
 must be negative. 

 

II. BASIC DEFINITION 

 

Elzaki Transform 

 

If the function ɦ y , y ≥ 0 is having an exponential 

order and is a piecewise continuous function on any 

interval, then the Elzaki transform ofɦ(y) is given by  

E ɦ y  = ɦ (𝑝) = p 𝑒
−
𝑦

𝑝

∞

0

ɦ y 𝑑𝑦. 

The Elzaki Transform [1, 2, 3] of some of the 

functions are given by 

 𝐸 𝑦𝑛 =  𝑛!𝑝𝑛+2 ,𝑤ℎ𝑒𝑟𝑒𝑛 = 0,1,2, .. 

 𝐸 𝑒𝑎𝑦  =
𝑝2

1−𝑎𝑝
 ,    

 𝐸 𝑠𝑖𝑛𝑎𝑦 =
𝑎𝑝3

1+𝑎2𝑝2 ,    

 𝐸 𝑐𝑜𝑠𝑎𝑦 =
𝑎𝑝2

1+𝑎2𝑝2 ,  

 𝐸 𝑠𝑖𝑛ℎ𝑎𝑦 =
𝑎𝑝3

1−𝑎2𝑝2 , 

 𝐸 𝑐𝑜𝑠ℎ𝑎𝑦 =
𝑎𝑝2

1−𝑎2𝑝2 . 

 

2.2 Inverse Elzaki Transform 

The Inverse Elzaki Transform of some of the 

functions are given by 

 E-1{𝑝𝑛} = 
𝑦𝑛−2

(𝑛−2)!
  ,𝑛 = 2, 3, 4… 

 E-1{
𝑝2

1−𝑎𝑝
} = 𝑒𝑎𝑦  

 E-1{
𝑝3

1+𝑎2𝑝2}= 
1

𝑎
sin𝑎𝑦 

 E-1{
𝑝2

1+𝑎2𝑝2} =
1

𝑎
cos𝑎𝑦 

 E-1{
𝑝3

1−𝑎2𝑝2}= 
1

𝑎
sinℎ𝑎𝑦 

 E-1{
𝑝2

1−𝑎2𝑝2} =
1

𝑎
cosℎ𝑎𝑦 
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2.3 Elzaki Transform of Derivatives  

The Elzaki Transform [1, 2, 3] of some of the 

Derivatives of h y  are given by 

 𝐸 ℎ′ 𝑦  =
1

𝑝
𝐸 ℎ 𝑦  − p ℎ 0  

𝑜𝑟𝐸 ɦ′ 𝑦  =
1

𝑝
ɦ (𝑝) − p ɦ 0 , 

 𝐸 ɦ′′ 𝑦  =
1

𝑝2 ɦ
 (𝑝) − ɦ 0 − pɦ′ 0 , 

𝑎𝑛𝑑𝑠𝑜𝑜𝑛 

 

III. METHODOLOGY 

 

From (I), 

𝑇 ′ = −𝑘 𝑇 − 𝑇𝑒  

Taking ElzakiTransform on both sides, 

𝐸{𝑇 ′} = −𝐸{𝑘 𝑇 − 𝑇𝑒 } 

𝐸{𝑇 ′} = −𝑘𝐸 𝑇 𝑡  + 𝑘𝐸{𝑇𝑒} 

1

𝑝
𝐸{𝑇(𝑡)} − 𝑝𝑇 0 = −𝑘𝐸 𝑇 𝑡  + 𝑘𝑇𝑒𝐸{1} 

From (II),   As       T (𝑡0) = 𝑇0 

Now,   

1

𝑝
𝐸{𝑇(𝑡)} − 𝑝𝑇 0 = −𝑘𝐸 𝑇 𝑡  + 𝑘𝑇𝑒𝑝

2 

 
1

𝑝
+ 𝑘 𝐸 𝑇 𝑡  = 𝑝𝑇 0 + 𝑘𝑇𝑒𝑝

2 

𝐸 𝑇 𝑡  =
𝑝𝑇0

 
1

𝑝
+ 𝑘 

+ 𝑘𝑇𝑒
𝑝2

 
1

𝑝
+ 𝑘 

 

 

Taking inverse Elzaki,               

 𝑇 𝑡  = 𝑇0𝑒
−𝑘𝑡 + 𝑘𝑇𝑒 − 𝑘𝑇𝑒𝑒

−𝑘𝑡  

𝑇 𝑡 =  𝑇0 − 𝑘𝑇𝑒 𝑒
−𝑘𝑡 + 𝑘𝑇𝑒  

𝑇 𝑡 = 𝐶𝑒−𝑘𝑡 + 𝑘𝑇𝑒 …………… (III)  

𝑤ℎ𝑒𝑟𝑒,𝐶 =  𝑇0 − 𝑘𝑇𝑒  

 

While this function decreases exponentially, it 

approaches 𝑇𝑒  as t→ ∞ instead of zero. 

 

Application: 

An apple pie with an initial temperature of 1700 C is 

removed from the oven and left to cool with an air 

temperature 200C. Given that the temperature of the 

pie initially decreases at a rate of 3.00 C/min. How 

long will it take for the pie to cool to a temperature of 

300 C? [22] 

 

Suppose the pie is in compliance with newton’s 

cooling law; we have the following information 

 

 𝑇 ′ = −𝑘 𝑇 − 20 ,𝑇 0 = 170 ,𝑇 ′ 0 = −3.0 

Where, T is the temperature of the pie in degree 

Celsius, 𝑇 ′ is the time in minutes and k is an 

unknown constant. 

 

Now, we will find the value of k by putting the given 

information we know about t = 0 directly into the 

differential equation: 

−3 = −𝑘(170 − 20) 

𝑘 = 0.02 

So, the differential equation can be written as 

𝑇 ′ = −
1

50
 𝑇 − 20  

Taking Elzakion both sides, 

𝐸{𝑇 ′} = −
1

50
𝐸{ 𝑇(𝑡) − 20 } 

𝐸{𝑇 ′} = −
1

50
𝐸 𝑇(𝑡) +

2

5
𝐸{1} 

1

𝑝
𝐸{𝑇(𝑡)} − 𝑝𝑇 0 = −

1

50
𝐸 𝑇(𝑡) +

2

5
𝑝2 

𝑝𝐸 𝑇 𝑡  − 𝑝𝑇 0 = −
1

50
𝐸 𝑇(𝑡) +

2

5
𝑝2 

 𝑝 +
1

50
 𝐸 𝑇 𝑡  = 𝑝𝑇 0 +

2

5
𝑝2 

 𝑝 +
1

50
 𝐸 𝑇 𝑡  = 170𝑝 +

2

5
𝑝2 

𝐸 𝑇 𝑡  =
170𝑝

 𝑝 +
1

50
 

+
2𝑝2

5  𝑝 +
1

50
 
 

𝐸 𝑇 𝑡  =
170𝑝

 𝑝 +
1

50
 
−

20𝑝2

 𝑝 +
1

50
 

+ 20𝑝2 

𝐸 𝑇 𝑡  =
150𝑝2

 𝑝 +
1

50
 

+ 20𝑝2 

Taking inverse Elzaki on both sides, we get, 

𝑇 𝑡 = 150𝑒−
1

50
𝑡 + 20 ……………… . (𝐼𝑉) 

 

Putting T=30 in (𝐼𝑉),                               

30 = 150𝑒−
1

50
𝑡 + 20 

𝑒−
1

50
𝑡 =

1

15
 

𝑒
1

50
𝑡 = 15 

1

50
𝑡 = ln 15 

𝑡 = 50 ln15 

𝑡 = 50 ∗ 2.7080502011 

𝑡 = 135.4 𝑚𝑖𝑛𝑢𝑡𝑒 
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Hence, this will require 135.4 minutes for the pie to 

cool to a temperature of 300 C. 

 

CONCLUSION 

 

The Elzaki Transform has been effectively 

established in this research to address issues with 

Newton's Law of Cooling. The examples provided 

show how well the Elzaki Transform works for 

Newton's Law of Cooling issues. The proposed 

approach has broad use in many areas of physics, 

electrical engineering, control engineering, 

economics, mathematics, signal processing, and 

electronics engineering. 
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