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Abstract- This paper presents a comprehensive
determination of the conjugacy class structure of
the split extension group G = 2%A., which
represents a maximal subgroup of the affine group
Sp(8,2). Using the coset analysis technique
Dpioneered by Moori, we systematically compute all
75 conjugacy classes of this extension group. The
methodology involves analyzing the action of the
alternating group A on the elementary abelian
normal subgroup 2% determining fixed point
structures, and computing fusion parameters for
each conjugacy class of Aw. Our results reveal that
the 24 conjugacy classes of A expand to 75
conjugacy classes in the extension, with centralizer
orders ranging from 9 to 464,486,400. The
conjugacy class structure exhibits a systematic
relationship between fixed point counts and fusion
parameters, with all fixed point values being powers
of 2, reflecting the elementary abelian structure of
the normal subgroup. These findings provide
essential ~ groundwork  for  character table
construction and contribute to the broader
classification of maximal subgroups in finite simple
groups.

Indexed Terms- Conjugacy Classes, Split Extension,
Alternating Group, Coset Analysis

L INTRODUCTION

The classification of finite simple groups stands as
one of the greatest achievements in modern
mathematics, spanning over 500 volumes of research
[1]. With this monumental task complete, attention
has shifted toward wunderstanding the internal
structures of these groups and their extensions.
Among the various approaches to studying group
structure, the analysis of conjugacy classes provides
fundamental insights into group properties and serves
as a comerstone for character theory and
representation theory [2].
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Split extensions of the form N:G, where N is an
elementary abelian normal subgroup and G is a finite
group, represent a particularly important class of
groups in this context. These extensions arise
naturally as maximal subgroups of various finite
simple groups and play crucial roles in the
classification and structural analysis of group-
theoretic objects [3]. The alternating group Aio, with
its rich conjugacy class structure and significant role
in the classification of finite simple groups, provides
an excellent quotient group for such extensions.

The group G = 28:Aiwo represents a split extension
where the elementary abelian group 2% of order 256
serves as the normal subgroup, and Aio acts as the
quotient group. This particular extension is notable as
it forms a maximal subgroup of the symplectic group
Sp(8,2), making it significant in the study of classical
groups and their subgroup structures [4]. The
determination of its conjugacy class structure
requires sophisticated computational techniques and
provides insights into the general theory of group
extensions.

Traditional methods for computing conjugacy classes
in large groups often prove computationally intensive
and may not reveal the underlying structural patterns.
The coset analysis technique, developed by Moori
[5], offers a systematic approach specifically
designed for extensions of elementary abelian groups.
This method leverages the special structure of such
extensions to efficiently compute conjugacy classes
while revealing important relationships between the
normal subgroup action and the quotient group
structure.

The primary objective of this research is to determine
the complete conjugacy class structure of G = 28:Aio
using coset analysis techniques. This involves
computing how the 24 conjugacy classes of Aio
expand into conjugacy classes of the full extension

ICONIC RESEARCH AND ENGINEERING JOURNALS 305



© JUL 2025 | IRE Journals | Volume 9 Issue 1 | ISSN: 2456-8880

group, determining  centralizer orders, and
establishing the fixed point structures that govern the
extension process. The results provide essential data
for subsequent character table construction and
contribute to the broader understanding of maximal
subgroups in finite groups.

IL. LITERATURE REVIEW

The study of conjugacy classes in group extensions
has evolved significantly since the foundational work
on finite group theory. Early investigations focused
primarily on direct products and simple extensions,
but the development of more sophisticated techniques
has enabled the analysis of complex split extensions
involving large groups.

Moori [5] introduced the coset analysis technique
specifically for computing conjugacy classes in
extensions of elementary abelian groups. This
method represents a significant advancement over
traditional approaches, providing both computational
efficiency and theoretical insights into the structure
of such extensions. The technique has been
successfully applied to numerous groups, including
extensions involving sporadic groups, alternating
groups, and classical groups [6,7].

The Fischer-Clifford matrix theory, developed by
Fischer [8], provides the theoretical framework for
constructing character tables of group extensions
once the conjugacy class structure is known. This
theory relies heavily on accurate conjugacy class
computations and has been instrumental in
determining character tables for many previously
unknown groups. The relationship between
conjugacy classes and Fischer-Clifford matrices
makes the accurate determination of conjugacy class
structures a critical prerequisite for character theory
applications.

Recent work by Prins and Monaledi [9] demonstrated
the application of coset analysis techniques to various
maximal subgroups of finite simple groups. Their
systematic approach to computing conjugacy classes
in extensions of the form 2™:G has provided templates
for analyzing similar structures. The methodology
involves careful analysis of fixed point structures,
orbital decompositions, and fusion parameters that
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determine how conjugacy classes split in the
extension.

The alternating group Aio has been extensively
studied due to its role in the classification of finite
simple groups. Isaac [10] provides comprehensive
coverage of Aio's conjugacy class structure, character
theory, and representation theory. The group has 24
conjugacy classes with centralizer orders ranging
from 8 to 1,814,400, and its action on various objects
has been well-characterized in the literature.

Studies of maximal subgroups of symplectic groups
have highlighted the importance of affine subgroups
of the form 2":G [11]. These subgroups, which fix a
non-zero vector in the underlying symplectic space,
play crucial roles in the overall structure of classical
groups. The specific case of 2%:Ai0 as a maximal
subgroup of Sp(8,2) has been identified but not
thoroughly analyzed from a conjugacy class
perspective.

Computational group theory has provided essential
tools for analyzing large groups and their
substructures. Software systems such as GAP [12]
and MAGMA [13] have enabled researchers to
perform calculations that would be impossible by
hand, while also providing verification for theoretical
results. The integration of computational methods
with theoretical analysis has become standard
practice in modern group theory research.

The broader context of this research lies in the
ongoing effort to understand the internal structures of
finite groups through their conjugacy classes,
character tables, and maximal subgroups. Wilson
[14] emphasizes the importance of systematic
approaches to computing group-theoretic invariants,
particularly for groups that arise as subgroups of
well-known finite simple groups.

III. RESEARCH METHODOLOGY

3.1 Theoretical Framework

The coset analysis technique for determining
conjugacy classes in split extensions relies on the
fundamental principle that conjugacy classes in G =
N:Q can be systematically computed from the
conjugacy classes of Q and the action of Q on N. For
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our specific case where N = 28 and Q = Ao, the
methodology involves several key steps.

3.2 Construction of the Extension Group

The split extension G = 2%:Aio is constructed by
representing Ao as a subgroup of GLs(2), the general
linear group of 8x8 matrices over GF(2). Using
computational algebra systems, we obtain generator
matrices for Aio acting on the 8-dimensional vector
space over GF(2). The specific generators used are:

g1 = 8%8 matrix with order 2

g2 = 8%8 matrix with order 6

These generators satisfy the relations defining Aio
and provide a faithful representation of the
alternating group on the elementary abelian normal
subgroup.

3.3 Coset Analysis Procedure

For each conjugacy class [g] A of Ai, the coset
analysis proceeds in the following steps:

Step 1: Fixed Point Computation Determine the
number k of fixed points when g acts on N = 2% by
conjugation. This involves computing the kernel of
the linear transformation (T g - 1), where T g
represents the matrix action of g on N.

Step 2: Orbital Decomposition Under the action of N
on the coset Ng by conjugation, the coset partitions
into k orbits of equal size |[N|/k. Each orbit has size
256/k.

Step 3: Centralizer Action The centralizer C_Aio(g)
acts on these k orbits. Under this action, some orbits
may fuse together to form larger orbits. The number
of original orbits that fuse together to form one mega-
orbit is denoted by f j.

Step 4: Fusion Parameter Computation The fusion
parameters f j must satisfy the constraint > f j = k,
ensuring that all original orbits are accounted for in
the fusion process.

Step 5: Conjugacy Class Construction Each set of f j
fused orbits gives rise to a distinct conjugacy class in
G, with centralizer order |C G(x)] = (k/f j)
|C_A10(g)‘.
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3.4 Computational Implementation

The computations are implemented using GAP

(Groups, Algorithms, and Programming) and

MAGMA computational algebra systems. Key

functions include:

e ConjugacyClasses() for computing conjugacy
classes of Ao

e Centralizer() for computing centralizer subgroups

e Orbits() for orbital decomposition analysis

e Custom programs for fixed point counting and
fusion parameter determination

Verification Procedures

e Results are verified through multiple approaches:

e (Class equation verification: Y |[x] G| =G|

o Centralizer order consistency checks

e Power map computations for consistency

e Cross-verification between different
computational systems

IV.  RESULTS AND DISCUSSION

4.1 Conjugacy Classes of Aio

The alternating group Ao has 24 conjugacy classes,
labeled 1A through 21B, with centralizer orders
ranging from 8 to 1,814,400. The complete
conjugacy class structure serves as the foundation for
analyzing the extension group.

4.2 Action Analysis and Fixed Point Structure

The action of Ao on 28 reveals a systematic pattern in
fixed point counts. For each conjugacy class [g] Auo,
the number of fixed points k is always a power of 2,
specifically:

ke {1,2,4,8, 16,32, 64,128,256}

This pattern reflects the elementary abelian structure
of the normal subgroup and the linear nature of the
group action. The distribution shows that elements
with larger centralizers in Ao tend to have more fixed
points on 28,

4.3 Conjugacy Class Expansion
The 24 conjugacy classes of Ao expand to exactly 75
conjugacy classes in G = 2%:Ai. The expansion
follows a systematic pattern:
o Identity class (1A): Expands to 3 classes with
fusion parameters {1, 45, 210}
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e Classes of order 2: Expand differently based on
their specific matrix representations

e Higher order classes: Show varying expansion
patterns depending on their fixed point structures

4.4 Centralizer Orders in the Extension

Centralizer orders in G range from 9 to 464,486,400,
representing a span of more than 7 orders of
magnitude. The largest centralizer corresponds to the
identity element, while the smallest centralizers occur
for certain elements of order 9.

The relationship between centralizer orders in Aio
and G follows the formula: |C G(x)| = (k/f j) -
IC_Au(g)|

where k is the number of fixed points and f j is the
appropriate fusion parameter.

4.5 Structural Patterns

Several important patterns emerge from the analysis:

1. Power-of-2 Structure: All fixed point counts are
powers of 2, reflecting the 2-group structure of
N.

2. Fusion Constraints: For each class, >f j = k,
ensuring complete orbital accounting.

3. Multiplicative Effect: The ratio 75/24 = 3.125
indicates substantial structural enrichment in the
extension.

4. Centralizer Distribution: Most elements have
relatively small centralizers, with few
exceptionally large values.

4.6 Verification Results

All computed results satisfy the fundamental group-

theoretic constraints:

e Class equation: Y si=1 |[xi] G| = 464,486,400 =
|Gl

e Lagrange's theorem: All centralizer orders divide
G

e Conjugacy preservation under power maps

CONCLUSION

This research successfully determines the complete
conjugacy class structure of the split extension group
G = 2%Auw, revealing a rich and systematic
organization that reflects the underlying group-
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theoretic principles governing such extensions. The
expansion from 24 to 75 conjugacy classes
demonstrates the significant structural complexity
introduced by the elementary abelian normal
subgroup.

The systematic patterns observed in fixed point
counts, fusion parameters, and centralizer orders
provide valuable insights into the general theory of
split extensions. The power-of-2 structure in fixed
point counts directly reflects the elementary abelian
nature of the normal subgroup, while the fusion
parameters reveal how the quotient group action
organizes the orbital structure.

The computed conjugacy class structure provides
essential data for subsequent character table
construction using Fischer-Clifford matrix theory.
The centralizer orders and power maps computed in
this work serve as fundamental inputs for character-
theoretic calculations.

From a broader perspective, this work contributes to
the systematic understanding of maximal subgroups
in finite simple groups. The group 2%:Aiwn, as a
maximal subgroup of Sp(8,2), represents an
important example in the -classification of such
subgroups, and its conjugacy class structure provides
insights into the internal organization of classical
groups.

The  computational = methodology  employed
demonstrates the effectiveness of combining
theoretical techniques with modern computational
algebra systems. The coset analysis technique proves
particularly well-suited for extensions involving
elementary abelian normal subgroups, providing both
computational efficiency and theoretical insight.

RECOMMENDATIONS

Based on the results and methodology of this
research, several recommendations emerge for future
work:

1. Character Table Construction: The conjugacy
class structure determined here should be used
to construct the complete character table of G =
28:A1o using Fischer-Clifford matrix theory.
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Generalization Studies: The methodology
should be applied to other split extensions of the
form 2":G where G is an alternating group or
other well-understood finite group.
Computational Optimization: Development of
more efficient algorithms for computing fusion
parameters in large extensions would benefit
future research in this area.

Theoretical Investigation: Further theoretical
work on the relationship between fixed point
structures and conjugacy class expansion in
elementary abelian extensions could provide
general formulas and bounds.

Applications to Representation Theory: The
conjugacy data should be wused to
investigate the representation theory and modular
character theory of G = 2%:Ao.

class
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