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Abstract- In this paper, the definitions of triple
Laplace transforms and inverse triple Laplace
transforms are firstly presented. And then, the
properties of triple Laplace transforms are
described. In addition, triple Laplace transforms
of some elementary functions are expressed.
Moreover, the triple Laplace transforms of partial
differential derivatives are calculated. Finally,
triple Laplace transform is utilized to solve
Mboctara partial differential equations.

Indexed Terms- Triple Laplace Transform,
Mboctara Equations

L INTRODUCTION

Triple Laplace transform method can be used for
solving differential and integral equations. In this
paper, we will concern with Mboctara partial
differential equations by using the triple Laplace
transform method. In Section 1, definitions of triple
Laplace transform and its properties are described.
In Section 2, the triple Laplace transform method is
applied to solve the derivatives of partial
differential equations. In Section 3, the proposed
triple Laplace transform method is utilized to solve
three-dimensional Mboctara equations.

1.1 Definition ™!
The triple Laplace transform of a function
f(x,y,t) of three variables x,y and t defined in the

first octant of the xyt-space is defined by the triple
integral in the form

£(p.0.9) = F(p.a.9) = Lylf(x,y. 0] = [ [ [ ™.y, tydcyt,
000

(M
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provided the integral exists.

1.2 Definition
The inverse triple Laplace transform

Lgl F(p,q,s)}f(x,y,t) is defined by the

complex triple integral formula
L 'F(p q s)} :LCT e™ clpidtrreqy dq Lc]Fe’"F(p q,s)dt
UYL omi 2, 2mi 2, 2mi 7, T
@)

where ?(p, g,s) must be an analytic function for all
P, Q. s in the region defined by Rep >0, Re q >0,

Res >0, for some ¢, d, e are real constants.

1.3 Definition
The function f(x,y,t) is said to be

exponential order a, b and ¢ on
0<x<,0<y<owand 0<t<oo if there exists a

positive constant K such that for all x> X,y>Y

and t > T, then |f(x, v, t)| <Ke (ax + by + ct)'

IL. SOME PROPERTIES OF TRIPLE LAPLACE
TRANSFORM

In this section, some basic properties of triple
Laplace transform are expressed.

2.1 Theorem
If f(x,y,t) and g(x,y,t) are two functions of
x,y and t such that L3[f(x, v, t)] :?(p,q, s) and

L [g(x,y, )] = E(p.q,s), then

L [0 f(xy, 1) +Bgley, ] = oL [ F(x v, 0] +BL[8(x.y. O
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where o, and B are constants.

Proof: See[8].

2.2 Theorem
If f(x,y,t) =f(x)g(y)h(t), then
L3[f(X, ¥, )] =F(p)G(q)H(s).

Proof: See[4].
2.3 Theorem

If the function f(x,y,t) is a continuous
function in every finite intervals
(X,0,0),(0,Y,0),(0,0,T) and of exponential order

eax+by+0t,then the triple Laplace transform of

f(x,y,t) exists for all p, g, s provided Rep > a,
Req=>b, Res>c.

Proof: See[4].

III.  TRIPLE LAPLACE TRANSFORMS OF
SOME ELEMENTARY FUNCTIONS

In this section, triple Laplace transforms of some
elementary functions are described.

(1) If f(x,y,t)=1 for all x>0,y>0 and t>0,
then

L=

O'—.S

”e (0 gy dydt = .[ P dxj e Yy j e M=,
pas
00 0 0 0

(i) If f(x,y,t)=(xyt)" for all x>0,y>0 and
t >0, then

L[ G = e (o vyt
000
- Ie_pxx"de e_qyy"dyje “t'dt = (p(qI:))jH ,

where n is a positive integer.
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Gi)y  IfF(xy,0) =YD forall x,y and
t, then

b —(p— —(q— —(s—
L, [e“‘“ y”‘)]:“.e @ l)deJ‘e @ ”ydy_[e (=Dt g
0 0 0

1

(p-a)q-b)s—c)
1

Similarly, L3 I:ei(ax+by+cl) :I — (p B la)(q - lb)(s B lc) .

Thus, one can obtain

L [ 1(ax+by+ct):| (pqs —abs — pbc — gac) +i(pbs +ags + pqc — abe)

(p"+a’)(q +b)(s +¢)
Consequently,

(pgs —abs — pbc — qac)
(0" +a')(@" +b)s +eT)

(pbs +ags + pqc — abc)
(0" +a')(a@" +b)s +e)

L [cosh(ax+by+ct)]—lI: ! + : }
(p-a)(g-b)(s-¢) (p+a)(g+b)(s+c)

L, [cos(ax +by+ ct)] =

L, [sin(ax +by+ ct)] =

[smh(ax+by+ct)]—l{ : : i|
(p-a)(q-b)s- C) (p+a)(q+b)(s+0)

IV.  TRIPLE LAPLACE TRANSFORMS FOR
PARTIAL DIFFERENTIAL DERIVATIVES

In this section, triple Laplace transforms of
partial differential derivatives are calculated.

4.1 Example
If U(p,q,5) =L, [u(x,%,0)]. 0, (q5) =L, [u(0,y, 1),

_3u = =
then L3 &i| = pu(p, q’ S) - u] (q’ S)'

From the definition of triple Laplace transform, we
have

3[ | = 'T]‘]ge’(p”“w} u(x,y, t) dxdydt
000

~
2|2

T I o (@ ]O. e ™ % u(x,y,t) dx:| dydt
00 0

= ];Te’(qyﬂn {[epxu(x’ y, t)]z — ]O.u(x, y, t)(—p) erdX}dydt

0
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=] e uo,y, ot [ [ ™+ ue, v, dvaye
assoa]

= _Lz [u(o’ Y t)] + pL3 [u(X9 Y, t)]

= _ﬁl (Cl, S) + Pﬁ(p7 q, S)'

4.2 Example

If §,(qs)=L,[u (0,y,t)], then

azu ZE = =
L3 8x2 =p u(p, 9 S) —py, (qa S) —u, (q, S)~

From the definition of triple Laplace transform, we
have

5

J
0

:TI “qy“‘)|: e —u(x y,t) dx:ldydt
00 0

} ”e‘) u(x y, ) dxdydt
00

= _j!j I g (@ % u(0, y, t) dydt
+ p]i ]0.]2 Sy u(x y, t) dxdydt
000

=-L [u ( t)]+ L [iu(x t)jl
- 2 X >Ys p 3 ox A

=L, [u (0,y,0)]+p{-L, [u(0,y,0]+pL, [u(x,y,0)]}
=-L, [u (0,y,t)]-pL, [u(0,y,t)]+p’L, [u(x, y,1)]

=—T,(q,5) - pY,(,5) +p U(p, G,5).
4.3 Example

If L[u,_(x,0,0)] = pu(p,0,0) —u(0,0,0), then

dux, y,t

L (X, Y, 1)
| oxadyot
—qsﬁ(O, q,s)+pu(p,0,0)+qu(0,q,0) +su(0,0,s) —u(0,0,0).

From the definition of triple Laplace transform, we
have

} = past(p,q,s) - pqu(p, g, 0) — psu(p, 0,5)
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du | 35t a
L{ S } [ [ o ux, v, o dxdydt
oxdyot | 1y Oxdyot

_ I]c.e(p”qy) |:]°. e ™ gxz;at u(x,y,t) dtj| dxdy
_OC ( —(px+qy) az
s

” j v u(x y, 1) dxdydt
00

0

u(x, y, 0)dxdy

I e 2 u(x, y0) f];iu(x,y,())(fq)e’“dy dx
f x x

0

u(x, y, t)dxdydt,
Bxay Y, y

:T a %u(x 0,0)dx — T]ﬁ l’“‘”—u(x y,0) dxdy
+sj”jf S u(x y, t)dxdydt

000
= —u(0,0,0)+ pL[u(x,0,0)] - q” e u(x y,0)dxdy

00

* SI I I e af—;y u(x, y, t)dxdydt

000

=-u(0,0,0) +pL [u(x,0,0)] +qL [u(0,y,0)] - paL, [u(x,y,0)]

* S] I J e aj—;yu(x, y, Didxdydt

000

= ~u(0,0,0) + pL [u(x,0,0)]+qL [u(0, y,0)] - paL, [u(x,,0)]

+sj” |:—u(0 v, t)+pf %u(x, y,t)dxi|dydt

000 0

=pagsL, [u(x, Y, t)] -paL, [u(x, y, 0)] -psL, [u(x, 0, t)]
-qgsL, [u(O, y, t)] +pL [u(x, 0, O)] +qL [u(O, y, O)]
+sL[u(0,0,t)]-u(0,0,0)

= pgst(p, q.s) — pqu(p,q, 0) — psu(p, 0,s)

—qsu(0,q,s) +pu(p,0,0) +qu(0,q,0) 3)
+5u(0,0,s) —u(0,0,0).

V. APPLICATIONS

In this section, triple Laplace transform method is
applied to solve three-dimensional Mboctara partial
differential equations.
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5.1 Example

We consider the third-order partial differential
equation

0, u(X, ¥y, ) +u(x,y,t) =0, “4)
subject to the boundaries and initial conditions

u(x,y,0)=¢"",u(x,0,t)=¢"",
u(0,y,t)=e"", u(x,y,l) =" ®)
Taking the triple Laplace transform of (4), we have
L, [axy‘u(x, Y, t):| +L, [u(x, Y, t)] =0,
~U(0,0,0) +pL [u(x,0,0) ] +qL [u(0,y,0)]
+sL [u(0,0,t)]—qsL, [u(0,y,t)] - pqaL, [u(x,y,0)]
—psL, [u(x, 0, t)] +pgsU(p,q,s) + U(p,q,s) =0,
(pgs + ) U(p, q,s) = U(0,0,0) — pL [u(x,0,0)]
~qL[u(0.y.0)] - rL[u(0.0,0] + pqL, [u(x,y.0)]
+psL, [u(x, 0, t)] +qsL, [u(O, Y, t)].

By using the boundaries and initial conditions, we
have

(pgs +DU(p,q,8) =1-pL[e* |~qL[ e’ ]
—sL ':e" ] +psL, I:ex" ] +qsL, I:ey’( :I +pqL, I:ex+y ]
P 4 s
P-D (@@= (p-Ds+1)
IR R
s+ (q-D(s+1) (p-I(q-1)

= ~1)(q-1 -1
(p—l)(q—l)(s+l){(p Xa-1D+ps(q—1)

+s+1)[-pg+q+p]+as(p-1)}

1
U(p,q,s) = )
R P SRS

By taking the inverse triple Laplace transform of (6),
we obtain

(6)

u(x,y,t)y=e""".
5.2 Example

We consider the nonhomogeneous third-
order Mboctara partial differential equation

o uxy,)+ulxy,t)=3""", (7
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subject to the boundaries and initial conditions,
u(x,y,00=¢" , u(x,0,0)=¢",
u(x,0,t)=¢™" | u(0,y,0)=¢", (8)
u(0,y,t) =e™", u(0,0,z)=e¢".

Taking the triple Laplace transform of (7), we have

L, [ny‘u(x, y, t)] +L, [u(x, Y, t)] =3L, I:e'x_zy+t :I,

~U(0,0,0) +pL [u(x,0,0)] +qL [u(0,y,0)] - paL, [u(x,y,0)]

+sLu(0,0,t)] - gsL, [u(0,y,t)] - psL, [u(x,0,1)]

+pgsU(p.q.9)+ U(p.q.9) =3L, [ ],

(pgs + )U(p,q,s) = U(0,0,0) —pL [u(x,0,0)]

—qL[u(0,y,0)]+pqaL, [u(x,y,0)]-sL [u(0,0,t)]

+asL, [u(0,y, )] +psL, [u(x,0,0)]+3L, [ .

By using the boundaries and initial conditions, we
have

(pas+1)U(p,q.s)=1-pL[e™ |-qL[e™ ]
+pqL, [e_Hy] —-sL [et ] +gsL, [e'zy“ ]
+psL, [e’x“ ] +3L, I:e’Hy*S:I

gy P4 s P q
(P+D(+2) (=D @E+Ds-1D (q+2)
N qs B 3 P
(q+2)(s=D (+D(q+2)s-D (+D
1

= {(gs—q+2s-2)
(p+1(q+2)s-1)

—q(s—=1)—2s(p+1)+pgs + 2ps + 3}
1
(p+1(q+2)s—1)

By taking the inverse triple Laplace transform of (9),
we obtain

u(x,y,t)=e

U(p,q,s) = ©)

—X—2y+t

5.3 Example

We consider the nonhomogeneous third-order
Mboctara partial differential equation
0 u(X,y,t) +u(x,y,t) =cosxcos ycost (10)
—sinxsinysint,
subject to the boundaries and initial conditions
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u(x,y,0)=cosxcosy, u(x,0,0)=cosx,

u(x,0,t) =cosxcost, u(0,y,0)=cosy, (1D

u(0,y,t) =cosycost, u(0,0,t) =cost.

Taking the triple Laplace transform of (10), we have
L, [ax LU(X, Y, t)] +L, [u(x, Y, t)] =L, [cos X COS Y COS t]

-L, [sinxsin ysint],

~U(0,0,0) +pL [u(x,0,0)]+qL [u(0,,0)]

—pqL, [u(x, Y, 0)] +sL [u(O, 0, t)] —qgsL, [u(O, Y, t)]

—psL, [u(x,0,)]+ U(p,q,s) + pasU(p. q.s)
=L, [cos X COS y COS t] -L, [sin X sin y sin t],

(pgs + 1)U(p,q,s) = U(0,0,0) —pL [u(x,0,0)]

—qL[u(0,y,0)]+pqaL, [u(x,y,0)]-sL [u(0,0,t)]

+qsL, [u(O, Y, z)] +psL, [u(x, 0, t)]

+L, [cos X COS y COS t] -L, [sin X sin y sin t].

By using the boundaries and initial conditions, we

have

(pgs +1)U(p,q,s) =1—-pL [cos x] —-qL [cos y]
+pgL, [cos X COS y] —sL [cos t]

+gsL, [cos y cos t] +psL, [cos X COS t]

+L, [cos X COS Y COS t] -L, [sin X sin y sin t]

= P+1)(q° +1
@ +1)(q° +1)° +1) @ +Da+h

~q S+ =" +D)+p’q’s’ +p’s’ +pgs—1}
pgs

(@ +1)(q + D" +1)

By taking the inverse triple Laplace transform of

(12), we obtain
u(x,y,t) =cosxcosycost.

U(p,q,s) =

CONCLUSION

In this paper, the triple Laplace transform method
has been applied for finding the exact solution of the
Mboctara partial differential equations with initial
conditions and boundary conditions. The result
obtained by this triple Laplace transform method is
found matched with the exact solution obtained by

other existing methods.

(12)
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