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Abstract- In this paper, definitions of two-

dimensional differential transform and inverse 

differential transform are firstly described. And 

then, properties of two-dimensional differential 

transform are expressed. After that, two-

dimensional differential transform is utilized to 

solve the initial value problems for linear 

homogeneous and inhomogeneous two-dimensional 

partial differential equations with constant 

coefficients and variable coefficients. Finally, two-

dimensional differential transform is applied to 

solve the initial value problems for two-dimensional 

nonlinear partial differential equations 

 

Index Terms- Partial Differential Equations, Two-

Dimensional Differential Transforms, Applications 

 

I. INTRODUCTION 

 

The differential transform method can be used for 

solving initial value problems for differential 

equations and integral equations. In this paper, we 

will be concerned with linear and nonlinear partial 

differential equations by using two-dimensional 

differential transform method. 

 

In Section 1, the definitions of differential transform 

are expressed. In Section 2, its properties are 

presented. In Section 3, linear homogeneous two-

dimensional partial differential equations with 

constant coefficients and variable coefficients are 

solved by using two-dimensional differential 

transform method. In Section 4, two-dimensional 

nonlinear partial differential equations with constant 

coefficients and variable coefficients are solved by 

applying two-dimensional differential transform 

method 

 

 

1.1 Definition [2] 

Two-dimensional differential transform of function 

u(x, y)  is defined as follows: 

k h
1

U(k,h) u(x, y) .
k hk!h! x y (x,y) (0,0)

+


=
  =

 
 
 

   (1) 

 

In (1), u(x, y)  is the original function and U(k,h)  is 

the transformed function, which is called T-function 

in brief.  

 

1.2  Definition[2]  

Differential inverse transform of U(k,h)  is defined 

as follows:         

k h
u(x,y) U(k, h)x y .

k 0 h 0

 
=  

= =
                       (2) 

 

In fact, from (1) into (2), we obtain 

  
1

u(x, y)
k 0 h 0 k!h!

 
=  

= =
     

              

k h

u(x,y)
k h

x y (x,y) (0,0)

+


  =

 
 
 

k h
x y ,    (3) 

 

which implies that the concept of two-dimensional 

differential transform is derived from two-

dimensional Taylor series expansion. In this study we 

use the lower-case letters to represent the original 

functions and upper-case letters to stand for the 

transformed functions (T-functions).  
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II. SOME PROPERTIES OF TWO-

DIMENSIONAL DIFFERENTIAL 

TRANSFORM 

Theorem 1  

 

If z(x, y) u(x, y) v(x, y),=  the

Z(k, h) U(k, h) V(k, h).=   

Proof: See [Khatib, 2016].
 

 

Theorem 2 

 

If z(x, y) u(x, y),=   then Z(k, h) U(k, h),=   

where   is a constant.Proof: See [Khatib, 2016]. 

 

Theorem3 

If
u(x, y)

z(x, y) ,
x


=


th Z(k, h) (k 1)U(k 1, h).= + +   

Proof: See [Khatib, 2016]. 
 

 

Theorem 4  

 If 

r s
u(x, y)

z(x, y) ,r s
x y

+


=
 

 then  

Z(k, h) (k 1)(k 2) (k r)(h 1)(h 2)

(h s)U(k r, h s),

= + + + + +

+ + +
 

where r, s are positive integers.  

Proof: See [Khatib, 2016].
 

 

Theorem 5  

 

If z(x, y) u(x, y)v(x, y),= then

k h
Z(k, h) U(r, h s)V(k r, s).

r 0s 0
= − − 

= =
 

Proof: See [Khatib, 2016].
 

 

Theorem 6    

 

If
m n

z(x, y) x y ,= then

Z(k, h) (k m, h n) (k m) (h n),=  − − =  −  −  where  

1, k m, 1, k n,
(k m) (h n)

0, k m, 0, k n.

= =
 − =  − =

 

 
 
 

 

Proof: See [Khatib, 2016].                
 

 

Theorem 7                   
                                                                    

                                                                                                                                          

If
m t

z(x, y) x e ,


= then

h

Z(k, h) (k m) ,
h!


=  − whe

re   is a constant. 

Theorem 8  

 

If
m

z(x, y) x sin( t ),=  + then

h
h

Z(k, h) (k m) sin( ),
h! 2

 
=  − +  where   and   

are constants.  

Proof: See [Khatib, 2016]. 

 

III. SOLVING INITIAL VALUE           

PROBLEMS FOR LINEAR 

HOMOGENEOUS AND 

INHOMOGENEOUS PARTIAL 

DIFFERENTIAL EQUATIONS 

 

In this section, initial value problems for linear 

homogeneous and inhomogeneous partial differential 

equations are solved by using two-dimensional 

differential transform method. 

 

3.1  Example 1 

 The initial value problem for linear homogenous 

Goursat problem is considered as follows: 

           u u,xt = −                         (4) 

with initial conditions 

      
x t

u(x,0) e ,u(0, t) e ,u(0,0) 1.
−

= = =            (5) 

 

By applying the differential transform on (4), this 

leads to the following recurrence relation 

              

(k 1)(h 1)U(k 1,h 1) U(k, h).+ + + + =−         (6)                             

  

The initial conditions become 

h
1 ( 1)

U(k,0) , U(0, h) , U(0,0) 1.
k! h!

−
= = =         (7)                    

Using recurrence relation (6) and conditions (7) for 

k 0,1, 2, ,=  it is stated as follows:  

,
1

U(0, 0) 1, U(0,1) 1, U(0, 2)
2!

= =− =  
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1
U(0,3) ,

3!
= − U(1,0) 1,= U(1,1) 1,= −

1 1
U(1, 2) , U(1,3) ,

2! 3!
= =−

1
U(2, 0) ,

2!
=

1 1
U(2,1) , U(2, 2) ,

2! 2!2!
= − =

1
U(2,3) , .

2!3!
= −   

 

Then, solution is stated as follows:                         

k h
u(x, t) U(k, h)x t ,

k 0 h 0

 
=  

= =
 

            
x t

e ,
−

=  

 which is the exact solution. 

 

3.2Example  

The initial value problem for linear homogenous 

Goursat problem is considered as follows:  

  

u 2u,xt =                           (8) 

with initial conditions 

x 2t
u(x, 0) e ,u(0, t) e ,u(0, 0) 1.= = =       (9) 

 

By applying the differential transform on (8), this 

leads to the following recurrence relation 

          

  (k 1)(h 1)U(k 1,h 1) 2U(k, h),+ + + + =       (10)               

  

               The initial conditions become 

               

h
1 2

U(k,0) ,U(0,h) ,U(0,0) 1.
k! h!

= = =  (11)  

 

Using recurrence relation (10) and conditions (11) for 

k 0,1, 2, ,=  it is stated as follows:  

2
2

U(0,0) 1,U(0,1) 2,U(0, 2) ,
2!

= = =

3
2

U(0,3) ,
3!

=  

U(1,0) 1,= U(1,1) 2,=

2 3
2 2

U(1, 2) , U(1,3) ,
2! 3!

= =

1
U(2, 0) ,

2!
=

2
2 2

U(2,1) ,U(2,2) ,
2! 2!2!

= =  

3
2

U(2,3) , .
2!3!

=   

Then, solution is stated as follows: 

k h
u(x, t) U(k, h)x t

k 0 h 0

 
=  

= =
 

             
x 2t

e ,
+

=  

 which is the exact solution. 

 

3.3Example  

The initial value problem for linear inhomogenous 

Goursat problem is considered as follows: 

                 u u t,xt = − +                (12) 

 

with initial conditions 

x t
u(x,0) e ,u(0, t) t e ,u(0,0) 1.

−
= = + =      (13) 

 

By applying the differential transform on (12), this 

leads to the following recurrence relation   

 

(k 1)(h 1)U(k 1,h 1) U(k, h) (k, h 1),+ + + + = + −  

                                                                         (14) 

 The initial conditions become 

k
( 1) 1

U(k,0) ,U(0,h) (h 1),U(0,0) 1.
k! h!

−
= = + − =  

       (15)  

 

Using recurrence relation (14) and conditions (15) for 

k 0,1, 2, ,=  it is stated as follows:  

1
U(0, 0) 1,U(0,1) 2,U(0, 2) ,

2!
= = =

1
U(0,3) ,

3!
=−  

U(1,0) 1,=− U(1,1) 1,= −
1

U(1, 2) ,
2!

=−

1
U(1,3) ,

3!
= −

1
U(2, 0) ,

2!
=

1
U(2,1) ,

2!
=

1

2!2!
U(2,2) ,=

1
U(2,3) , .

2!3!
=   

Then, solution is stated as follows: 

  
k h

u(x, t) U(k, h)x t
k 0 h 0

 
=  

= =
 

  
t x

t e ,
−

= +  

 which is the exact solution. 

 

3.4 Example 

The initial value problem for linear inhomogenous 

Goursat problem is considered as follows: 
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2 2

u u 8xt 2x t ,xt = + −                     (16) 

with initial conditions 

              
x t

u(x,0) e ,u(0, t) e ,u(0,0) 1.= = =       (17)                 

 

By applying the differential transform on (16), this 

leads to the following recurrence relation 

(k 1)(h 1)U(k 1,h 1) U(k, h)+ + + + =                  

 8 (k 1, h 1) 2 (k 2, h 2).+  − − −  − −         (18)                

 

              The initial conditions become,    

             
1 1

U(k, 0) ,U(0,h) ,U(0, 0) 1.
k! h!

= = =       (19) 

Using recurrence relation (18) and conditions (19) for 

k 0,1, 2, ,=  it is stated as follows:  

1
U(0, 0) 1,U(0,1) 1,U(0, 2) ,

2!
= = =

1
U(0,3) ,

3!
=  

              U(1,0) 1,= U(1,1) 1,=
1 1

U(1, 2) , U(1,3) ,
2! 3!

= =  

              
1

U(2, 0) ,
2!

=
1 9

U(2,1) , U(2,2) ,
2! 2!2!

= =  

1
U(2,3) , .

2!3!
=  

Then, solution is stated as follows:  

k h
u(x, t) U(k, h)x t

k 0 h 0

 
=  

= =
             

            
x t2 2

2x t e ,
+

= +  

which is the exact solution. 

 

IV. SOLVING INITIAL VALUE        PROBLEMS 

FOR NONLINEAR PARTIAL 

DIFFERENTIAL EQUATIONS 

 

In this section, initial value problems for nonlinear 

partial differential equations are solved by using two-

dimensional differential transform method. 

 

4.1 Example 

The initial value problem for nonlinear 

nonhomogeneous Klein Gordon partial differential 

equation is considered as follows: 

  
2 2 2

u u u xsin t x sin t,xxtt − + = − +      (20) 

              with initial conditions 

   

 u(x,0) x, u (x,0) x.t= =                            (21) 

 

By applying the differential transform on (20), this 

leads to the following recurrence relation 

 

(h 1)(h 2)U(k,h 2) (k 1)(k 2)U(k 2, h)

k h
U(r, h s)U(k r, s)

r 0s 0

+ + + − + + +

+ − − 
= =

 

h hh
sin( ) 2 sin( )

2 2(k 1) (k 2) .
h! h!

 

= − − +  −      (22) 

 

From the first initial condition (21), 

1, k 1,
U(k, 0)

0, otherwise,

=
=




 

 Also, from the second initial condition (21), 

1, k 1,
U(k,1)

0, otherwise,

=
=




  

 

Using recurrence relation (22) and conditions for 

k 0,1, 2, ,=  it is stated as follows: 

U(0, 2) 0,= U(0,3) 0,=  U(1,2) 0,=  
1

3!
U(1,2) ,=−  

U(3,2) 0,= U(1,4) 0,=  U(3,3) 0,=  
1

5!
U(1,5) , .=  

 

Then, solution is stated as follows: 

k h
u(x, t) U(k, h)x t ,

k 0 h 0

 
=  

= =
            

            

3 5
xt xt

xt
3! 5!

−= − +   

            

3 5
t t

x t
3! 5!

−= − +
 
  

 

          xsin t,=  which is the exact solution. 

 

4.2  Example 

The initial value problem for nonlinear partial 

differential equation is considered as follows: 

2
u (x, t) u (x, t) u(x, t) u (x, t)xxtt = − −      

                 
2 2

xt x t ,+ + x 0,t 0,               (23) 

with  initial conditions 
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 u(x,0) 0,u (x,0) x,t= =                  (24) 

and boundary condition 

         u(0, t) 0.=                               (25) 

 

By applying the differential transform on (23), this 

leads to the following recurrence relation 

(h 1)(h 2)U(k,h 2) (k 1)(k 2)

U(k 2, h) U(k, h)

k h
U(m, h n)U(k m, n)

m 0 n 0

(k 1) (h 1) (k 2) (h 2),

+ + + = + +

+ − −

− − 
= =

+ −  − +  −  −

 

1
U(k, h 2)

(h 1)(h 2)

[(k 1)(k 2)U(k 2, h) U(k, h)

k h
U(r, h s)U(k r, s) (k 1) (h 1)

m 0 n 0

+ =
+ +

+ + + −

− − − +  −  − 
= =

 

(k 2) (h 2)].+  −  −                (26) 

 

From the first initial condition (24), 

U(k,0) 0, k 0,1, .= =  

 Also, from the second initial condition (24), 

k k
x d (x)k

U(k, 0)x ,
kk 0 k 0 k! dx x 0

 
= 

= =
=

 

thus, 
1, k 1,

U(k,1)
0, otherwise.

=
=




 

 From the boundary condition (25),   

U(0, h) 0, k 2,3, .= =  

 

Using recurrence relation (26) and conditions for 

k 0,1, 2, ,=  it is stated as follows: 

U(0, 2) 0,U(1,2) 0,U(2, 2) 0, .= = =  

By continuing in this way, it can be described as 

follows: 

Table 2 

 

k
h

 0  1  2  3  4  
 

0  

1  

2  

3  

4  

 

0  

0  

0  

0  

0  

 

0  

1  

0  

0  

0  

 

0  

0  

0  

0  

0  

 

0  

0  

0  

0  

0  

 

0  

0  

0  

0  

0  

 

 

 

0  

 

 

 

 

 Then, solution is stated as follows: 

k h
u(x, t) U(k, h)x t

k 0 h 0

 
=  

= =
 

            xt,=  

 which is the exact solution. 

 

CONCLUSION 

 

In this paper, the differential transform method has 

been applied for finding exact solution of linear and 

nonlinear equations with initial conditions and 

boundary conditions. According to the findings, the 

results revealed that the differential transform method 

(DTM) can be used not only in solving the linear and 

nonlinear partial differential equations with constant 

coefficients and variable coefficients but also in 

solving integral and integro-differential equations 

with constant coefficients and variable coefficients. 
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