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Abstract- In this paper, we extend the Alpha Power
Transformed Lindley (APT Lindley) distribution
model by introducing an additional parameter. This
new model represents a distribution that
significantly enhances flexibility to express real-life
phenomena. The probability density function,
cumulative distribution function, hazard function
and survival function are derived and discussed. We
also explore characteristics such as moments,
moment-generating  functions quantile
functions. The maximum likelihood estimation
method is employed for parameter estimation of the
model. This newly proposed distribution is well-
suited for real-world (non-fictional) datasets and
reveals interesting properties due to the flexible
nature of its hazard function. It presents a
promising alternative in statistical and probability
theory particularly for applications in health,
engineering and economics.
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L INTRODUCTION

Probability distributions are highly valuable in real-

world scenarios for modelling and evaluating

occurrences. Numerous classical distributions are
utilised across a variety of sectors. Appropriate
probability distributions are used to model financial
variables (such as stock prices, interest rates and asset
returns) and the lifetime characteristics of systems.
This distribution recognizes a real-life problem by
allocating a range of possible outcomes to the
variables. Recent developments have focused on
defining new families of distributions that extend
familiar ones while providing greater flexibility in
modeling data.
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Lindley [1] introduced the Lindley distribution to
analyze failure time data. This distribution is
primarily applied to model stress-strength reliability.
The motivation for the Lindley distribution stems
from its ability to stimulate various hazard rates
including monotonically increasing, decreasing,
constant, bathtub and increasing-decreasing-
increasing forms.

In Bayesian statistics, the Lindley distribution was
initially introduced by Lindley [1]. A random
variable X>0 is said to follow the Lindley distribution
with scale parameter 6>0 if its probability density
function (pdf) is given by f(x;0)=(0"2 (1+x) e’(-
0x))/(8+1),as per [6,8]. This density function is
created as a mixture of the two distributions : The
exponential distribution Exp(f) and the Gamma
distribution Gamma(2, 0).

Many researchers aim to generalize the Lindley
distribution because its increasing failure rate may
always comfortably fit data.
Consequently, several classes of distribution have

not real-life
been introduced by adding one or more parameters.
Bakouch et al.[4] proposed a distribution offering a
better alternative to the exponential failure time
distributions, which often lack unimodal and bathtub-
shaped failure rates. Ghitany et al. [8,14] suggested
that the Lindley distribution is superior to the
exponent distribution when the hazard rate is
unimodal and bathtub-shaped. J.Mazucheli et al.[16]
proposed the Lindley distribution as a variable
substitute for exponential and Weibull distributions.

The power Lindley (PL) distribution was proposed by
Ghitany et al. [2], and the two-parameter Lindley
(TPL) distribution was introduced by Shanker et al.
[3]. These distributions extend the original Lindley
distribution proposed by [1]. Methods for generating
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new distributions were proposed by Nadaraj et al. [5]
and additional methods can be found in [24,29,30] ;
further information is available in [31,11].

A. Another important method for generating
new distribution with notable flexibility in modelling
real-life data is alpha power transformation (APT),
proposed by Mahdavi and Kundu [7]. This method,
involving the parameter o, generates univariates
distributions capable of modelling both monotone
and non-monotone failure rate functions. It
incorporates skewness into the base distribution using
o. the cumulative distribution function (cdf) and
probability density function (pdf) of a random
variable under ATP are specified as follows

Glx) _

Flx;a) = aa_l ! Jifa>0,a+1,
=G(x) , ifa=1 (1)
__log(a)g(x) ol

flx a)  ra— Jif a>0,a = 1,
~9() . fa=1 @

e? _
9(0,6,8) = 572 (6 +px)e™®  (3)

G(x:6,8,8)=1—(1+ -t )e=bx

06 +p 4)

Wherex > 0,8 > 0,4 > 0,8 > -2

The hazard function h (x;0,0,0) of the three-parameter
Lindley  probability  distribution is  always
monotonically increasing, according to Shanker et al.
[3]. This monotonic property is not always suitable
for modelling real-life data. Thus, researchers seek to
extend the distribution to create a more flexible
hazard function. Generalizations of existing
distribution are necessary to improve model
flexibility.

Using the APT model of Mahdavi and Kundu [7]
from equations (1) and (2), S.J.Dugasa et al.[13]
derived a new distribution from the base Lindley
distributed random variable X with pdf g(x) and cdf
G(x) are given in equations (3) and (4). According to
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S.J.Dugasa et al.[13], a random variable X forms an
APT Lindley probability distribution. Its cdf and pdf
with transformation parameter 0>0,0#1 are given by

8Bx . —@x
1_(1+95+B]e 4
Faprip(x;B.0,6,a) = . a1
log(a) 6° (1 08T, o
farrio(x:,6,0,a) :( g(l)) m(6+5x)9_ex o (Mo
o

This paper aims to extend the APT Lindley
distribution model by introducing a new parameter
e>0,resulting in a new distribution with improved
flexibility for modelling real-life data. The APT
Lindley distribution model, by incorporating the
parameters o and € adjusts for skewness in the base
distribution, making it suitable for modelling skewed
data that may not fit standard distribution. The model
has practical applications in biomedical research,
industrial reliability and engineering. This work may
serve as a foundation for future engineering,
education and economics.

II. MATHEMATICAL FORMULATION

From the approach of Mahdavi and Kundu [7]
expressed in equations (1) and (2), we construct a
new distribution from the base Lindley distribution
random variable X whose pdf g(x) and cdf G(x)
are given in equation (3) and (4). Now we proposed
five parameters probability density function and
corresponding probability distribution function as the
extended version of Lindley probability distribution.

f(x;6,6,B,a¢€)
_ (e-1+loga)e EDEX) g6(x) g(x)

(ae€1-1)

e+xza+1 5)

€, a>0&

(newly proposed five parameters probability density

function of Lindley Distribution)

G(x)

_ loga a™ " g(x)

e=1l,a+1
a—1

(6)

(probability density function of Alpha Power
Transformed Lindley Distribution)
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_ (e=Dg(x)eeVE

ef 11

;e+=lL,a=1 (7)

(newly proposed five parameters probability density
function of Lindley Distribution)

=g(x);e=a=1 ®)

(probability density function of Lindley Distribution
with three parameters)

e (e-1)G6(x) 4 6(x) _1
(ae€1-1)

&e#+=a+1 )

F(x;0,5,B,a,¢)=

s6,a >0

(newly proposed five parameters probability
distribution function of Lindley Distribution)

G(x)_l
=2 ce=lLa=+1 (10)
a—1

(probability distribution function of Alpha Power
Transformed Lindley Distribution)

ele-1)6(x) 1
=———F;e#la=1 (11)

ef1-1

(newly proposed five parameters probability
distribution function of Lindley Distribution)

=G(x);e=a=1 (12)

(probability  distribution function of Lindley
Distribution with three parameters)

Theorem 2.1. Let X be a random variable having five
parameters Lindley probability distribution. Then, its
cdf and pdf with transformation parameter

€, a >0 &€ # a + 1respectively

(6-1)G(x) ,G(x) _
F(x;ﬁ,é‘,ﬁ,a,e):e - !

(a)

[For the case of € = @ = 1 , the new cdf and pdf

assume the base Lindley distribution.]

Proof.
(a) For cdf, F(x;0,5,8,a ¢ = %
LTV _(”sssgfﬂ:]’g_gx] a[l_(1+sssg+xg:]9_sx] -1
(wef~1-1)
For — pdf  f(x0,6,Ba¢€) —
(e—1+loga)e EDEMX) g 6x) gx)

(et 1-1)

-HX] [1 \H‘ i ‘ ﬂX]

(-1t |1 e Je
(e-Logal ﬂé'H? %) =

(me€1-1)

e

To show integration of pdf'is unity,

Iy f(x:6,8,B.a€)

(e-1)[1- (1+%) ex]au (1+%] 81 g2
85:8

o« (E-1+loga)e (8 +px)e~5
0 (ae€1-1)

0Bx _OBx s o

06+ B

(66 + B)du

T 02(8 + fr)e o
I = feﬁf—l)”a”du =

[V f(x:6,8,B,a,€)

let,tu=1—(1+

e[e—l)uau

€e—1+loga

(E-l)[l-(H%)e'ﬂx]a[l—(1+:3—‘i’jg)e By g2

o (6~ 1Hloga)e o ﬁ(6+ﬁx) b
h (@et1-1)

_ (e-1+loga) J”l (e—Duu_

(ae€1-1)

(e—1+loga) [e (e~ ﬂua“]}, _
(e 1-1) (e-1+loga)

Theorem 2.2. Let X be a random variable having four
parameters Lindley probability distribution can be

(ae€1-1) obtained by simply putting a=1 ,where e#£1. Then, its
f( x;0,68,B, a, €) cdf and pdf with transformation parameter
_ (e-1+loga)e EVEX) g6 g(x) F(x;6,6,p,€) = %
o (ae€1-1) -1
IRE 1710219 ICONIC RESEARCH AND ENGINEERING JOURNALS 755



© AUG 2025 | IRE Journals | Volume 9 Issue 2 | ISSN: 2456-8880

(e—Dg(x)ece®

f(x;0,6,B,¢€) = =)

[For the case of € = & = 1 , the new cdf and pdf
assume the base Lindley distribution.]

Proof.
(a) For cdf F(x;0,6,8,¢)
{E 1) ( ESB 18) ]_1

- et 1-1

(b) For pdf , f(xj-f",&ﬁ;e)
Bfx\ gy
(- (+68+ ) |
e

ot

Similarly, we obtain integration of pdfis unity
Iy f(x:0.8, ﬁ, €)

SN AR
zfo ( )68+ﬁ[8+'8x) ( 65+ﬁ) =1

efl-1

III.  SURVIVAL AND HAZARD FUNCTIONS
OF THE NEWLY SUGGESTED FIVE
PARAMETERS LINDLEY DISTRIBUTION

The survival and Hazard function of the newly
suggested five parameters Lindley distribution can be
derived based on their definitions.

3.1. The survival and Hazard function of the newly
suggested five parameters Lindley distribution with
parameters
ca>0&e+a+1
follows:

The survival function is,

can be obtained as

S(x;6,6,8,a,e)=1—F(x:6,6,B,a,¢)

f(x:8,8,8,a.€)
M 0,080 €) = psp.ae)

6B | ~6x 6B\ ~8x
(e-1tloga)e e ( 95"5] o (He‘”ﬁ] ]92(5+ﬁx)e‘9x

(5—1][ (1+%] M]aH 9‘%) M]](eaw)

[1-e

(14)
3.2. The survival and Hazard function of the newly
suggested four parameters Lindley distribution can

be obtained by simply putting @€ =1  where
e+1

Thus, the survival function is

S(x:0,6,,e)=1—-F(x;0,6,8,¢) =1—

88x Y _p
9(5_1][1_(1+98+,8]e )"]_1
ef 11
GFx Y __
ef_l[l—e_ce_l][(um]e ex]]
- e 1-1
(15)

The hazard function is

;8.6.5,
h(x;6,6,B,€) = JSET;,;,;:

(E-DFA(E+pr)e™
[ef- e( )[ (Hﬂsﬁﬁ)e GXL( It +(

[
“aw) o

l}[ bé+f)
(16)

IV. MOMENTS AND MOMENT-GENERATING
FUNCTION

4.1. The moments and moments-generating function
of the newly suggested five parameters Lindley
distribution with parameters

eax=0&e+a+1 can be derived as

follows:

The ™ moment of a random variable is used to
determine the mean, variance, skewness and kurtosis
and is generally defined as:

eE_la[l—e(E_l)[_( +5arp)e o ] (r+537p)e ax]]
= def—1_1 Ul =EX") = fomX?‘f(x;S, 8, B a, e)dx
13) =
(e-1)[1- (1+%]e %] [1—( %}e' Y, _ox
o @ . (e-1+loga)e B « B g (8+pa)e
The hazard function is, fg X (ae€1-1)(66+5)
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(e LHgufae”™ J (D]t (1+:ffﬁ] ﬂx]a[1-(1+:5_me—ﬂl-](5+
(6+f)(aet1-1) 0

Bx)e ® dy
(17

We can apply,

8\ _g
a8 - M1y mx
(6—1][1—(1+9£{3)9 | —ye (17 (=-1) (Hsaw) ¢

e - &m=0 m! ’

n n 8. —6nx
(—1)"(loga) (1+ga+g) e

et (1+ ”x] 8z

= Zn=o

Now from (17) we get,

i_
=
(e-L4loga)fPaet™ (@0,
(66-+)(aet-1) '[0 (5+
T )
re )mff‘f)m[”%} (e L ]UWJ( E'g}]‘f‘m
Bl Ly ” =) " i
(e-1+logm)fae® Jo = ~1)™e-1)"(loga)" f X4
m=0

(8648)(ae™"-1) il

ﬁJf) 1+m+n( 95‘) dx

9§+ﬁ

(e-1logajae™ EmHJ O o i (m+n”w r+i(5+
(ae-1) m=0&n= 0 m (H§+ﬂ]i+1

ﬁx]e B(1+mn)x dr

[By using series expansion]

(e-lloga)es! Emﬁ[ " E (™ e lnge g2 (m+y;]ﬂl+m+n )BTr+41)4BT(r+i4)
(et 1-1) 1=l min (gl i [B(tme]Fi2

Therefore, r' moment is

i (et Emﬂ[z P PP i mmﬂ bt ri4)
T el SAEEE gl i) e

18)

The mean of the newly transformed random variable
is

E(X) =i

(e-tslogajoe Em o va UM o 55 [mm9{1+m+r|]ﬁr[f+2)+3T(f+3;
(e2-1) W g e

(19)

The moment generating function of the newly
suggested five parameters Lindley distribution is

Mx(t) = E(e™) :fom e™ f(x;6,6,B,a,¢e)dx

. : tx _ Yoo ()P
[from the power series expansion e~ = p=0"
t? o0
]=E°°=o—f0 xPf(x;6,6,B, a,€)dx
i
“Yp- 0 - n“p
Where,
i_
=
(e-1+logm)e®™ Emw 0™ e-1)"logn)" g (m+")B(l+m+n)6r(p+f+1]+ﬂF[p+[‘+2)
(me¥L-1) ol 0 min (B+)i+ [Bltmimpis

[
My(t) = 2—,%
o

ot (e-LHlogn)aet Zmﬂf o ta e g pigt mm&[lﬂm}& (pi+1)+BT(p4i+)
=Dy (el MDDy AR AT

(20)

4.2. The moments and moments-generating function
of the newly suggested five parameters Lindley
distribution can be obtained by simply putting

a =1 where€ #+ 1.

The ™ moment of a random variable is used to
determine the mean, variance, skewness and kurtosis
and is generally defined as:

ph=EX") = [)" X"f(x;6,6, B €)dx=

(5—1][1—(1+996'i);]e_9x]

r (€-1)6%(5+Bx)e e
f X (e~ 1 —-1)(88+5) dx

(e-1)62 (e~ D)[1—(1+2E5 )e—0]
ey o XD s

Bx)e %% dx

(e-1)6%E1 (oo (e-1)[-{1+E5 )¢ 0]
= fo XTe ( 35+,3) 6+

Bx)e 0% dx
21

Wecanapply,

(—0)FEe-D* (1425 )ke'm

e—(e—l](1+:‘;'t:f;)s‘ex _ E;?:o - 85+8
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Now from @2n we get,
W=
(Do%e™"_ 1@ yr (s +

(66+B)(e€~1-1)-0

(—1)%(e- 1)"[1+9‘5;*i);) em0kx

k!

Bx)e [ Ex_q ]dx

3266_1

(86+B)(e€1-1)
£x) (1+ Bﬁx) o 0K+ 1)x g,

o (e=DFFI (DX roo
Yo ™ J, X7+

86+p
g2e€1 o (E—l)k+1(—l)k ©
(86+,8)(e5_1—1)2k=0 k! fo X"(6+
Ky ((0Bx \ o —0(k+1)
B Tio(¥) (5) o0k dx

[By using series expansion]

a€1

(e€71-1)
,Bx)e O(k+1)x dx
Therefore, rthmomentis ul=

et £ yo (R)ge‘”(e— ¥ 98 (k+ DT (r+i+ 1) +BI(r+i+2)
(ef‘ll i=0 kO TR (95+,3)I+1 [9(R+1H]"+I+2

(688+[p)i+1

(22)

The mean of the newly transformed random variable
is

B =

£l E ( )ﬂ‘ﬁ” (e-1) L B8(ke1)r(i2) 4 BT 43)
i=0 &k= 0 i (B8+p) i1 [B(k+1) ]HS
(23)

The moment generating function of the newly
suggested five parameters Lindley distribution is

My (t) = E(e™) =f0metx f(x;6,8,B,e)dx

k igitzro_yk+
Ozk 0( 1) (k)ﬁg 2( 1) 1J‘ xrﬂ(a_l_

Where,

i_
ty =

ot 1 Z (-1 1y ( ),ﬁ"ﬂ' Y(e-1) 861+ 1)M{gi+1)+Bl(q+i42)
(e1-1) i=00k=0 (B8+p)1 [Ble+ 1ot

My (f):
o # e Z (1F i ()MW(E DR B6(k+1)0{g+i+1)+BT(qi+2)
=0 ol (e52-1) 1=) &k=0 W\ (95+6)1+1 [Q[kﬂ)}qmz

24

V. PARAMETER ESTIMATION

Let X;,X5, X3 woviewn., X,y be  random
observations with probability density function
f(x;68,6,B,a,¢).We likelihood
function L(6,8,p, @, €;X) can be maximized

using maximum likelihood estimation over the
parameter domain, following [25,26]

construct

5.1. The likelihood function of the newly suggested
five parameters Lindley distribution with parameters

ea>0&e+a+1 can be expressed as
follows:

1(6,8,8,¢,¢) =TT, f(x;8,6,8,0,¢) =
]gﬂx 1( Bfx |

. (e-1+loga)e e (Hm a Hm]e ]6 (é‘+ﬁx)e

=1 (ref~2-1)

(25)
The log likelihood function is expressed by
InL(6,6,B, a,¢€)

=In(e—1+Ina)+(e— 1D X, [1— (1 +

9'81'1') —0x;

— e (]

05+ p

+lna 1, [1 — (1 + if—x;) e %) +

}‘:lln[% 3(6 + fBx;i)e” lsUf‘]—ln(a:ﬁ::e —
D

(26)

Then, by partial derivatives of equation (26) with

[from the power series expansion e™ = ».%_ o (oKl respect to 6,8, B, @, € and equating them to zeros,
= ql . we obtain the following normal equations
f xf(x;0,8,B,€)dx = ,uf;
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dni(f8fae) 8p;
i =1k (Hem

ﬁz 5 —BXI‘
ﬂaw) e

n ___2 'g\'i
a1 (Jreaﬂ ew])e f
e
¥ il boa)

=0 27)

aé [86+,8)2
Ina ELI(%)xEQ—hi +
n B(1-6x;) —
=1(95+p)(6+Bx;)

dInL(6,8,8.a.e 62 Bxze 9%i

(28)
IInL(8.8,B.ae) _ (e-1)8%8 an __—8x;
ap (88+p)? (e x)
+
(Inc)g28 —Bx: n  (6x-1)
(66+B)2 (e )+ 85+ <=1 5+Bx;
=0 (29)
dInL(6.,5,B.ae) 1 N
da - a(e—1+Ina)
1 6px —Bx:
@ 2=l = (1 + 36+;?)e -
ele-1)
aele—1_1 0
(30)
dInL(6.8,B.ae) 1 _ ael€-1)
de "~ (e—1+lna) aele-D—1
(€2))

Solving equations (27)-(31) simultaneously, we get
the estimators of 8, &, ﬁ , @, €. The Newton-Raphson

method is used to get a solution to the above
equations, as an analytical solution is not possible.

5.2. The likelihood function of the newly suggested
four parameters Lindley distribution can be obtained

by substituting &€ = 1 ,
where € = 1,

in those above equations,

Thus, we obtain the following normal equations
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oInL(8.6.6.€)  ©on [(Z—Er'xi) &
EL] A=l g 8(85+8)
B8 x; B —Bx;
e—1)¥" (1 — )x-e i
( ) Ei:l + 354_,‘5’ [35+ﬁ}2 L
=0 (32)
BlnL[B,S,B,E) _ vn B(1-0x;) .
a8 = 2i=1{g01 )5+ (€
n Bzﬁxl-e_sxi
DL (o)
=0 (33)
dnL(6,5,8.€) _ wn 5 (8x;—1)
g “E=L(6s+p) (5+Bx)
(e-1)0268 ~6x;
oy ima(—eT )
=0 (34)
dnL(B8,Be) 1 (e-1eleD)
de - (e—1) ele—1)—1

(35)

Solving equations (32)-(35) simultaneously, we get
the estimators of 8,8, ﬁ , €. The Newton-Raphson

method is used to get a solution to the above
equations, as an analytical solution is not possible.

VI. QUANTILE AND MEDIAN FUNCTIONS

6.1. The quantile and median functions of the newly
suggested five parameters Lindley distribution with

parameters 8,68, 0,6, >0 &€ #a + 1 can
be expressed as _follows:

The quantile function of the newly suggested five
parameters Lindley distribution of random variable

Xisq.(u) = F1(x)

Consider,p = G(X)=1 — (1 + eﬂaﬁxﬁ) o

(36)

el Dpap_q
u=F(x;0,6B, ac¢€) = et D)

or,u(ae€ ™t —1) + 1 =elergp
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Take logarithm for both sides we get,
_ log [u(ee®1-1)+1]

e—1+loga
(37

Dividing both sides by 8 and simplifying the
equation (38) we get

-1 05+ _ _(53+,@ + fx)e 0%

B B
5048
Multiplying both sides by e £ 7 and simplifying
we get
50+8
-1 @s5+pye CF ) _ (68+,8 4
P B B
_ 5648
ﬁx)e (Bx+ 3 )
(3%)

Using negative Lambert W_; function from equation
(40) we get

ol s+ pre 7))

:—(w+6'x)or,x:—g—£—E

B B g a
_ (M)
(p—1)(85+B)e * F
[ B
(39)
The quantile function is, qx(u) = —% — é — %
- 56+p
(log(u{aei 1_1)+1) E+1)(95+,3)9_( Jg+ ]
[ B(e—1+loga)
(40)

The median of the above-mentioned function should

be as follows: [When u = % in equation (41)]

.8 1wy

median = z % A
1 1o E—1_ _(86+F
(og [{2}{'“1 DHl _ E+l)(36+ﬁ)e ( B )

B(e—1+loga)

(41)
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The 1% and 3™ quartiles are obtained by substituting
u = 0.25andu = 0.75, respectively.

6.2. The quantile and median functions of the newly
suggested four parameters Lindley distribution can

be obtained by putting & = 1 in equation (40)
where € + 1,

The quantile function is, g,.(u) = —% — é — H’;%l
_ o _(2928)
(log (u(xe€~1-1)+1) — e+1)(85+8)e B
[ B(e-1) ]
(42)

The median of the above-mentioned function should

be as follows: [When u = % in equation (41)]

i 8 1 W,
median = i >
(log () (ae-1)+1) - e+1)[35+ﬁ)g'(86ﬁ+ B)
[ B(e—1) ]
(43)

The 1% and 3™ quartiles are obtained by substituting
u = 0.25and u = 0.75 , respectively.VIL.

VII. GRAPHICAL REPRESENTATION

Plots of pdf and cdf for different values of
€le € {2,3,4,5,6}], and constant values of other

parameters 8 = 6 = f = @ = 1.5 are shown in
Fig. 1. and Fig. 2. It is observed that the probability
density function of this five parameters probability
distribution is right-skewed, unimodal and a declining
function. The cdf of all convergence to 1.0.Graph of

survival function with different values of €, and
fixed values of other parameters asbeforeareshown in

Fig. 3. It is observed that larger € values give higher
survival probability vice versa. The survival function
for the new distribution exhibits a declining behavior
over the domain x with different rates of decay. Fig.
4. shows the graph of hazardfunction for different

values of € € {2,3,4,5,6}, and constant values

ofotherparameters 8 =6=f=a=15This
figure demonstrate that the new hazard function
exhibits very interesting shapes and strictly
increasing property.
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Fig. 4. Plots of hazard function with different values
of € € {2,3,4,5,6}, and same values of other

parameters 8 =6 =f =a =15
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CONCLUSION

The Lindley probability distribution has been
generalized in this paper up to five parameters. Thus,
we introduced a new distribution in the basis of APT
Lindley distribution. We developed new survival and
hazard functions, cumulative distribution, probability
density functions. Plots with various parameter values
are another way in which they are demonstrated. Its
properties including moments, moment-generating
and quantile functions are examined in this paper.
Our research work can also be used to solve a variety
of problems in biomedical sector, industrial
reliability, health and engineering sectors.
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