© SEP 2025 | IRE Journals | Volume 9 Issue 3 | ISSN: 2456-8880

On Some Properties of Multigroups

EWAOCHE NICHOLAS'!, SAMUEL HENRY OWOICHO?, OKPANACHI SUNDAY?, UKO
BENJAMIN JOSEPH*, OKPANACHI GEORGE ECHIYE®
.24 Department of Mathematics, Yusuf Maitama Sule Federal University of Education, Kano, Nigeria

? Department of Mathematics, Bayero University, Kano, Nigeria

’National Space Research and Development Agency, Abuja.

ABSTRACT- In this paper, we studied some algebraic
properties of multigroups. Some of the properties of
multisets have also been studied. We discovered that for
any multiset G to be a multigroup over the group X, then
its count function Cg must satisfies the two conditions: (i)
Co(xy) = [Ce(x) A Cc(0)], YV x,y €X; (where A is the
minimum operation). (ii) CG(x'l) >Ce(x), VX EX. We
also discovered that if X is a group and A,B € MG(X),
then ANB € MG(X) but AUB & MG(X). It has also
been shown that if A and B are two multigroups over a
group X, then A is said to be a submultigroup of B if A C
B. Hence, the study shows that the theory of multisets and
multigroups can be very useful in many areas such as
information retrieval on the web, data mining, decision
making, data encryption, coding theory etc.
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L INTRODUCTION

In mathematics, the concept of a group is central to

abstract algebra: other well-known algebraic
structures, such as rings, fields, and vector spaces, can
all be seen as groups endowed with additional
operations and axioms. Groups recur throughout
mathematics, and the methods of group theory have
influenced many parts of algebra. Linear algebraic
groups and Lie groups are two branches of group
theory that have experienced advances and have

become subject areas in their own right.

Various physical systems, such as crystals and the
hydrogen atom, may be modelled by symmetry
groups. Thus group theory and the closely related
representation  theory have important
applications in physics, chemistry, and materials
science. Group theory is also central to public key

cryptography [3].

many

A multigroup R is an algebraic system with one
operation called multiplication. This multiplication
usually satisfies the ordinary group axioms except that
the product is not unique. Various problems in non-
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commutative algebra lead naturally to the introduction
of algebraic systems in which the operations are not
one-valued [6].

II. LITERATURE REVIEW

According to Shinoj and Sunil [7], Abstract algebra is
the study of algebraic structures and more specifically
the term algebraic structure generally refers to a set
(called carrier set or underlying set) with one or more
operations defined on it. Examples of algebraic
structures include groups, rings, fields, and lattices.
They introduced algebraic structures on Fuzzy
multisets by extending these algebraic structures on
Intuitionistic Fuzzy multisets to a new concept named

Intuitionistic Fuzzy multigroups.

[4], introduced the notion of multigroups and also
studied some basic results regarding multisets, like
functional image and pre-image of a multiset under a
mapping, decomposition theorems of multisets etc.

Various problems in non-commutative algebra lead
naturally to the introduction of algebraic systems in
which the operations are one-valued. [6], refers to
multigroup R as an algebraic system with one
operation called multiplication. This multiplication
usually satisfies the ordinary group axioms except that
the product is not unique.

Another contribution to this theory was made by [8],
where he referred to a hypergroup as a system in which
any two elements a, b can be combined to form the
product ab, which is a complex of n not necessarily
distinct elements of the system. Here, n is a fixed
integer = 1. If n = 1, the hypergroup reduces to an
ordinary group. If [ab], called the bracket product, is
the set of all the distinct elements of ab, the totality of
elements a such that [ax] and [xa] are single elements
for every x forms a group with respect to the bracket
product. This group is called the nucleus.
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The history of the theory of multigroups is very short.
Multigroups (or hypergroups) were first defined by
[5], who has studied their properties and applications
in several communications.

It has been shown that the intersection of two
multigroups is again a multigroup but their union may
not be a multigroup. In this paper, we shall review
some basic results regarding multigroup as it relates to
multiset and define notions such as normal
multigroup, factor multigroup, abelian multigroup
etc., and again study some of their basic properties.

III. AIM AND OBJECTIVES

The aim of this research is to study the notion of
multigroups  as it
The specific objectives include, to:

i.  investigate the conditions to which a multiset over

relates to multisets.

a given set say X becomes a multigroup over X.
ii. prove some results/ propositions in multigroup
theory.
iii. solve examples of multigroup problems.

Iv. METHODOLOGY

In this section, we shall be looking at some definitions
and propositions on multigroups as used in [1] and [2],
as well as to prove some results on multigroups.

4.1 Results on Intersection of Multigroups

Definition 4.1.1. Let X be a group. A multiset G over X
is said to be a multigroup over X if the count function
of G (written as Cg) satisfies the following two
conditions:

() Ce(xy) = [Ce(x) A Ce(¥)], Vx,y € X; (where A
is the minimum operation).

(i) Cqx™) = Ce(x), VX EX.

The set of all multigroups over X is denoted by MG(X).
Definition 4.1.2. Let A, B € [X]Y. Then we define A o
B and A™! as follows: Cup(X) =V{Ch(y) A
Cp(2); y,z € Xandyz = x}and Cp-1(x) = Co(x™1).
Where, V is maximum operation and A is minimum
operation.

Definition 4.1.3. Let X and Y be two nonempty sets and
f: X —> Y be a mapping. Then

(i) the image of a multiset M € [X]" under the
mapping f is denoted by f(M) or (f[M],
Vey=y Cu(x)  iff71(y) # @

where C = {
fM) @) 0 otherwise
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(ii) the inverse image of a multiset N € [Y]" under
the mapping f is denoted by
f=1(N) or f 7! [N] where C¢-1y)(X) = Cy[f(x)].

Proposition 4.1.4. Let A € MG(X). Then
(1) Cale) = Co(x), VX €X;(eisan identity
element)

(i) CA,(x™) = CL(x), VXEX;

(i) C,(x™1) = C,(x), VX EX;

(iviA=A"1.
Proof.
Letx,y € G.

() Cale) = CAGx™) 2 [Co(x) A CA(x™ D]
By definition of multigroups, we have that
Ca(e) Z [CA(0) A CA)] =Ca(%), VXEX;
Hence, Cp(e) = Cao(X).

()CA(x") = CA(xx"™1) 2 [Ca(x) A Co(x" )] =
[CAG) A Co(xx"2)] 2 [CA(X) A Co(x) A
CA(x"™2)] = [Ca(x) A CA(X) A. .. A Ca(e)].

But CA(e) = CA(X).

Therefore Cy(x™) = [CaA(x) A CA(X) A. .. A
CAX)] =Ci(x), Vx€X

Hence, C5(x™) = Ca(X).

(iif) Since Co(x™1) = Co(x) = Co([x"1]™D).

By definition of multigroups, C([x"1]™1) >
Ca(x™) = Cox).
Hence, Co(x™1) = Co(%), VX EX.

(iv) Since Cp-1(x) = Co(x™1) = Co(%),
comparing subscript (i.e. for Cy-1(x) = Cp (X)), we
have that

A=A

Hence, A = A~L. End of proof.
Proposition 4.1.5. Let A be a multiset. Then A €

MG(X) if and only if Co(xy™1) = [CA(X) A
Ca(y)], Vx,yEX
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Proof.

Let A € MG(X). Then Cp(xy™ 1) = [CA(X) A
Cay™ D]
but Co(y™) = Ca(y), Vy€X,

= Calxy™) 2 [Co() A CA()], VX yEX
Therefore, the given condition is satisfied.

Conversely let the given condition be satisfied. Now,

Cale) = Ca(xx™M) 2 [CA(®) A CA(¥)] =

Ca(x), Vx,EX.

4.1 Applying equation 4.1, we have

Again Co(x ™) = Calex™) 2 [Ca(e) A CL(0] =
Ca(x),Vx,€X

4.2 Also Co(xy) = CA[x(y D)™ = [CA(x) A
Cay D]

but Co(y™) = Ca(y), Vy€X,

Applying equation 4.2, we have

= Calxy) = [CA(x) A Ca(y)], VxyEX

4.3 Therefore, from equation 4.2 and 4.3, we have
that A € MG(X).

Proposition 4.1.6. If A € MS(X). Show that

A € MG(X) ifand only if Ae A™1 = A,

Proof.

Let Co(x) = Cao(y) A Ca(2), Vy,z€EX

CA(X) = Vy,zeX {CA(Y) A CA(Z) : YZ =X VXE X}
Ca(¥) 2 CA(Y) A Cp-1(z7H)

Recall that Cg(x™1) = C4(%)

= Ca(x) =2 Ca(y) A Cp-1(2)

Ca(x) = [CA(Y) A Cp-1(2)] = Cpop-1(X) since yz =
X

= Ca(x) 2 Cpop-1(x)

By comparing subscript, we have that,

A>AoA™?

(*) Conversely,

Caoa-1(yz) = Coy) A Cy-1(2); Vy,z€X
Caon-1(X) 2Vy,ex {Ca(Y) A Cp-1(2) 1 yz =

x; Vx€eX}
= Cpop-1(x) = Cay) A Ca(z™h)
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Recall that Cg(x™1) = Cg(x), therefore we have that
Crop-1(X) = Co(y) A Cp(z):yz=x%x VxEX

=  Cpopa-1(x) = Cu(x) since yz = x

By comparing subscript, we have that,

AoATT>A
(**) (*) and (**) implies that

AoAT=A

Hence, A € MG(X). End of proof.
Proposition 4.1.7. Let A € MS(X). Then A €
MG(X) if and only if A satisfies the following
conditions:

(a) () AocACA;

(i) AtC AorAC A torA™l = A
Or

(b) AoAlCA.

Proof.

Let A € MG(X). Then Ca(yz) = [Ca(y) A
Ca(z), Vy,z € X. Thus, C4(x) = {Ca(y) A
+CA(2) : yz = x}. Hence

Ca(®¥) 2Vy,ex {CA(Y) A Ca(2) :yz=x} =
Caoa(®), VXEX

Therefore, A o A © A. Again since C,-1(X) =
Co(x™1) = Co(%), it follows that A = A™! and hence
A S A ' and A" € A. Thus the given conditions are
satisfied.

Conversely, let the given conditions be satisfied. Let
X,y € X.Then

CAlxy™) 2 Cpoa(xy™1) =Vyex [Ca(2) A
Calz™'xy™ DI

2 [Co(0) A CA(Y™D] = [Ca() A Ca()]
Therefore, A € MG(X). End of proof.

Proposition 4.1.8. Let A, B € MG(X).

Then A o B € MG(X) ifand only if Ae B =B o A.
Proof.

Since A, B € MG(X), it follows that A = A" and B =
B~1.
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Suppose Ao B € MG(X). ThenAeB = (Ao B) ! =
B 1oA™'=BoA.

Conversely, let Ao B =BoA. Then (Ao B)™! =
(BoA)™ =A'oB'=AoBand (AoB)o
(AoB)=Ao(BoA)oB=Ao(AoB)oB =

(Ao A)o (BoB) S Ao B. Therefore, A o B € MG(X).

End of proof.

Proposition 4.1.9. Let A,B € MG(X). Then AN B €
MG(X).

Proof.

Since A, B € MG(X), we have C5(xy™1) > [Co(x) A

Ca(]and Cg(xy™) = [Cg(x) A Cg(Y)], VX yE
X. Now

Cansxy™) = A{Calxy™), Caxy™)}
= A{[CA®) A Coy™D] [Ce®) A Cgy™H]}

By definition of multigroups, we have that

Cans(xy™) = A{[CA(X) A CA()], [CEE) A
Ce(]}
= CAX) ACA(Y) A Cg(x) A Ce(y)

[CAG) A Ca()] A[CA(Y) A C()]
= Cang(®) A Canp(¥)
and Canp(x™1) = Cox™Y) A Cg(x™D)

= Ca(x) A Cg(x) = Cang(®).

Therefore, AN B € MG(X). End of proof.

4.2. Results on Subgroups of Multigroups
Proposition 4.2.1. Let A € MG(X). Then A,, n€ N
are subgroups of X.

Proof.

Letx,y € A,. Then Co(x) = n and Ca(y) = n.
Since A € MG(X), it follows that C,(xy 1) >

[Ca) A CaAy™]
By definition of multigroups, we have

Calxy™) = [Co(x) A Co(y)] = n. Hence,xy™! €
A,

Therefore, A,, n € N are subgroups of X. End of
proof.
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Proposition 4.2.2. If A € MG(X) and H < X, then
A/l € MG(H).
Proof.
Letx,y € H. Thenxy™! € H. Since A € MG(X),
then
Calxy™) 2 CA() A Coy™H).
By definition of multigroups, we have that
Calxy™) 2 CA() A Cu(y); VX yEX

-1 -1
Moreover, CA/H(xy )= CA/H(X) A CA/H(y ).
By definition of multigroups, we have that

-1 .

CA/H(xy )= CA/H(X) A CA/H(y), Vxy€X

Hence, A/H € MG(H).

Definition 4.2.3. Let A € MG(X). Then define A* =
{xeX; Co(x) =Ca(e)}and A, = {x €X; Co(x) >
03.

Proposition 4.2.4. Let A € MG(X). Then A, and A*
are subgroups of X.

Proof.

Letx,y € A*. Then C5(x) = Ca(y) = Ca(e). Now
Calxy™) 2 [C4o(x) A Co(y)] = [Cale) A

Ca(e)] = Cale) = Colxy™.

So, Co(xy™1) = Ca(e), VX y € Xandhencex,y €
A* = xy~! € A*. Therefore, A* is a subgroup of X.

Again let x,y € A,. Then C4(x) > 0 and C4(y) > 0.
Now

Calxy™) = [CA() A Ca()] > 0.

Therefore, x,y € A, = Xy_1 € A, and hence A, is a
subgroup of X. End of proof.

V. RESULTS

Example 5.1. Let X = {e,a,b,c} be Klein’s 4-group
and G = {e,e,e,a,3,b,b,b, ¢, c} be a multiset over X.
Show that G is also a multigroup over X.

Solution.

G will only be a multigroup over X if the count function
G (Cg) satisfies the following two conditions:

(i) C(xy) = [Co(®) A Ce(Y)], VX YEX;

(i) Cg(x™1) = C(x), VxEX.

Now, X = {e,a, b, c} gives

{e,a}, {e,b},{e,c}, {a, b}, {a c}, {b,c},{e e} {aa},
{b,b},{c,c},{e7} {a™ "}, (b7}, {c™}

()= Cg(ea) = Cg(a) =2 =[Cg(e) A Cg(a)],
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Cg(eb) = Cg(b) =3 = [Cs(e) A Ca(b)],
Co(ec) = Cg(c) =2 2 [Cgle) A C(a)],

Cg(ab) = Cg(c) =2 = [Cg(@) A Ca(b)],
Cg(ac) = Cg(b) =3 = [Cg(a) A Cg(a)],

Co(bo) = Cg(a) =2 = [Ce(b) A Ce(0)],

Co(ee) = Cg(e) = 3 = [Cs(e) A Cole)],
Cg(aa) = Cg(e) =3 = [Cg(a) A Cg(a)],

Ce(bb) = Cg(e) = 3 = [Cg(b) A C(b)],
C(cc) = Cg(e) =3 2 [Cs(c) A Cg(a)],

(i)= Cgle™) =Cgle) =3,

Ce(a™) =Cg(a) = 2,

Ce(b™) = Cg(b) =3,

Co(c™) = Cg(0) = 2.

Since condition (i) and (ii) are satisfied as clearly
shown above, we therefore said that G is a multigroup
over X.

Definition 5.2. Let A and B be two multigroups over
a group X. Then A is said to be a submultigroup of B if
ACB.

Example 5.3. Let X = {e, a, b, c} be Klein’s 4-group,
A ={eeaab,b,cc}and

B ={eeea,a,b,bb,c,c}. Then clearly ABE
MG(X) and A € B. Therefore, A is a submultigroup of
B.

Example 5.4. Let X = K, = {e, a,b, c} be the Klein’s
4-group, A ={e,e,a} and B={e,e,b}. If A BE
MG(X), show whether or not AUB, ANB is a
multigroup over X.

Solution.

LetG=AUB = {e, e a, b}

G will only be a multigroup over X if the count function
G (Cg) satisfies the following two conditions:

(i) Co(xy) = [Ca(x) A Ce(W)], VX YEX;

(i) Cc(x™ ) = Cc(x), VXxEX.
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Now, G = {e, e, a, b} gives
{e,a}, {e,b},{a,b},{e,e},{a,a}, {b,b}, {7}, {a™ "}, {b7"}

()= Cg(ea) = Cg(a) = 1 2A[Cg(e), C(a)],
Cg(eb) = Cg(b) = 1 2A[Cg(e), Ca(b)],

Cg(ab) = Cg(c) = 0 2A [Cg(a), Co(b)],

Co(ee) = Cg(e) =2 2A[Cgle), Cole)],

Cg(aa) = Cg(e) = 2 2A [Cg(a), Cg(a)],

C(bb) = Cg(e) =2 2A [Cg(b), Ce(b)],

(i)= Cgle™) =Cgle) =2,

Ce@™) =Ce(@ =1,

Ce(b™) =Ce(b) =1,

Since condition (i) is not satisfied as clearly shown
above, i.e. AUB={eeab} and Cpyg(c) =
Caus(@b) = 0 2 A [Cpyp(@), Caup(b)] = 1.

We therefore said that A U B € MG(X).

But ANB={ee} and Cang(e) =2 2A
[Cang(€), Cang(e)]. Therefore, AN BbutnotA U Bis
a multigroup over X.

VL DISCUSSION

From example 4.1, we see that the Klein’s 4-group X
and multiset G satisfied the condition for multigroups,
hence G is a multigroup over X. We also see from
example 4.3 that the multigroup A is a submultigroup
of the multigroup B since all the elements in the
multiset A are all contained in the multiset B.
Therefore, A € B and A is a submultigroup of B. We
verified in example 4.4 whether or not the union or
intersection of the two multigroups A and B is a
multigroup, but the result shows that only their
intersection is a multigroup but their union is not a
multigroup since it does not satisfied the conditions for
multigroups.

VIL CONCLUSION

From the results obtained above, we see clearly that
the union of family of multigroups over a group X may
not be a multigroup, but the intersection of family of
multigroups over a group X is a multigroup. Also, if A
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is a multiset over X, then A is a multigroup over the
group X if and only if Ac A"l = A or Ao A"l C A,
Hence the study of multigroups is very interesting and
useful in areas such as information retrieval on web
(since an information may appear more than once with
possibly different degrees of relevance to a query),
coding theory, etc.
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