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Abstract- This research presents a comprehensive analytical
framework for solving quadratic optimal control problems
(OCPs) governed by higher-order ordinary differential
equations (ODEs). The core methodology involves
transforming the higher-order system into an equivalent
first-order system through state variable expansion,
thereby enabling the direct application of Pontryagin’s
Maximum Principle. This transformation facilitates the
derivation of the necessary conditions for optimality,
leading to a coupled system of state and costate equations.
The general solution to this two-point boundary value
problem is constructed analytically, utilizing matrix
exponentials and eigenpair expansions for linear systems
with constant coefficients. The efficacy of the analytical
approach is demonstrated through detailed solutions to
illustrative examples involving second-order ODE
constraints. The results con- firm the method’s ability to
yield explicit expressions for the optimal state, control,
and adjoint trajectories, establishing it as a robust and
systematic analytical tool for this important class of
OCPs.
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L INTRODUCTION

Optimal control theory provides a powerful
mathematical framework for determining control
policies that optimize a given performance index while
satisfying the dynamical constraints of the system. In
most cases, this class of problems are formulated
with system dynamics expressed as first-order
differential equations that describe the rate of change
of state variables with respect to time. However,
many physical, biological, economical and engineering
systems are governed by higher-order differential
equations, where the system’s evolution depends not
only on the present state and control but also on higher-
order derivatives. Examples include mechanical systems
involving acceleration and jerk, beam and plate
vibration models, and certain epidemiological or
economic models characterized by delayed or
cumulative effects [15-17].
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The study of optimal control problems governed by
higher-order differential equations extends the
classical framework to accommodate these complex
dynamics. In such problems, the control objective is
governed by differential constraints of order greater
than one. Several mathematical tools have been
developed to analyze and solve higher- order control
problems, notably the calculus of variations,
Pontryagin’s Maximum Principle (PMP) generalized to
higher-order systems, and Hamiltonian formulations
involving higher-order adjoint variables. These
methods enable the derivation of necessary conditions
for optimality that enable both theoretical analysis and
numerical implementation. The growing importance
of such systems is in their ability to accurately
describe real- world processes that cannot be
adequately captured by first-order formulations.
Con- sequently, the investigation of higher-order
optimal control systems not only enhances the
theoretical foundation of control theory but also
broadens its applicability to many disciplines [9, 16].

The quest for optimality is essential to the
development of science and engineering. The
mathematical field of optimization is fundamentally
concerned with figuring out the greatest feasible
result—minimizing effort or maximizing benefit—under
specific constraints. It supports choices in scientific
modeling, engineering design, and economics by
locating the extrema of a function that represents
system performance. Because feasible solutions may
change, local minima may appear, and the global
solution may be located on the edge of the feasible
region, the introduction of constraints greatly
complicates the search for an optimal solution. Thus,
creating reliable algorithms for restricted optimization
continues to be a major applied mathematics task [15,
16].

Many researchers have worked on optimal control
problems constrained ordinay differential equations [4-8,
10-14, 18] . [9] provided a comprehensive introduction
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to optimizing dynamic biological systems, progressively
building from basic theory to advanced applications
including optimal control problem governed by higher-
order differential equations. Pontryagin’s Principle
traditionally formulated for first-order systems was
seamlessly incorporated for solving this class of
problems by transforming it into an equivalent system of
first-order equations through state variable expansion.
This technique involves defining new state variables for
each derivative, thereby allowing the standard
framework of Hamiltonians and adjoints to be directly
applied. This crucial step significantly broadens the
scope of the method, ensuring that optimal control
theory can be employed for a wide array of complex
biological models beyond simple, first-order dynamics
[16].

In [2, 3], the authors investigated optimal control
problems (OCPs) governed by systems of linear
ordinary differential equations (ODEs) subject to
mixed constraints. The analytical solutions of these
problems were derived by applying the first-order
optimality conditions to the Hamiltonian and
Lagrangian functions, respectively. In each case, the
application of these conditions led to a system of first-
order differential equations, which were solved using
the method of the fundamental matrix. Through this
approach, the optimal state, control, and adjoint

variables, as well as the optimal value of the objective
function, were explicitly determined. Furthermore,
two illustrative examples were presented in each study
to demonstrate the analytical procedure one for OCPs
constrained solely by ordinary differential equations
and another for OCPs involving both equality and
inequality (mixed) constraints.

This paper focuses on the formulation, analysis, and
solution techniques of optimal control problems
governed by higher-order differential equations.
Emphasis is placed on establishing the necessary
conditions for optimality, exploring the equivalence
between higher-order and first-order formulations
through state transformations.

1L METHODOLOGY

In this section, optimal control problems (OCPs)
constrained by higher-order ordinary differential
equations (ODEs) with real coefficients are considered.
The higher-order ODE is transformed into an
equivalent system of first-order ODEs. The necessary
conditions for optimality are then derived by applying
the first-order optimality conditions to the
Hamiltonian function. This approach yields the
analytical solutions of the problem.

2.1 Necessary Conditions for an Optimal Control Problem with Higher-Order ODE Constraints

Consider the general higher-order optimal control problem of the form

Minimize J(x, ) =

to
subject to x(n=1)(f)

KR(to) = diess,

)

" F i, X0, X0, un

Q(t’ x(h), X (D, ..., 2790, u(t)), (2.1)
k=0,1,...,n,

where x(f) € Rand u(f) € R™ The functions fand g are continuously differentiable

with respect to all their arguments.

To apply Pontrvagin's Maximum Principle, we transform the higher-order system into
a first-order system by introducing auxiliary state variables

() = X0,  x() = X0,

Hence, the equivalent first-order system becomes

X (9 = x(9,
X%, () = xa3(0),

X, (D = XD,
X (H=gtx,xe,..., %1, U,
n+1i

cey Xn+1(f-> = x(m(tj

xi(to) = ai, i=1,...,n+ 1. (2.2)

The Hamiltonian H for this problem is defined as:

=
H=flt.xa,...,xne1, ) + Aixin1 + Ann1g(t, xa, . . ., Xn+1, U). (2.3)

IRE 1712824

ICONIC RESEARCH AND ENGINEERING JOURNALS 2667



© NOV 2025 | IRE Journals | Volume 9 Issue 5 | ISSN: 2456-8880

The adjoint variables A, . . ., A,+: satisfy the costate equations:

. oH . .
At = “ox; fori=1,...,n+1. (24)
Expanded explicitly, these equations are:
of g
A= A
ax1 i Ox1’ -
41— a-1 Oa
o (j)Gg 1 n+i 6262
3 of 0g_
3= _6053 - o n+laJC3,
, of og
An+1 - — — An_ An+1 - -
OxXnt1 OXpaq

The optimal control w*(f) must satisfy the necessary condition:

CcH of og
— — — +A.,— -0 (2.5)
ou ou ou

For the given initial conditions xi(fo) = @; i =1, . . . , n + 1, the terminal conditions

for the adjoint variables are given by the transversality conditions. If the terminal state
xi(t) is free, then

Ai(ts) = 0. (2.6)
If a terminal cost ®(xa(t), . . ., Xn+1(f)) is present in the objective functional, then
A(t):—@(f(t)), i=1,...,n+1 (2.7)
i1 Fx. 1

1

2.2 Analytical Framework for Higher-Order Optimal Control Problems

Consider the general higher-order optimal control problem of the form

Minimize J(x, u) = tlf(t, x(t), X(8), ..., XD, u(t)) dt,

o
subject to  x(1(f) = g(t, x(), X(h), . .., X0, u(t)), (2.8)
xR(to) = a1, k=0,1,...,n,

where x(f) R and u(f) R The functions f and g are assumed to be continuously
differentiable with respect to all their arguments.

Theorem 2.1. Let x*(t) and w*() be an optimal state-control pair that minimizes J (x, W)
subject to (2.8). Then there exist adjoint variables Ao(t), Ai(Y), . . . , An(D) such that the
following necessary conditions hold:

Xi(t) = xena(, k=0,1,...,n-1, (2.9)
)
xn() = Q(t, Xo(1), Xa(D), - - ., Xn(D), W(D)’, (2.10)
Aty = —aaf, k=0,1,...,n, (2.11)
k
0= H (2.12)
ou
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where the Hamiltonian function is defined as

H(t,x,u,d) = f S, Xo, X1, . - ., Xn, U )+ Ang % Xo, X1, . - ., Xn, U )+ Ak X1, (2.13)
k=0

The terminal transversality conditions are given by
A(t) = 0, k=0,1,...,n, (2.14)
if the terminal values of the corresponding state variables xx(t) are free.

Proof. We introduce auxiliary state variables to reduce the higher-order problem (2.8) to
a first-order system by defining

xo(f) = 9, () =x@0, ..., xh =X
Then the dynamics can be written as

Xx(t) = xea(h), k=0,1,...,n-1, Xn(t) = g(t, Xo, X1, . - ., Xn, U .

Applying the Pontryagin’s Maximum Principle (PMP) to this first-order system yields the Hamiltonian (2.13)
and the adjoint system (2.11). The stationarity condition (2.12) follows from the first-order necessary condition
for optimality, ensuring that A is minimized with respect to « at each time .

Equations (2.9)+2.12) form a coupled system of 2(n +1) first-order differential equations,
together with the appropriate boundary and transversality conditions. The optimal so-
lution (x*(%), u*(?) is obtained by simultaneously solving the state and costate equations
under these constraints.

For the compact matrix representation, let

0 O O ]
xo(t 40
Xt = 5;1@ 0, A= © GF
() Ant

then the complete system can be expressed in matrix form as

O
S a0 2 " Buo
@ _ +0 o agh (2.15)
At 0 —AT A a4
Ox nox
where A is the companion matrix associated with the higher-order derivative structure.
The optimal control w*() satisfies

6H
LG X A = 0.
du

This framework provides a generalized structure for deriving analytical or semi- analytical solutions for higher-
order optimal control problems using reduction to first- order systems, adjoint equations, and the Pontryagin’s
Maximum Principle.
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Hence, the general solution is

.l t Z
Z(t = eMZ(0)+ eM*Rds = Kivien" + Zp,

o =1

where (7);, vi) are the eigenpairs of M, {x;} are constants determined by boundary con-
ditions, and Zp is a constant particular solution solving

MZy,+ R=0.

Constant (particular) solution: Write Z, = (@, 8,v, )" with a = x,, 8 = xep, Vv =
Aip, 6 = Aop. Setting the time derivatives to zero vields the algebraic system

B=0, (2.16)
b2 db
Qo - Z}é - Z;A =0, (2.17)
-2pa- ac6 - Aci =0, (2.18)
-vy-ad—-Ac2=0. (2.19)
From (2.17) and (2.18) we eliminate a and obtain & explicitly:
b26 + dbA
= g
substitute into (2.18) to get
b26 + dbA
2p——— = —ab - Ag,

2qao

Hence, ( ) ( )
6pkB +qd =-Aqaoc: + pdb.

Therefore the particular adjoint component § = Asp is

5= \gaoclJr pdb

(2.20)
pb* +qa
Then
b26 + dbA -b 1 + pdb) + 2qaodb
a - — p —Pqaec: + pdb) + 2qa 2.21)
2qao 2qao(ph? + qa@3)
and the other components are
Yy = —ab - Ac, B=0. (2.22)
Thus, the particular control is
1 ( )
up = =5 b+ AN (2.23)

Applying the boundary conditions, the complete solution is obtained as

=
Zty = wwer + Zp,

=1
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and the constantsfc; fequivalently the initial adjoint A(0) and homogeneous coefficients)
are determined by the 4 boundary conditions: the two initial state conditions

x(0) = Xo, x2(0) = o,
and the two terminal adjoint conditions (for free terminal state)

A1(7‘) = 0, 1’12(7—) =0.

Solving the resulting linear system fixes the xi If a terminal cost ®(X(T)) is present,
replace the terminal adjoint values by A(T) ¥ x®(X(T)).

This completes the analytic construction for the second-order case, and the same
procedures are applicable to problems where the system order is greater than two.

III. RESULTS AND DISCUSSIONS

This section demonstrates the application of the necessary conditions derived in Section 2.1 by presenting
complete solutions to several optimal control problems constrained by higher-order differential equations.

Example 1. Problem

.
m.i_n; (u(l‘)2 - 0.5x(1‘)2) dt (3.1)
subject to )
X6 = u(t) + x(f), x0)=1, x(0) =1. (32)
Solution

Reformulating the state equation as a first-order system, we have Let xa = x X2 = X.
The dynamics are:
}C!L = Xz, JC1(0) =1,

X, =ut+x, x(0)=1.

The Hamiltonian is given as:
1 -
H= —2(1{2 — 0.5%) + Aduxe + Ao(u+ xa).

Optimal control:
o Fmutk=0 = wt)=-A(0.
Adjoint equations:

A =-CH -05x 1, A(m=o,
L 6 too2

A=-0H_-_;, A (m) =0,

- 1
2 OXxeo
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The State and costate system are expressed We have:

x, = X,
X2 =u+tx=-A+ x,
A =0.5x - As,
_/1'2 =-A.
Reducing the system of first-order ordinary differential equations above to a fourth-
order ordinary differential equation, we obtain
xf -x=—A
A; —A>=-0.5x
XA —2x +0.5x = 0.
From the characteristic equation, let 1 —2r2 +0.5=0. Let s=r2: s2-25+0.5=0.
VA Vo Vo
2+ 4-2 2+ 2 2
s= - -1+ -2
J 2 2 2
Numerically: 72 .. 0.707106781 S ~ 1.707106781, S, ~ 0.292893219.
Thus r= + & = +a, 1= + & = +b, where a= 1.306562965, b= 0.541196100.
The general solution is given as

x(t) = Ae* + Be 2t + CeP* + De Pt.

Applying the Boundary conditions x(0) = 1, x2(0) = 1, A(m) = 0, As(m) = 0, we
have
A+B+C+D =1,
— —+ — =
aA-aB+bC—-bD =1, 33)
-kAe®™ — kBe ™ + kCe?* + kDe™™ = Aqo(%),
kaAe - kaBe at — kbCeP* + kbDe bt = MA(1).
Give the tTerminal conditions A(m) = 0 and As(m) = 0, we obtain
aAe™ — aBe e - bCebT;;r bDeiZn“ =0, (3.4)
~Ae™- Be "+ Ce +De  =0.
Let a = 1.306562965, b = 0.541196100, e = et104 = 60.59, e« = (0.01650, eb™ =
el 700 =5 473, e b7 =(0.1827. Hence, Hence,
x*(f) = Aeat + Be-at + Cebt + De b,
w(t) = 0.7071 "Ae%t + Beat — Cebt — De‘bf] ,

Recall that
_ oo 00
| 1 1 1 -4 !
~1.306563 -1.306563 0.541196 -0.5411961 HBL _ U1U 35
T 7944 —0.02156  -2.962  0.09888 ¢~ ph 3-5)
-60.59  -0.01650  5.473 0.1827 D 0
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The solution of the 4 x 4 linear system gives
A=-0018, B=-2545 C=-03445 D = 3.9075.
Thus, the optimal state and control variables are

X(f) = —0.018 306553 _ ) 545 723065631 _ () 3445 g°-5411967 4 3 9()75 g O-541196¢
w(f) = 0.7071 —0.018 e1-306563t — 2 545 1306563t + (). 3445 e0-541196t — 3 9075 .cro-54n9ﬁf)

Problem 2
Solve the optimal control problem:
min % [5x(t)2 + 3u(t)2 L

subject to
xX'(H=x(0)+u(f), x0)=1, x(0)=1.

Solution

By expressing the state equation as a system of first-order equations, we define x = x
and x= = x. The resulting dynamics are given by:
{
X1 =X with initial conditions: x (0) =1, x (0) = 1.
Xo=oatu
The Hamiltonian is given as
1 2 2
H = 5(51:1 +3u) + Axe + A0 + w.
the optimality conditions is expressed as
cH 1
T =3u+A _ o A(D)
=0 = w=- .
ou 2 ® 3

and the costate equations are

1:11 = —671_1 =-5x — A
%_ﬂ with terminal conditions: Ay(r) =0, As(m) = 0.
42 = T0xs A

Substituting u = -1./3, we have

X1 = X

A {
T X =22 — . ..- JC1(O):1, JCQ(O):I
3 with boundary conditions:
g A= s - ’ Ai(m) =0, Ao(m) =0
A=A
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Using matrix notation gives

X(H = MX(9 (3-6)
where state-costate vector:
O O a O
x(1) 0 1 0 0
r x2(t) r - O 1 0 0 - ;:
X(®) ___Al(t)tandM Hs 0 0 -i-
Az(tj 0 0 -1 0

The eigenvalues are obtained by applying the characteristic equation as follows:

detAI- M)y=0 = (A2—1)2+§:0

N_
Let k= g 1.290994, then: A2 =1 + ik.
Write 1 + ik = rei® where: J
v g
r= T+ = — =1.632993, 6= m‘ctnn(k} =~ 0.911738
3

Hence the eigenvalues are
A=z ret®2=zx(a+if)

where B v
Vrcos(6/2) 2 1.1474, B= rsin(6/2) = 0.5626
a =

The general solution is of the form:

xa(f) = me® cos(BY) + aze® sin(Bf) + aze 2 cos(Bf) + aze e sin(S)

X2(f) = x1(0)
As(f) = bueat cos(Bt) + baeat sin(3f) + bge-at cos(Sf) + bye at sin(B1)
Al = —4 o(t

Using the four boundary conditions: x(0) = 1, %(0) =1, A(m) =0, A(m) =
0,, initial costates: A:(0) = 19.1016, A>(0) = 14.7733, and
ai = 0.00175, a» = —0.00228

a3 ~0.9982, a4 =3.8122
b, = 0.00883, b, =0.00679

by ~14.7644, by =~-3.8662
Hence, the optimal state and control variables are

state coefficients:

Costate coefficients for A2 (0:

x(f) = 0.00175e1147¢ cos(0.563%) — 0.00228€1147¢ sin(0.5631)
+ 0.9982€1147t cos(0.563) + 3.8122€71147¢ 5in(0.5631)

A 1
w(t) = 7—2_(39 = 7_3(0.0088361'147f cos(0.563%) + 0.00679€" 147t sin(0.5631)

+ 14.7644€71147¢ cos(0.5631) — 3.8662e1147¢ sin(0.5631) .

Iv. CONCLUSION ordinary differential equations. By leveraging a state

variable transformation to reduce the problem to a

This study has successfully developed and validated a first-order system, the powerful machinery of
systematic analytical approach for solving quadratic Pontryagin’s Maximum Principle was directly applied
optimal control problems constrained by higher-order to derive the necessary conditions for optimality. The
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resulting two-point boundary value problem was solved
analytically, with the general solution expressed in
terms of matrix exponentials and eigenpair expansions
for constant-coefficient linear systems.

The practical application of this framework was
demonstrated through complete analytical solutions to
two numerical examples, showcasing the method’s
ability to determine explicit expressions for the optimal
state and control variables. The procedure proves to be
both rigorous and computationally tractable,
providing a clear pathway from problem formulation
to final solution. This research thus establishes a
robust and unified analytical framework for addressing
optimal control problems governed by higher-order
dynamics, enhancing the theoretical toolkit available
for such systems and offering a benchmark for
validating numerical schemes.
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