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Abstract- This research presents a comprehensive analytical 

framework for solving quadratic optimal control problems 

(OCPs) governed by higher-order ordinary differential 

equations (ODEs). The core methodology involves 

transforming the higher-order system into an equivalent 

first-order system through state variable expansion, 

thereby enabling the direct application of Pontryagin’s 

Maximum Principle. This transformation facilitates the 

derivation of the necessary conditions for optimality, 

leading to a coupled system of state and costate equations. 

The general solution to this two-point boundary value 

problem is constructed analytically, utilizing matrix 

exponentials and eigenpair expansions for linear systems 

with constant coefficients. The efficacy of the analytical 

approach is demonstrated through detailed solutions to 

illustrative examples involving second-order ODE 

constraints. The results con- firm the method’s ability to 

yield explicit expressions for the optimal state, control, 

and adjoint trajectories, establishing it as a robust and 

systematic analytical tool for this important class of 

OCPs. 
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I. INTRODUCTION 

 

Optimal control theory provides a powerful 

mathematical framework for determining control 

policies that optimize a given performance index while 

satisfying the dynamical constraints of the system. In 

most cases, this class of problems are formulated 

with system dynamics expressed as first-order 

differential equations that describe the rate of change 

of state variables with respect to time. However, 

many physical, biological, economical and engineering 

systems are governed by higher-order differential 

equations, where the system’s evolution depends not 

only on the present state and control but also on higher-

order derivatives. Examples include mechanical systems 

involving acceleration and jerk, beam and plate 

vibration models, and certain epidemiological or 

economic models characterized by delayed or 

cumulative effects [15–17]. 

The study of optimal control problems governed by 

higher-order differential equations extends the 

classical framework to accommodate these complex 

dynamics. In such problems, the control objective is 

governed by differential constraints of order greater 

than one. Several mathematical tools have been 

developed to analyze and solve higher- order control 

problems, notably the calculus of variations, 

Pontryagin’s Maximum Principle (PMP) generalized to 

higher-order systems, and Hamiltonian formulations 

involving higher-order adjoint variables. These 

methods enable the derivation of necessary conditions 

for optimality that enable both theoretical analysis and 

numerical implementation. The growing importance 

of such systems is in their ability to accurately 

describe real- world processes that cannot be 

adequately captured by first-order formulations. 

Con- sequently, the investigation of higher-order 

optimal control systems not only enhances the 

theoretical foundation of control theory but also 

broadens its applicability to many disciplines [9, 16]. 

 

The quest for optimality is essential to the 

development of science and engineering. The 

mathematical field of optimization is fundamentally 

concerned with figuring out the greatest feasible 

result—minimizing effort or maximizing benefit—under 

specific constraints. It supports choices in scientific 

modeling, engineering design, and economics by 

locating the extrema of a function that represents 

system performance. Because feasible solutions may 

change, local minima may appear, and the global 

solution may be located on the edge of the feasible 

region, the introduction of constraints greatly 

complicates the search for an optimal solution. Thus, 

creating reliable algorithms for restricted optimization 

continues to be a major applied mathematics task [15, 

16]. 

 

Many researchers have worked on optimal control 

problems constrained ordinay differential equations [4–8, 

10–14, 18] . [9] provided a comprehensive introduction 
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to optimizing dynamic biological systems, progressively 

building from basic theory to advanced applications 

including optimal control problem governed by higher-

order differential equations. Pontryagin’s Principle 

traditionally formulated for first-order systems was 

seamlessly incorporated for solving this class of 

problems by transforming it into an equivalent system of 

first-order equations through state variable expansion. 

This technique involves defining new state variables for 

each derivative, thereby allowing the standard 

framework of Hamiltonians and adjoints to be directly 

applied. This crucial step significantly broadens the 

scope of the method, ensuring that optimal control 

theory can be employed for a wide array of complex 

biological models beyond simple, first-order dynamics 

[16]. 

 

In [2, 3], the authors investigated optimal control 

problems (OCPs) governed by systems of linear 

ordinary differential equations (ODEs) subject to 

mixed constraints. The analytical solutions of these 

problems were derived by applying the first-order 

optimality conditions to the Hamiltonian and 

Lagrangian functions, respectively. In each case, the 

application of these conditions led to a system of first-

order differential equations, which were solved using 

the method of the fundamental matrix. Through this 

approach, the optimal state, control, and adjoint 

variables, as well as the optimal value of the objective 

function, were explicitly determined. Furthermore, 

two illustrative examples were presented in each study 

to demonstrate the analytical procedure one for OCPs 

constrained solely by ordinary differential equations 

and another for OCPs involving both equality and 

inequality (mixed) constraints. 

 

This paper focuses on the formulation, analysis, and 

solution techniques of optimal control problems 

governed by higher-order differential equations. 

Emphasis is placed on establishing the necessary 

conditions for optimality, exploring the equivalence 

between higher-order and first-order formulations 

through state transformations. 

 

II. METHODOLOGY 

 

In this section, optimal control problems (OCPs) 

constrained by higher-order ordinary differential 

equations (ODEs) with real coefficients are considered. 

The higher-order ODE is transformed into an 

equivalent system of first-order ODEs. The necessary 

conditions for optimality are then derived by applying 

the first-order optimality conditions to the 

Hamiltonian function. This approach yields the 

analytical solutions of the problem. 

 

2.1 Necessary Conditions for an Optimal Control Problem with Higher-Order ODE Constraints 
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2.2 Analytical Framework for Higher-Order Optimal Control Problems 
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Applying the Pontryagin’s Maximum Principle (PMP) to this first-order system yields the Hamiltonian (2.13) 

and the adjoint system (2.11). The stationarity condition (2.12) follows from the first-order necessary condition 

for optimality, ensuring that H is minimized with respect to u at each time t. 

 

 
 

This framework provides a generalized structure for deriving analytical or semi- analytical solutions for higher-

order optimal control problems using reduction to first- order systems, adjoint equations, and the Pontryagin’s 

Maximum Principle. 
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III. RESULTS AND DISCUSSIONS 

 

This section demonstrates the application of the necessary conditions derived in Section 2.1 by presenting 

complete solutions to several optimal control problems constrained by higher-order differential equations. 
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IV. CONCLUSION 

 

This study has successfully developed and validated a 

systematic analytical approach for solving quadratic 

optimal control problems constrained by higher-order 

ordinary differential equations. By leveraging a state 

variable transformation to reduce the problem to a 

first-order system, the powerful machinery of 

Pontryagin’s Maximum Principle was directly applied 

to derive the necessary conditions for optimality. The 
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resulting two-point boundary value problem was solved 

analytically, with the general solution expressed in 

terms of matrix exponentials and eigenpair expansions 

for constant-coefficient linear systems. 

 

The practical application of this framework was 

demonstrated through complete analytical solutions to 

two numerical examples, showcasing the method’s 

ability to determine explicit expressions for the optimal 

state and control variables. The procedure proves to be 

both rigorous and computationally tractable, 

providing a clear pathway from problem formulation 

to final solution. This research thus establishes a 

robust and unified analytical framework for addressing 

optimal control problems governed by higher-order 

dynamics, enhancing the theoretical toolkit available 

for such systems and offering a benchmark for 

validating numerical schemes. 
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