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Abstract- This study introduces the Inverse Pranav 

Distribution (IPD) as a flexible model for survival 

data with both monotone and non-monotone hazard 

rate behaviors. The Pranav distribution was 

inversely transformed to create the model, and its 

main statistical characteristics were determined.  

Using data on bladder cancer patients' remission 

times, the IPD's performance was contrasted with 

that of the Inverse Rama, Inverse Lindley, Inverse 

Exponential, and Inverse XGamma distributions.  

Based on likelihood values, information criteria, 

and goodness-of-fit tests, the results indicated that 

the IPD offered the best overall fit, outperforming 

rival models.  The distribution was appropriate for 

survival and reliability studies because it could 

capture intricate hazard structures, including 

decreasing, increasing, and bathtub-shaped 

patterns. 

 

Index Terms- Bladder Cancer, Inverse Power 

Pranav 

 

I. INTRODUCTION 

 

Bladder cancer is the ninth most diagnosed and 

widespread disease in medical science, see Gurung. 

Among various cancers worldwide, bladder cancer 

accounts for 3%, see Riester et al. Moreover, it is the 

sixth and seventeenth most prevalent disease among 

men and women, see Bray et al.  There are a lot of 

types and infection percentage as we can find that 

bladder-transitional cell carcinoma in the patients of 

bladder cancer are about 90%, bladder-squamous cell 

carcinoma is greater than 5%, and bladder-squamous 

cell carcinoma is less than 2% see Kim et al. 

According to pathological histology. In the first 

diagnostic patient with bladder cancer, 70% to 85% 

have quasi bladder cancer and about 15% −30% 

suffers from cancer of the bladder muscle-invasive, 

see Witjes et al. Real-world phenomena of survival 

times in medical studies, financial risk assessment, 

and reliability engineering demand models that can 

capture complex behavior, such as skewness, heavy-

tailed, or non-monotonic hazard rates. Rigby and 

Stasinopoulos (2005) stated that classical 

distributions, such as the exponential, Weibull, and 

gamma, have long been foundational tools. Without a 

doubt, the parametric models mentioned above are 

extensively employed in survival research. 

Regrettably, these models still have certain 

shortcomings as their rigidity tends to limit their 

suitability for modern data sets under typical patterns.  

A more flexible statistical distribution known as 

Inverse Power Pranav developed by Nwankwo et al. 

(2021) was aimed at broadening its applicability to 

inversely related datasets that display strong right-

skewed behavior or increasing function in their 

hazard function. The Probability Density Function 

(PDF) of the Inverse Pranav Distribution as 

                                                                 

   (1.1) 

where α is the shape parameter, which governs the 

steepness and concentration of the distribution 

around the threshold β, and β is the scale parameter 

that controls the lower bound of the distribution and 

shifts it along the horizontal axis. The Cumulative 

Distribution Function (CDF) of the distribution is 

expressed as  

                                                         

   (1.2) 

This CDF is strictly increasing and ranges from 0 to 1 

as x progresses from just above β toward infinity. At 

x=β, the CDF is equal to 0, reflecting the fact that the 
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distribution is not defined for values less than or 

equal to β, and as x→∞, the CDF asymptotically 

approaches 1, indicating that the entire probability 

mass is concentrated within the interval (β, ∞). This 

study focuses on the applicability of the Inverse 

Power Pranav distribution in modelling breast cancer 

data with a fluctuating hazard rate 

 

II. LITERATURE REVIEW 

 

Literature establishes the fact that describes the 

milestone contributions, novel developments, and 

related models that underpin and put into perspective 

the application of the inverse Pranav distribution.   

 

Abed al-Kadim and Hantoosh (2014) introduced the 

Double Weighted Inverse Weibull Distribution, 

enhancing the tail flexibility of the inverse Weibull 

model through a double-weighting approach. The 

authors derived expressions for key properties such 

as the probability density function (PDF), cumulative 

distribution function (CDF), and hazard rate function 

(HRF), and implemented the maximum likelihood 

estimation (MLE) for parameter fitting. Empirical 

results from reliability data demonstrated superior 

fitting performance over standard inverse 

distributions. 

 

Ali et al., (2021) proposed the Alpha-Power 

Exponentiated Inverse Rayleigh Distribution, which 

incorporated the alpha-power transformation to create 

a highly flexible distribution capable of modeling a 

range of skewed data structures. The model's 

statistical properties were derived analytically, and 

performance was evaluated through simulations and 

survival data applications, where it consistently 

outperformed existing models in flexibility and 

accuracy. 

 

Similar to what has been stated before, Alkarni 

(2015) expanded the inverse Lindley distribution by 

including one more parameter, and thus caused it to 

have more adequate capability to show the 

development of the hazard rate asymmetrically. The 

author presented very detailed mathematical 

deductions and examined the model, as well as 

engineering data. According to the result, the 

developed version performed excellently in positively 

skewed situations compared to the original method. 

Barreto-Souza et al., (2011) suggested the Weibull-

Geometric distribution. This hybrid model 

incorporated the geometric and Weibull distributions 

to overcome the problem of dispersion in lifetime 

data. Estimation was carried out through the EM 

algorithm and MLE, and further, validation using 

empirical data showed notable improvements related 

to fit in failure time data. 

 

Shukla and Shanker formulated the Weighted Pranav 

Distribution in 2020, where a weight function was 

used to increase model flexibility for survival data 

real-world applications. The scholarly articles’ 

authors furnished a good number of the model’s 

moments and order statistics. They also did 

numerical illustrations that showed that the newly 

proposed model using cancer survival data decreased 

AIC and K–S statistics more than existing models, 

even though the study did not use cross-validation 

techniques to evaluate predictive performance was 

not conducted. 

 

Nwankwo et al. (2021) proposed the Inverse Power 

Pranav Distribution (IPPD), which features an 

additional shape parameter, providing greater 

flexibility in curve fitting and hazard rate control. In 

an article in the Journal of Advances in Mathematics 

and Computer Science, they rigorously examine the 

structural advantages of the model using methods 

including maximum likelihood estimation (MLE), 

Akaike information criteria (AIC), and comparative 

goodness-of-fit analysis. Applied to actual data 

involving fatigue life and system reliability, the IPPD 

was found to be more efficient than conventional 

inverse models such as the inverse Weibull and 

inverse exponential distributions. 

 

As far as Silva and Cordeiro’s research in 2013 is 

concerned, the Beta-Weibull Geometric Distribution 

was a model that garnered extreme attention due to 

the fact that, above all, it combined the beta and 

Weibull-geometric distributions. The study which 

was published really evoked a number of issues of 

the reliability and survival of the distribution and this 

also confirmed that the distribution could be used for 

different death probability situations. The paper also 

indicated its modeling capacity with a possibility of 
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encountering the above-mentioned challenge during 

sparse data conditions. 

 

In the year 2022, the idea of Chaudhary, Telee, and 

Kumar (2022) was to put forward the Inverse 

Exponentiated Odd Lomax Exponential Distribution 

as a new class of odd exponential models. The 

process also involved the distribution of reliability 

methods in closed form to demonstrate the 

applicability of the new type of probability density 

function to data. The outcomes of the paper gave 

proof that the model indeed can be used to real-life 

medical applications as China Telemedicine was 

expanded to villages for professional expertise and 

more extensive validation was suggested. 

 

Shukla (2018) outlined the Pranav distribution, where 

he presented the key statistical properties followed by 

illustrating the use of the distribution in lifetime and 

medical data. MLE was used by the author to 

estimate the parameters and compared the model's fit 

through graphical methods. The conclusion of the 

study was that the Pranav model's performance was 

good in terms of both tail and hazard shape. 

 

Shukla and Shankar (2020) have extended the work 

on Weighted Pranav and using the empirical analysis, 

they have confirmed the performance of the new 

model as compared to the classical lifetime models. 

  

Their work was limited to the survival data of 

industrial applications with a weighting mechanism 

that facilitated the tail adjustments of better 

performance. 

 

Shukla (2024) in his paper brought forward the 

Truncated Pranav Distribution to address the 

boundary-related modeling issues. He also derived 

the distribution of the theory and gave evidence of 

the improvement in the modelling of the truncated 

data in the reliability context. However, the 

truncation method made it to be more efficient in 

practice but it was not having a Bayesian estimation 

framework. 

 

Wani, Hassan, and Shafi (2020) brought forward the 

Pranav Quasi Gamma Distribution which is basically 

gamma plus the with the rich and flexible character 

of the Pranav distribution. By moments-based 

estimation and simulation study, the proposed model 

was found to be able to provide good fits even in 

cases of very high variability in medical data. 

 

Enogwe et al., (2020) suggested a new power Akash 

Distribution, as in their model, and successfully 

represented the sharp point-changing nature of the 

lifetime data. They showed the flexibility of their 

model over classical forms via data analysis and 

parameter estimation. 

 

Ghitany et al., (2008) presented the new Lindley 

Distribution and examined its applications in medical 

reliability data. Their model, which was also less 

complicated, provided a quite significant 

improvement for data that had slight skewness as 

compared to the exponential ones. 

 

Sharma and Khandelwal (2021) proposed an 

expansion of the inverse Lindley distribution that has 

more capacity for hazard modeling. The results of 

their paper concluded the superiority of the proposed 

distribution as they conducted treatments on 

simulated and empirical data. However, they 

mentioned the difficulty of estimating the parameters 

under censored data as a major constraint of the 

model. 

 

Ross (2023), in his publication "Monte Carlo 

Statistical Methods," outlined the idea of continuous 

random variables generation and showed 

visualization methods for future empirical modeling 

 

Rashid et al., (2022) share the Three-Parameter Quasi 

Gamma Distribution, aiming it at the biomedical 

field. The estimation process used moment-based and 

MLE methods, and the suitability of the real-world 

applications substantiated the approach's better 

performance with tail-heavy distributions. 

 

III. DATA PRESENTATION 

 

The analysis in this study utilizes secondary data on 

remission times (in months) for 128 bladder cancer 

patients, as presented in Gayus et al (2022)  

 

0.08, 2.09, 3.48, 4.87, 6.94, 8.66, 13.11, 23.63, 0.20, 

2.23, 3.52, 4.98, 6.97, 9.02, 13.29, 0.40, 2.26, 3.57, 

5.06, 7.09,  9.22, 13.80, 25.74, 0.50, 2.46, 3.64, 5.09, 
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7.26, 9.47, 14.24, 25.82, 0.51, 2.54, 3.70, 5.17, 7.28, 

9.74, 14.76, 26.31, 0.81, 2.62, 3.82, 5.32, 7.32, 10.06, 

14.77, 32.15, 2.64, 3.88, 5.32, 7.39, 10.34, 14.83, 

34.26, 0.90, 2.69, 4.18, 5.34, 7.59, 10.66, 15.96, 

36.66, 1.05, 2.69, 4.23, 5.41, 7.62, 10.75, 16.62, 

43.01, 1.19, 2.75, 4.26, 5.41, 7.63, 17.12, 46.12, 1.26, 

2.83, 4.33, 5.49, 7.66, 11.25, 17.14, 79.05, 1.35, 2.87, 

5.62, 7.87, 11.64, 17.36, 1.40, 3.02, 4.34, 5.71, 7.93, 

11.79, 18.10, 1.46, 4.40, 5.85, 8.26, 11.98, 19.13, 

1.76, 3.25, 4.50, 6.25, 8.37, 12.02, 2.02, 3.31, 4.51, 

6.54, 8.53, 12.03, 20.28, 2.02, 3.36, 6.76, 12.07, 

21.73, 2.07, 3.36, 6.93, 8.65, 12.63, 22.69 

 

IV. RESULT 

4.1 Estimates 

 

 

Table 1: Estimates of the Inverse Pranav Distribution

Model Estimate 

         

Error        LL      AIC 

            

CAIC         BIC 

      

HQIC      K-S       P 

IP θ =10.76 0.4461 -162.631 -323.263 -323.231 -320.411 -322.104 0.72656 0.5581 

IR 

θ = 

3.441 
0.1967 459.8496 921.6992 921.7952 

924.551 
922.858 0.73438 0.5426 

IL θ =  3.09 0.2286 468.4544 938.9089 938.9406 941.7609 940.0677 0.76562 0.4806 

IE 

θ = 

2.484 
0.2196 460.3823 922.7646 922.7963 925.6166 923.9234 0.83594 0.3411 

IXG 

θ = 

3.377 
0.2464 469.3456 940.6912 940.7872 943.5432 941.85 0.73438 0.5426 

 

The estimate (θ) represents the estimated parameter 

of each distribution, as shown in Table 1. Error is a 

measure of the standard error in the estimation. In the 

Log-Likelihood (LL), higher values indicate better 

model fit. To examine the model performance, 

Akaike Information Criterion (AIC), Corrected AIC 

(CAIC), Bayesian Information Criterion (BIC), and 

Hannan-Quinn Information Criterion (HQIC) were 

employed. Lower values suggest a better model fit. 

The Kolmogorov-Smirnov (K-S) Statistic was used 

to verify if the model fits the data well. Lower values 

indicate better goodness-of-fit. For p-value (P), 

higher values suggest a better fit in the K-S test. The 

Inverse Pranav (IP) distribution has the lowest LL (-

162.631), while the others have significantly higher 

values, suggesting a different likelihood behavior. 

 

For the performance criteria, AIC, CAIC, BIC, and 

HQIC were used.  The Inverse Pranav distribution 

has the lowest values across all these criteria, 

indicating a better overall model fit compared to the 

other distributions. Examining goodness of fit using 

Kolmogorov-Smirnov (K-S) and p-value, the IE 

(Inverse Exponential) distribution has the highest K-

S value (0.83594) and the lowest p-value (0.3411), 

suggesting it fits the data less well. The Inverse 

Pranav distribution has a moderately low K-S statistic 

(0.72656) and a relatively high p-value (0.5581), 

suggesting a good fit. 

 

The Inverse Pranav distribution performed the best 

overall based on AIC, CAIC, BIC, HQIC, and the p-

value from the K-S test. It has the lowest AIC and 

BIC values, indicating that it provides the best 

balance of model complexity and goodness-of-fit. 

 

4.2 PDF and CDF plot of the Inverse Pranav 

distribution 

 

Figure 4.1a, 4.1b, 4.1c and 4.1d presents the 

Probability Density Function (PDF) and Cumulative 

Distribution Function (CDF) of the Inverse Pranav 

distribution for different values of θ. 
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Fig.4.1a: pdf of IP distribution
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Fig.4.1b: pdf of IP distribution
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Fig.4.1c: CDF of IP distribution
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The Probability Density Function (PDF) describes 

the likelihood of different values of the random 

variable occurring. In the graph, the shape of the PDF 

indicates how the probability mass is distributed. The 

PDF is right-skewed. It suggests that lower values of 

the random variable are more likely. The peak of the 

PDF represents the mode, the value where the 

distribution is most concentrated. Examining the 

shape of the PDF, the distribution is unimodal. The 

tail behavior shows how the probability decreases as 

values increase, which is important in reliability and 

survival analysis. 

 

For the Inverse Pranav distribution, the PDF likely 

starts high and decreases gradually, reflecting the 

nature of an inverse-type distribution where smaller 

values are more probable.  

 

The Cumulative Distribution Function (CDF) 

represents the probability that a random variable is 

less than or equal to a given value. In the graph, the 

CDF is an increasing function because probabilities 

accumulate as the variable increases. For the Inverse 

Pranav distribution, the CDF likely starts near zero 

and rises towards one, indicating that lower values 

are more common while higher values become 

increasingly rare. Also, the CDF increases slowly at 

first and then rapidly, suggesting a heavy-tailed 

behavior, meaning some extreme values are possible. 
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4.3 Survival and hazard functions of the Inverse 

Pranav distribution 
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Fig.4.2a: survival function of IP distribution
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Fig.4.2b: hazard function of IP distribution
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The survival function (Figure 4.2a) represents the 

probability that a system or individual survives 

beyond a given time. It is a non-increasing function 

that starts at 1 (100% survival) and gradually 

decreases to 0 as time progresses, indicating that 

failure or death becomes inevitable. A slower 

decline in the survival curve suggests greater 

longevity, while a steeper drop indicates higher 

failure rates. Different curves correspond to 

different values of  . As x increases, 

( )S x
decreases, meaning the probability of survival 

declines.  

 

The hazard function (Figure 4.2b) describes the 

instantaneous rate of failure at any given time, given 

that survival has occurred up to that point. It 

provides insight into the risk dynamics over time. A 

constant hazard function suggests an exponential-

like failure pattern, while an increasing hazard 

function indicates a growing risk over time, 

common in aging systems. Conversely, a decreasing 

hazard function suggests early failures dominate, 

followed by improved reliability. In fig. 4.2b, the 

hazard function initially increases and then either 

levels off or decreases, depending on the value of 

 , which indicates different risk patterns over time. 

 

4.4 Cumulative proportional failure and TTT Plots 

of the data 
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Fig. 4.3: Cumulative proportional failure 

 

The graph in fig. 4.3 represents a cumulative failure 

function or a Kaplan-Meier failure curve of the data 

used in this research. It shows the cumulative 

incidence of cancer recurrence (failure) over time. 

The X-axis represents time in years (since 

remission).  It indicates how long patients remain in 

remission before experiencing recurrence. The Y-

axis (Cumulative Proportion of Failures) shows the 

cumulative probability of cancer recurrence over 

time. It ranges from 0 (no recurrences) to 1 (all 

patients have relapsed).  The Red Stepwise Line 

represents the cumulative proportion of patients who 

have experienced a recurrence at each time point. 

The steep initial increase indicates a high recurrence 

rate in the early months after remission. The curve 



© NOV 2025 | IRE Journals | Volume 9 Issue 5 | ISSN: 2456-8880 
DOI: https://doi.org/10.64388/IREV9I5-1712068 

IRE 1712068          ICONIC RESEARCH AND ENGINEERING JOURNALS 1441 

flattens out later, suggesting that patients who 

remain in remission for a longer period have a lower 

risk of recurrence.  
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Fig. 4.4: Total Time on Test (TTT) Plot for 

Bladder Cancer Remission Data 

 

The Total Time on Test (TTT) plot (fig. 4.4) is a 

graphical method used to assess the shape of the 

failure rate function (hazard function) of a dataset. It 

provides insights into whether the failure rate is 

increasing, decreasing, or constant over time. The 

X-axis (i/n) represents the proportion of the total 

number of observations (normalized rank of 

failures).  The Y-axis (T(i/n)) represents the 

cumulative sum of observed failure times, scaled by 

the total failure time.  The Convex (below the 

diagonal line, early flattening) represents decreasing 

failure rate (DFR). It indicates an initially high 

failure rate that decreases over time. It also suggests 

early failures due to the initial recurrence of bladder 

cancer soon after remission. The concave (above the 

diagonal line, late rise) represents an increasing 

failure rate (IFR). It indicates that the failure rate 

increases over time. It also suggests ageing effects, 

meaning that the longer a patient remains in 

remission, the higher their risk of recurrence over 

time.  The linear (close to a diagonal line) represents 

a constant failure rate (CFR).  It suggests that 

failures occur randomly over time, similar to an 

exponential distribution. This indicates that the 

recurrence of bladder cancer occurs at a roughly 

constant rate, independent of remission duration. 

The TTT curve starts below the diagonal, then rises 

above it, indicating a bathtub-like shape. This 

suggests that the hazard rate is initially decreasing 

but later increases. Initially, recurrence is high, 

possibly due to aggressive cancer relapses in some 

patients.  Later, the risk decreases, meaning some 

patients experience long remission periods. After a 

certain point, the hazard rate increases again, 

possibly due to the natural progression of cancer in 

ageing patients.   

 

V. CONCLUSION 

 

This study reveals that through the comparative 

analysis with actual medical data, the research 

formulates that the IPD is better at capturing data 

sets with heavy tails, right skewness, and non-

monotonic hazard behavior; also, it reasonably 

models failure patterns where risk diminishes as 

time goes on, which are poorly modeled by standard 

exponential or Weibull distributions; and finally the 

shape (α) and scale (β) parameter values 

significantly influence the flexibility of the 

distribution as it adjusts to a large variety of survival 

patterns. 

 

In all, the IPD excels over inverse lifetime 

distributions both in statistical fit and interpretability 

for medical remission data. The research confirms 

the applicability of the IPD in reliability modeling, 

biomedical survival analysis, and other fields where 

lifetime behavior is never exponential. Future work 

should involve the extension of IPD to handle 

censored data, typical in clinical trials, and to 

multivariate survival situations where there is more 

than one covariate affecting the failure time. Also, 

inference can also be improved using Bayesian 

estimation techniques for IPD parameters, either in 

small samples or with prior knowledge. 
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