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Abstract- In this paper, stability analysis of periodic 

solutions of ultra-hyperbolic boundary value problem was 

investigated using eigenvalue approach. Periodic 

solutions for the ultra-hyperbolic equation was obtained 

using the method of separation of variables and the proof 

of periodicity was conducted for the independent 

variables. Test for periodicity was conducted for the 

independent variables and the results show that the 

system obey periodic solutions. Stability results for the 

ultra-hyperbolic equation was obtained by converting the 

system of equations into first order equivalent system and 

further obtained the matrix for the given system. The 

result obtained show that the equilibria points were not 

asymptotically stable. Eight eigenvalues were obtained in 

which four of them are parameter dependent and the 

other four eigenvalues are equal to one. Furthermore, 

numerical simulations were used to demonstrate the 

behavior of the system for different values of the 

parameters extending known results in literature. 

Application of our results can be seen in inverted 

pendulum where amplitude of oscillation grows 

exponentially or without bound.  
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I. INTRODUCTION 

In this paper, we consider the stability analysis of 

periodic solutions of ultra-hyperbolic boundary value 

problem of the form  

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
−

𝜕2𝑢

𝜕𝑧2
−

𝜕2𝑢

𝜕𝑡2
= 0  ,   (1.1) 

With the following boundary and initial conditions  

 𝑢(0, 𝑦, 𝑧, 𝑡) = 0  𝑢(𝐿𝑥, 𝑦, 𝑧, 𝑡) = 0  0 ≤ 𝑥 ≤ 𝐿𝑥   

𝑡 ≥ 0 

𝑢(𝑥, 0, 𝑧, 𝑡) = 0  𝑢(𝑥, 𝐿𝑦 , 𝑧, 𝑡) = 0 0 ≤ 𝑦 ≤ 𝐿𝑦 

 𝑢(𝑥, 𝑦, 0, 𝑡) = 0 𝑢(𝑥, 𝑦, 𝐿𝑧 , 𝑡) = 0 0 ≤ 𝑧 ≤ 𝐿𝑧 

 𝑢(𝑥, 𝑦, 𝑧, 0) = 𝑓(𝑥, 𝑦, 𝑧) 
𝜕𝑢

𝜕𝑡
(𝑥, 𝑦, 𝑧, 0) = 𝑔(𝑥, 𝑦, 𝑧) 

 𝐿𝑥 represent the length of the domain in the 𝑥 

direction 

 𝐿𝑦 represent the length of the domain in the 𝑦 

direction 

𝐿𝑍 represent the length of the domain in the 𝑧 

direction 

𝑢 is the unknown scalar function and 𝑥, 𝑦, 𝑧, 𝑡 are the 

independent variables. Equation (1.1) is a time-

dependent wave model that model how disturbance 

evolve over time in a medium that supports 

oscillations or signals.   

Ultra-hyperbolic equation is a partial differential 

equation for an unknown scalar function 𝑢 of 2𝑛 

variables 𝑥1, . . . , 𝑥𝑛 ,  𝑦1 , . . . , 𝑦𝑛 of the form  

𝜕2𝑢

𝜕𝑥1
2+ . . . +

𝜕2𝑢

𝜕𝑥𝑛
2 −

𝜕2𝑢

𝜕𝑦1
2− . . . −

𝜕2𝑢

𝜕𝑦𝑛
2 = 0 (1.2) 

see [1]. The equation resembles the classical wave 

equation which has led to number of developments 

due to its characteristics [2]. The applications of 

ultra-hyperbolic equation can be seen in the 

modelling of space time [3], designing of harbours 

and dams, earthquake analysis (electrodynamic wave 

propagation) and design of antennas 

(electromagnetic wave propagation) [4]. The 

equation can also be used in the study of symmetric 

spaces and elliptic differential operators [5]. Due to 

the characteristics of the ultra-hyperbolic equation, 

many authors have studied ultra-hyperbolic equation 

producing sound results. For instance see [6], [7], [8], 

[9] and there references therein. 

Stability is a qualitative property of a differential 

equation that describes the behavior of trajectories 

under small displacement of initial conditions. The 

key idea in stability is that the qualitative behavior of 

an equilibrium point can be analyzed using the 

linearization of the system near the equilibrium point 

[10]. Some authors have worked on stability analysis 

of ultra-hyperbolic equation using different methods. 

Golgeleyen and Yamamoto (2014) considered 

stability of inverse problem for ultra-hyperbolic 

equation using Carleman estimate by some lateral 

boundary data and concluded by proving holder 

estimate which are global and local. Golgeleyen and 
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Kaytmaz (2020) investigated conditional stability for 

a Cauchy problem for the ultra-hyperbolic 

Schrodinger equation. They first establish a local 

Carleman estimate for the model which arises in 

some theories of modern Physics and concluded by 

proving a holder stability estimate for the Cauchy 

problem. However to the best of our knowledge, the 

stability analysis of ultrahyperbolic equation of four 

independent variables that is time dependent using 

eigenvalue approach is still yet not covered. It is also 

essential to continue to study stability analysis of 

(1.1) because of its wide area of applications. The use 

of Eigenvalue approach in this case to study the 

behavior of the four independent variables around the 

equilibrium points.  

Motivated by the above literature, the objective of 

this paper is to investigate stability analysis of 

periodic solutions of (1.1) using eigenvalue 

approach. The periodic solution and test for 

periodicity will be established using separation of 

variable and Fourier series.  In section 2, we 

introduce some theorems which will help us to obtain 

our main results. The analysis will be shown in 

section 3 while the paper is concluded in section 5 

with a numerical simulations in section 4 to 

demonstrate the behavior of the system.   

II. PERLIMINARIES 

Definition 2.1 (Separation of variable method) [13] 

Separation of variables is a method of solving 

ordinary and partial differentiation. For a partial 

differential equation in a function 𝜙(𝑥, 𝑦, . . . ) and 

variables 𝑥, 𝑦, …, separation of variables can be  

applied by making a substitution  of the form 

𝜙(𝑥, 𝑦, . . . ) = 𝑋(𝑥)𝑌(𝑦) . . .,                (2.1) 

breaking the resulting equation into a set of 

independent ordinary differential equations, solving 

these for 𝑋(𝑥), 𝑌(𝑦), . . . , and then plugging them 

back into the original equation. Separation of  

variables was used by L’Hospital in 1970. It is useful 

in solving equations arising in Mathematical Physics 

such as Laplace’s equation, the Helmholtz 

differential equation and the Schrodinger equation  

Definition 2.2 (Periodic Solution) 

A solution 𝑢(𝑥, 𝑦, 𝑧, 𝑡) to a partial differential 

equation with four independent variables is said to be 

periodic in one or more variables if there exist 𝑇 > 0, 

𝑇𝑥 > 0, 𝑇𝑦 > 0  and 𝑇𝑧 > 0 such that 

 𝑢(𝑥, 𝑦, 𝑧, 𝑡 + 𝑇) = 𝑢(𝑥, 𝑦, 𝑧, 𝑡) 

 𝑢(𝑥 + 𝑇𝑥, 𝑦, 𝑧, 𝑡) = 𝑢(𝑥, 𝑦, 𝑧, 𝑡) 

 𝑢(𝑥, 𝑦 + 𝑇𝑦 , 𝑧, 𝑡) = 𝑢(𝑥, 𝑦, 𝑧, 𝑡) 

 𝑢(𝑥, 𝑦, 𝑧 + 𝑇𝑧 , 𝑡) = 𝑢(𝑥, 𝑦, 𝑧, 𝑡) 

 for  (𝑥, 𝑦, 𝑧, 𝑡) ∈ ℝ. 𝑇, 𝑇𝑥 , 𝑇𝑦  and 𝑇𝑧 are the periods  

Definition 2.3 (Periodic Solution) 

A periodic solution is a solution of the equation with 

the property that there exist a positive real 

number 𝑇 > 0 such that 𝑥(𝑡 + 𝑇) = 𝑥(𝑡) for all 𝑡 ∈

ℝ 

Definition 2.4 (Fourier series) 

This is a technique used to convert a complex wave 

function into a single sine or cosine function. Let 

𝑓(𝑥) be a function in the interval [−𝐿, 𝐿], then 

Fourier series formula is given by 

 𝑓(𝑥) = 𝑎0 + ∑ (𝑎𝑛
∞
𝑛=1 cos (

𝑛𝜋𝑥

𝐿
) + 𝑏𝑛sin (

𝑛𝜋𝑥

𝐿
))  

where 𝑎0 =
1

2𝐿
∫ 𝑓(𝑥)𝑑𝑥
𝐿

−𝐿
,  

𝑎𝑛 =
1

𝐿
∫ 𝑓(𝑥) cos (

𝑛𝜋𝑥

𝐿
) 𝑑𝑥

𝐿

−𝐿
  𝑛 > 0,  𝑏𝑛 =

1

𝐿
∫ 𝑓(𝑥) sin (

𝑛𝜋𝑥

𝐿
) 𝑑𝑥

𝐿

−𝐿
  𝑛 > 0 are Fourier 

coefficients of 𝑓.  

Definition 2.5 For a PDE involving an unknown 

function 𝑢 of four independent variables, say 

𝑥1, 𝑥2, 𝑥3, 𝑥4, a solution is a function 𝑢(𝑥1, 𝑥2, 𝑥3, 𝑥4) 

defined on a specific domain that makes the equation 

a true statement over that domain.  

Definition 2.6 (Eigenvalue Stability): 

The concept uses the eigenvalue to access the 

stability of a given system. The stability behavior 

depends on the existence of real, imaginary 

components of the system. To investigate the stability 

of the equilibrium point using the eigenvalue 

approach, the following steps are necessary. 

(i) Linearize the second order differential equation to 

obtain a matrix say A. 

(ii) Determine the equilibrium point 

(iii) Determine the eigenvalue of the equilibrium 

point 

(iv) Determine the stability based on the sign of the 

eigenvalue 
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Table 3.8.1 Stability Corresponding to each type of eigenvalue 

Eigenvalue Type Stability 

𝐴𝑙𝑙 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 +  𝑈𝑛𝑠𝑡𝑎𝑏𝑙𝑒 

𝐴𝑙𝑙 𝑟𝑒𝑎𝑙 𝑎𝑛𝑑 − 𝑆𝑡𝑎𝑏𝑙𝑒 

𝑀𝑖𝑥𝑒𝑑 + 𝑎𝑛𝑑 − 𝑟𝑒𝑎𝑙 𝑈𝑛𝑠𝑡𝑎𝑏𝑙𝑒 

𝑎 + 𝑏𝑖 𝑈𝑛𝑠𝑡𝑎𝑏𝑙𝑒 

−𝑎 + 𝑏𝑖 𝑆𝑡𝑎𝑏𝑙𝑒 

0 + 𝑏𝑖 𝑈𝑛𝑠𝑡𝑎𝑏𝑙𝑒 

 

Theorem 2.7 (Superposition Principle) [14] 

The principle of superposition state that if 𝑢1 and 𝑢2 are solutions of a linear PDEs then the linear combination 

𝛼𝑢1 + 𝛽𝑢2 is a solution where 𝛼 and 𝛽 are arbitrary constants. 

Consider the ultra-hyperbolic equation  

       
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
−

𝜕2𝑢

𝜕𝑧2
−

𝜕2𝑢

𝜕𝑡2
= 0                                                                       (2.2) 

Suppose that 𝑢 = 𝑢1(𝑥, 𝑦, 𝑧, 𝑡 ) and 𝑢 = 𝑢2(𝑥, 𝑦, 𝑧, 𝑡) are solutions to equation (2.2). We consider a linear 

combination of 𝑢1 and 𝑢2 by letting 𝑢 = 𝛼𝑢1 + 𝛽𝑢2 where 𝛼 and 𝛽 are constants. The principle of superposition 

states that 𝑢 is a solution of equation (2.2). To prove this, we compute 

 
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
−

𝜕2𝑢

𝜕𝑧2
−

𝜕2𝑢

𝜕𝑡2
 = 

𝜕2(𝛼𝑢1+𝛽𝑢2)

𝜕𝑥2
+

𝜕2(𝛼𝑢1+𝛽𝑢2)

𝜕𝑦2
−

𝜕2(𝛼𝑢1+𝛽𝑢2)

𝜕𝑧2
−

𝜕2(𝛼𝑢1+𝛽𝑢2)

𝜕𝑡2
     (2.3)      

 =
𝜕2𝛼𝑢1

𝜕𝑥2
+

𝜕2𝛽𝑢2

𝜕𝑥2
+

𝜕2𝛼𝑢1

𝜕𝑦2
+

𝜕2𝛽𝑢2

𝜕𝑦2
−

𝜕2𝛼𝑢1

𝜕𝑧2
−

𝜕2𝛽𝑢2

𝜕𝑧2
−

𝜕2𝛼𝑢1

𝜕𝑡2
−

𝜕2𝛽𝑢2

𝜕𝑡2
            (2.4) 

 = 𝛼
𝜕2𝑢1

𝜕𝑥2
+ 𝛽

𝜕2𝑢2

𝜕𝑥2
+ 𝛼

𝜕2𝑢1

𝜕𝑦2
+ 𝛽

𝜕2𝑢2

𝜕𝑦2
− 𝛼

𝜕2𝑢1

𝜕𝑧2
− 𝛽

𝜕2𝑢2

𝜕𝑧2
− 𝛼

𝜕2𝑢1

𝜕𝑡2
− 𝛽

𝜕2𝑢2

𝜕𝑡2
    (2.5) 

 = 𝛼 (
𝜕2𝑢1

𝜕𝑥2
+

𝜕2𝑢1

𝜕𝑦2
−

𝜕2𝑢1

𝜕𝑧2
−

𝜕2𝑢1

𝜕𝑡2
) + 𝛽(

𝜕2𝑢2

𝜕𝑥2
+

𝜕2𝑢2

𝜕𝑦2
−

𝜕2𝑢2

𝜕𝑧2
−

𝜕2𝑢2

𝜕𝑡2
)                (2.6) 

  = 𝛼 × 0 + 𝛽 × 0 = 0 

Since 𝑢1 and 𝑢2 were assumed to be solution of equation (2.2). We have therefore shown that any linear 

combination of solution to homogenous ultra-hyperbolic equation is also a solution. 

III. MAIN RESULTS 

3.1 Periodic Solutions of Ultra-hyperbolic equation 

We consider the partial differential equation of the form 

   
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
−

𝜕2𝑢

𝜕𝑧2
−

𝜕2𝑢

𝜕𝑡2
= 0  ,       (3.1) 

with the following boundary and initial conditions  

 𝑢(0, 𝑦, 𝑧, 𝑡) = 0  𝑢(𝐿𝑥, 𝑦, 𝑧, 𝑡) = 0  0 ≤ 𝑥 ≤ 𝐿𝑥   𝑡 ≥ 0 

𝑢(𝑥, 0, 𝑧, 𝑡) = 0  𝑢(𝑥, 𝐿𝑦 , 𝑧, 𝑡) = 0 0 ≤ 𝑦 ≤ 𝐿𝑦 

 𝑢(𝑥, 𝑦, 0, 𝑡) = 0 𝑢(𝑥, 𝑦, 𝐿𝑧 , 𝑡) = 0 0 ≤ 𝑧 ≤ 𝐿𝑧 
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 𝑢(𝑥, 𝑦, 𝑧, 0) = 𝑓(𝑥, 𝑦, 𝑧) 
𝜕𝑢

𝜕𝑡
(𝑥, 𝑦, 𝑧, 0) = 𝑔(𝑥, 𝑦, 𝑧) 

To obtain periodic solution of (3.1) we assume a solution of the form 

      𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑋(𝑥)𝑌(𝑥)𝑍(𝑧)𝑇(𝑡)     (3.2) 

Substituting equation (3.1) in equation (3.2) gives 

𝜕2(𝑋(𝑥)𝑌(𝑥)𝑍(𝑧)𝑇(𝑡))

𝜕𝑥2
+

𝜕2(𝑋(𝑥)𝑌(𝑥)𝑍(𝑧)𝑇(𝑡))

𝜕𝑦2
−

𝜕2(𝑋(𝑥)𝑌(𝑥)𝑍(𝑧)𝑇(𝑡))

𝜕𝑧2
−

𝜕2(𝑋(𝑥)𝑌(𝑥)𝑍(𝑧)𝑇(𝑡))

𝜕𝑡2
= 0    (3.3) 

𝑌𝑍𝑇
𝑑2𝑋

𝑑𝑥2
+ 𝑋𝑍𝑇

𝑑2𝑌

𝑑𝑦2
− 𝑋𝑌𝑇

𝑑2𝑍

𝑑𝑧2
− 𝑋𝑌𝑍

𝑑2𝑇

𝑑𝑡2
= 0     (3.4) 

Dividing by 𝑋𝑌𝑍𝑇 we have 

   
1

𝑋

𝑑2𝑋

𝑑𝑥2
+

1

𝑌

𝑑2𝑌

𝑑𝑦2
−

1

𝑍

𝑑2𝑍

𝑑𝑧2
−

1

𝑇

𝑑2𝑇

𝑑𝑡2
= 0      (3.5) 

    
1

𝑋

𝑑2𝑋

𝑑𝑥2
+

1

𝑌

𝑑2𝑌

𝑑𝑦2
=

1

𝑍

𝑑2𝑍

𝑑𝑧2
+

1

𝑇

𝑑2𝑇

𝑑𝑡2
      (3.6) 

Since the LHS is a function of 𝑥 and 𝑦 and RHS is a function of 𝑧 and 𝑡, we set equation (3.6) equal to 𝑘 where 

𝑘 is the separation constant. 

        
1

𝑋

𝑑2𝑋

𝑑𝑥2
+

1

𝑌

𝑑2𝑌

𝑑𝑦2
=

1

𝑍

𝑑2𝑍

𝑑𝑧2
+

1

𝑇

𝑑2𝑇

𝑑𝑡2
= 𝑘      (3.7) 

 
1

𝑋

𝑑2𝑋

𝑑𝑥2
+

1

𝑌

𝑑2𝑌

𝑑𝑦2
= 𝑘  and  

1

𝑍

𝑑2𝑍

𝑑𝑧2
+

1

𝑇

𝑑2𝑇

𝑑𝑡2
= 𝑘      (3.8) 

Considering   
1

𝑋

𝑑2𝑋

𝑑𝑥2
+

1

𝑌

𝑑2𝑌

𝑑𝑦2
= 𝑘 we have 

   
1

𝑋

𝑑2𝑋

𝑑𝑥2
= 𝑘 −

1

𝑌

𝑑2𝑌

𝑑𝑦2
= 𝜆        (3.9) 

Where 𝜆 is another separation constant. Hence we have  

 
1

𝑋

𝑑2𝑋

𝑑𝑥2
= 𝜆  which gives 𝑋′′(𝑥) − 𝜆𝑋(𝑥) = 0.  Simplifying  𝑘 −

1

𝑌

𝑑2𝑌

𝑑𝑦2
= 𝜆 gives  𝑌′′(𝑦) − 𝑣𝑌(𝑦) = 0 where 𝑣 =

𝑘 − 𝜆. For  
1

𝑍

𝑑2𝑍

𝑑𝑧2
+

1

𝑇

𝑑2𝑇

𝑑𝑡2
= 𝑘 we have  

1

𝑍

𝑑2𝑍

𝑑𝑧2
= 𝑘 −

1

𝑇

𝑑2𝑇

𝑑𝑡2
= 𝜏 where 𝜏 is another constant. Simplifying further 

gives  𝑍′′(𝑧) − 𝜏𝑍(𝑧) = 0 and  𝑇′′(𝑡) − 𝑤𝑇(𝑡) = 0 where 𝑤 = 𝑘 − 𝜏. The system of equations is given by 

𝑋′′(𝑥) − 𝜆𝑋(𝑥) = 0         (3.10) 

 𝑌′′(𝑦) − 𝑣𝑌(𝑦) = 0        (3.11) 

𝑍′′(𝑧) − 𝜏𝑍(𝑧) = 0         (3.12) 

 𝑇′′(𝑡) − 𝑤𝑇(𝑡) = 0        (3.13) 

Case 1: Considering for 𝜆 > 0, 𝑣 > 0, 𝜏 > 0 and 𝑤 > 0  we have 

𝑋(𝑥) = 𝑐1𝑒
√𝜆𝑥 + 𝑐2𝑒

−√𝜆𝑥        (3.14) 

𝑌(𝑦) = 𝑐3𝑒
√𝑣𝑦 + 𝑐4𝑒

−√𝑣𝑦        (3.15) 

 𝑍(𝑧) = 𝑐5𝑒
√𝜏𝑧 + 𝑐6𝑒

−√𝜏𝑧       (3.16) 

 𝑇(𝑡) = 𝑐7𝑒
√𝑤𝑡 + 𝑐8𝑒

−√𝑤𝑡       (3.17) 

Where 𝑐1, 𝑐2, 𝑐3, 𝑐4, 𝑐5, 𝑐6, 𝑐7, 𝑐8 are constants. Hence the general solution for case 1 is given by 
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𝑢(𝑥, 𝑦, 𝑧, 𝑡) = (𝑐1𝑒
√𝜆𝑥 + 𝑐2𝑒

−√𝜆𝑥)(𝑐3𝑒
√𝑣𝑦 + 𝑐4𝑒

−√𝑣𝑦 ) (𝑐5𝑒
√𝜏𝑧 + 𝑐6𝑒

−√𝜏𝑧) (𝑐7𝑒
√𝑤𝑡 + 𝑐8𝑒

−√𝑤𝑡) 

Applying the boundary conditions we have  

 𝑢(0. 𝑦, 𝑧, 𝑡) = 0 = (𝑐1 + 𝑐2) (𝑐3𝑒
√𝑣𝑦 + 𝑐4𝑒

−√𝑣𝑦 ) (𝑐5𝑒
√𝜏𝑧 + 𝑐6𝑒

−√𝜏𝑧) (𝑐7𝑒
√𝑤𝑡 + 𝑐8𝑒

−√𝑤𝑡) 

Which implies that  

 𝑐1 + 𝑐2 = 0         (3.18) 

 Also 𝑢(𝐿𝑥, 𝑦, 𝑧, 𝑡) = 0 gives 

   𝑐1𝑒
√𝜆𝐿𝑥 + 𝑐2𝑒

−√𝜆𝐿𝑥 = 0       (3.19) 

 𝑢(𝑥, 0, 𝑧, 𝑡) = 0 = 𝑐3 + 𝑐4(𝑐1𝑒
√𝜆𝑥 + 𝑐2𝑒

−√𝜆𝑥)(𝑐5𝑒
√𝜏𝑧 + 𝑐6𝑒

−√𝜏𝑧)(𝑐7𝑒
√𝑤𝑡 + 𝑐8𝑒

−√𝑤𝑡) 

 implies that  

   𝑐3 + 𝑐4 = 0         (3.20) 

And 𝑢(𝑥, 𝐿𝑦 , 𝑧, 𝑡) = 0 gives 

   𝑐3𝑒
√𝑣𝐿𝑦 + 𝑐2𝑒

−√𝑣𝐿𝑦 = 0       (3.21) 

 𝑢(𝑥, 𝑦, 0, 𝑡) = 0 = (𝑐1𝑒
√𝜆𝑥 + 𝑐2𝑒

−√𝜆𝑥)(𝑐3𝑒
√𝑣𝑦 + 𝑐4𝑒

−√𝑣𝑦)(𝑐5 + 𝑐6)(𝑐7𝑒
√𝑤𝑡 + 𝑐8𝑒

−√𝑤𝑡)  

implies that  

     𝑐5 + 𝑐6 = 0        (3.22) 

 𝑢(𝑥, 𝑦, 𝐿𝑧 , 𝑡) = (𝑐1𝑒
√𝜆𝑥 + 𝑐2𝑒

−√𝜆𝑥)(𝑐3𝑒
√𝑣𝑦 + 𝑐4𝑒

−√𝑣𝑦 )(𝑐5𝑒
√𝜏𝐿𝑧 + 𝑐6𝑒

−√𝜏𝐿𝑧)  

 (𝑐7𝑒
√𝑤𝑡 + 𝑐8𝑒

−√𝑤𝑡) 

   𝑢(𝑥, 𝑦, 𝐿𝑧 , 𝑡) = 0 gives 

      (𝑐5𝑒
√𝜏𝐿𝑧 + 𝑐6𝑒

−√𝜏𝐿𝑧) = 0      (3.23)  

Equations (3.18) and (3.19) possess a non-trivial solution if and only if 

|
1 1

𝑒√𝜆𝐿𝑥 𝑒−√𝜆𝐿𝑥
| = 0        

   𝑒−√𝜆𝐿𝑥 − 𝑒√𝜆𝐿𝑥 = 0        (3.24) 

Dividing equation (4.1.31) by  𝑒−√𝜆𝐿𝑥  we have 

      1 − 𝑒2√𝜆𝐿𝑥 = 0        (3.25) 

Equation (3.25) implies that 𝑒2√𝜆𝐿𝑥 = 1. Further simplification gives √𝜆𝐿𝑥 = 0. This implies that √𝜆 = 0 since 

𝐿𝑥 ≠ 0. The same result goes for equations (3.20) and (3.21). This results is against the assumption for Case 1. 

Hence the solution is not acceptable. 

Case II: for 𝜆 = 0, 𝑣 = 0, 𝜏 = 0 and 𝑤 = 0  we have  

 
𝑑2𝑋

𝑑𝑥2
= 0         (3.26) 

𝑑2𝑌

𝑑𝑦2
= 0          (3.27) 
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𝑑2𝑍

𝑑𝑧2
= 0          (3.28) 

 
𝑑2𝑇

𝑑𝑡2
= 0         (3.29) 

Solutions for equations (3.26), (3.27), (3.28) and (3.29) is given by 

 𝑋 = 𝐴𝑥 + 𝐵         (3.30) 

 𝑌 = 𝐶𝑦 + 𝐷         (3.31) 

 𝑍 = 𝐸𝑧 + 𝐹         (3.32) 

 𝑇 = 𝐺𝑡 + 𝐻         (3.33) 

Where B, D, F and 𝐻 are constants. Therefore the required solution is  

 𝑢(𝑥, 𝑦, 𝑧, 𝑡) = (𝐴𝑥 + 𝐵)(𝐶𝑦 + 𝐷)(𝐸𝑧 + 𝐹)(𝐺𝑡 + 𝐻)  (3.34) 

Using the boundary conditions we have 

 𝑢(0. 𝑦, 𝑧, 𝑡) = 0 = 𝐵(𝐶𝑦 + 𝐷)(𝐸𝑧 + 𝐹)(𝐺𝑡 + 𝐻). This implies that 𝐵 = 0 

 𝑢(𝐿𝑥 , 𝑦, 𝑧, 𝑡) = 0 = 𝐴𝐿𝑥(𝐶𝑦 + 𝐷)(𝐸𝑧 + 𝐹)(𝐺𝑡 + 𝐻). This implies that 𝐴 = 0 

 𝑢(𝑥, 0, 𝑧, 𝑡) = 0 = 𝐷(𝐴𝑥 + 𝐵)(𝐸𝑧 + 𝐹)(𝐺𝑡 + 𝐻). This implies that 𝐷 = 0 

 𝑢(𝑥, 𝐿𝑦 , 𝑧, 𝑡) = 0 = 𝐶𝐿𝑦(𝐴𝑥 + 𝐵)(𝐸𝑧 + 𝐹)(𝐺𝑡 + 𝐻). This implies that 𝐶 = 0 

 𝑢(𝑥, 𝑦, 0, 𝑡) = 0 = 𝐹(𝐴𝑥 + 𝐵)(𝐶𝑦 + 𝐷)(𝐺𝑡 + 𝐻). This implies that 𝐹 = 0 

 𝑢(𝑥, 𝑦, 𝐿𝑧 , 𝑡) = 0 = 𝐸𝐿𝑧(𝐴𝑥 + 𝐵)(𝐶𝑦 + 𝐷)(𝐺𝑡 + 𝐻). This implies 𝐸 = 0 

Hence only trivial solution is possible. 

Case III: for 𝜆 < 0: 𝜆 = −𝛼2, 𝛼 > 0, 𝑣 < 0: 𝑣 = −𝛽2, 𝛽 > 0, 𝜏 < 0: 𝜏 = −𝛾2, 𝛾 > 0 and 

 𝑤 < 0:𝑤 = −𝜂2, 𝜂 > 0. The differential equations are 

𝑑2𝑋

𝑑𝑥2
+ 𝛼2𝑋 = 0         (3.35) 

𝑑2𝑌

𝑑𝑦2
+ 𝛽2𝑌 = 0         (3.36) 

𝑑2𝑍

𝑑𝑧2
+ 𝛾2𝑍 = 0          (3.37) 

𝑑2𝑇

𝑑𝑡2
+ 𝜂2𝑇 = 0         (3.38) 

Auxiliary equation for equation (3.35) is given by  

     𝑚2 + 𝛼2 = 0        (3.39) 

 𝑚 = ±√−𝛼2,  𝑚 = ±𝑖𝛼. Hence the solution of equation of (3.35) is given by 

     𝑋(𝑥) = 𝑐1𝑐𝑜𝑠𝛼𝑥 + 𝑐2𝑠𝑖𝑛𝛼𝑥      (3.40) 

Similarly for equations (3.36), (3.37) and (3.38), the solutions are 

𝑌(𝑦) = 𝑐3𝑐𝑜𝑠𝛽𝑦 + 𝑐4𝑠𝑖𝑛𝛽𝑦        (3.41) 

𝑍(𝑧) = 𝑐5𝑐𝑜𝑠𝛾𝑧 + 𝑐6𝑠𝑖𝑛𝛾𝑧        (3.42) 
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𝑇(𝑥) = 𝑐7𝑐𝑜𝑠𝜂𝑡 + 𝑐8𝑠𝑖𝑛𝜂𝑡        (3.43) 

Hence the general solution is given by  

 𝑢(𝑥, 𝑦, 𝑧, 𝑡) = (𝑐1𝑐𝑜𝑠𝛼𝑥 + 𝑐2𝑠𝑖𝑛𝛼𝑥)(𝑐3𝑐𝑜𝑠𝛽𝑦 + 𝑐4𝑠𝑖𝑛𝛽𝑦)(𝑐5𝑐𝑜𝑠𝛾𝑧 + 𝑐6𝑠𝑖𝑛𝛾𝑧)  

                         (𝑐7𝑐𝑜𝑠𝜂𝑡 + 𝑐8𝑠𝑖𝑛𝜂𝑡)      (3.44) 

Using the boundary conditions we have that for 

 𝑢(0, 𝑦, 𝑧, 𝑡) = 0,   𝑐1 = 0 

𝑢(𝐿𝑥, 𝑦, 𝑧, 𝑡) = 0,   𝑠𝑖𝑛𝛼𝐿𝑥 = 0 

𝑢(𝑥, 0, 𝑧, 𝑡) = 0,  𝑐3 = 0     

𝑢(𝑥, 𝐿𝑦 , 𝑧, 𝑡) = 0,  𝑠𝑖𝑛𝛽𝐿𝑦 = 0 

𝑢(𝑥, 𝑦, 0, 𝑡) = 0,   𝑐5 = 0 

 𝑢(𝑥, 𝑦, 𝐿𝑧 , 𝑡) = 0,        𝑠𝑖𝑛𝛾𝐿𝑧 = 0 

For 𝑠𝑖𝑛𝛼𝐿𝑥 = 0,  𝛼𝑛 =
𝑛𝜋

𝐿𝑥
,  𝑛 = 1,2, . . ., are the eigenvalues. The solution is 

 𝑢𝑛(𝑥, 𝑡) = 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥
(𝐴𝑛𝑐𝑜𝑠

𝑛𝜋𝑡

𝐿𝑥
+ 𝐵𝑛𝑠𝑖𝑛

𝑛𝜋𝑡

𝐿𝑥
),    𝑛 = 1,2, . . .,                        (3.45) 

  For  𝑠𝑖𝑛𝛽𝐿𝑦 = 0,  𝛽𝑚 =
𝑚𝜋

𝐿𝑦
,  𝑚 = 1,2, . . ., are the eigenvalues. The solution is 

  𝑢𝑚(𝑦, 𝑡) = 𝑠𝑖𝑛
𝑚𝜋𝑦

𝐿𝑦
(𝐶𝑚𝑐𝑜𝑠

𝑚𝜋𝑡

𝐿𝑦
+ 𝐷𝑚𝑠𝑖𝑛

𝑚𝜋𝑡

𝐿𝑦
),    𝑚 = 1,2, . . .,                  (3.46) 

For  𝑠𝑖𝑛𝛾𝐿𝑧 = 0,  𝛾𝑔 =
𝑔𝜋

𝐿𝑧
, 𝑔 = 1,2, . . ., are the eigenvalues. The solution is 

   𝑢𝑔(𝑧, 𝑡) = 𝑠𝑖𝑛
𝑔𝜋𝑧

𝐿𝑧
(𝐸𝑔𝑐𝑜𝑠

𝑔𝜋𝑡

𝐿𝑧
+ 𝐹𝑔𝑠𝑖𝑛

𝑔𝜋𝑡

𝐿𝑧
),  𝑔 = 1,2, . . .,                           (3.47) 

Combining equations (3.45), (3.46) and (3.47) we have 

   𝑢𝑝(𝑥, 𝑦, 𝑧, 𝑡) = 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
(𝐴𝑛𝑐𝑜𝑠

𝑛𝜋𝑡

𝐿𝑥
+ 𝐵𝑛𝑠𝑖𝑛

𝑛𝜋𝑡

𝐿𝑥
) (𝐶𝑚𝑐𝑜𝑠

𝑚𝜋𝑡

𝐿𝑦
+ 𝐷𝑚𝑠𝑖𝑛

𝑚𝜋𝑡

𝐿𝑦
) 

                               (𝐸𝑔𝑐𝑜𝑠
𝑔𝜋𝑡

𝐿𝑧
+ 𝐹𝑔𝑠𝑖𝑛

𝑔𝜋𝑡

𝐿𝑧
)                                                    (3.48) 

Where 𝑝 = 𝑛𝑚𝑔 and 𝐴𝑛, 𝐵𝑛 , 𝐶𝑚, 𝐷𝑚, 𝐸𝑔, 𝐹𝑔 are constant coefficients 

Using the superposition principle we have 

   𝑢(𝑥, 𝑦, 𝑧, 𝑡) = ∑ ∑ ∑ 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧

∞
𝑔=1

∞
𝑚=1

∞
𝑛=1 (𝐴𝑛𝑐𝑜𝑠

𝑛𝜋𝑡

𝐿𝑥
+ 𝐵𝑛𝑠𝑖𝑛

𝑛𝜋𝑡

𝐿𝑥
)  

                     (𝐶𝑚𝑐𝑜𝑠
𝑚𝜋𝑡

𝐿𝑦
+ 𝐷𝑚𝑠𝑖𝑛

𝑚𝜋𝑡

𝐿𝑦
) (𝐸𝑔𝑐𝑜𝑠

𝑔𝜋𝑡

𝐿𝑧
+ 𝐹𝑔𝑠𝑖𝑛

𝑔𝜋𝑡

𝐿𝑧
)                  (3.49) 

Applying the initial conditions gives 

 𝑢(𝑥, 𝑦, 𝑧, 0) = 𝑓(𝑥, 𝑦, 𝑧) = ∑ ∑ ∑ 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧

∞
𝑔=1

∞
𝑚=1

∞
𝑛=1 (𝐴𝑛 )(𝐶𝑚)(𝐸𝑔) 

𝑢(𝑥, 𝑦, 𝑧, 0) = 𝑓(𝑥, 𝑦, 𝑧) = ∑ ∑ ∑ 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧

∞
𝛼=1

∞
𝑚=1

∞
𝑛=1  𝐽𝑞       (3.50) 

Where 𝐽𝑞 = (𝐴𝑛)(𝐶𝑚)(𝐸𝑔) 
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 𝐽𝑞 is the half range Fourier sine series for 𝐴𝑛, 𝐶𝑚 and 𝐸𝑔 where 

  𝐴𝑛 =
2

𝐿𝑥
∫ 𝑓(𝑥, 𝑦, 𝑧)𝑠𝑖𝑛

𝑛𝜋𝑥

𝐿𝑥

𝐿𝑥
0

𝑑𝑥                                                                      (3.51) 

  𝐶𝑚 =
2

𝐿𝑦
∫ 𝑓(𝑥, 𝑦, 𝑧)𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦

𝐿𝑦
0

𝑑𝑦                                                                    (3.52) 

 𝐸𝑔 =
2

𝐿𝑧
∫ 𝑓(𝑥, 𝑦, 𝑧)𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧

𝐿𝑧
0

𝑑𝑧                                                                        (3.53) 

Combining equations (3.51), (3.52) and (3.53) we have 

 𝐺𝑤 =
8

𝐿𝑥𝐿𝑦𝐿𝑧
∫ ∫ ∫ 𝑓(𝑥, 𝑦, 𝑧

𝐿𝑧
0

𝐿𝑦
0

𝐿𝑥
0

)𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
 𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
𝑑𝑥𝑑𝑦𝑑𝑧                 (3.54) 

  
𝜕𝑢

𝜕𝑡
(𝑥, 𝑦, 𝑧, 𝑡) = (𝐴𝑛𝑐𝑜𝑠

𝑛𝜋𝑡

𝐿𝑥
+ 𝐵𝑛𝑠𝑖𝑛

𝑛𝜋𝑡

𝐿𝑥
) (

−𝑚𝜋

𝐿𝑦
𝐶𝑚𝑠𝑖𝑛

𝑚𝜋𝑡

𝐿𝑦
+

𝑚𝜋

𝐿𝑦
𝐷𝑚𝑐𝑜𝑠

𝑚𝜋𝑡

𝐿𝑦
) 

   (
−𝑔𝜋

𝐿𝑧
𝐸𝑔𝑠𝑖𝑛

𝑔πt

𝐿𝑧
+

𝑔𝜋

𝐿𝑧
𝐹𝑔𝑐𝑜𝑠

𝑔𝜋𝑡

𝐿𝑧
) + (𝐶𝑚𝑐𝑜𝑠

𝑚𝜋𝑡

𝐿𝑦
+ 𝐷𝑚𝑠𝑖𝑛

𝑚𝜋𝑡

𝐿𝑦
) (

−𝑔𝜋

𝐿𝑧
𝐸𝑔𝑠𝑖𝑛

𝑔𝜋𝑡

𝐿𝑧
+

𝑔𝜋

𝐿𝑧
𝐹𝑔𝑐𝑜𝑠

𝑔𝜋𝑡

𝐿𝑧
) 

 (
−𝑛𝜋

𝐿𝑥
𝐴𝑛𝑠𝑖𝑛

𝑛𝜋𝑡

𝐿𝑥
+

𝑛𝜋

𝐿𝑥
𝐵𝑛𝑐𝑜𝑠

𝑛𝜋𝑡

𝐿𝑥
) +(𝐸𝑔𝑐𝑜𝑠

𝑔𝜋𝑡

𝐿𝑧
+ 𝐹𝑔𝑠𝑖𝑛

𝑔𝜋𝑡

𝐿𝑧
) (

−𝑛𝜋

𝐿𝑥
𝐴𝑛𝑠𝑖𝑛

𝑛𝜋𝑡

𝐿𝑥
+

𝑛𝜋

𝐿𝑥
𝐵𝑛𝑐𝑜𝑠

𝑛𝜋𝑡

𝐿𝑥
) 

  (
−𝑚𝜋

𝐿𝑦
𝐶𝑚𝑠𝑖𝑛

𝑚𝜋𝑡

𝐿𝑦
+

𝑚𝜋

𝐿𝑦
𝐷𝑚𝑐𝑜𝑠

𝑚𝜋𝑡

𝐿𝑦
)                                                                   (3.55) 

   
𝜕𝑢

𝜕𝑡
(𝑥, 𝑦, 𝑧, 0) = 𝐴𝑛𝐷𝑚𝐹𝑔

𝑚𝜋

𝐿𝑦

𝑔𝜋

𝐿𝑧
+ 𝐶𝑚𝐹𝑔𝐵𝑛

𝑔𝜋

𝐿𝑧

𝑛𝜋

𝐿𝑥
+ 𝐸𝑔𝐵𝑛𝐷𝑚

𝑛𝜋

𝐿𝑥

𝑚𝜋

𝐿𝑦
                 (3.56) 

  
𝜕𝑢

𝜕𝑡
(𝑥, 𝑦, 𝑧, 0) = 𝑔(𝑥, 𝑦, 𝑧) = ∑ ∑ ∑ 𝑠𝑖𝑛

𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧

∞
𝛼=1

∞
𝑚=1

∞
𝑛=1  

(𝐴𝑛𝐷𝑚𝐹𝑔
𝑚𝜋

𝐿𝑦

𝑔𝜋

𝐿𝑧
+ 𝐶𝑚𝐹𝑔𝐵𝑛

𝑔𝜋

𝐿𝑧

𝑛𝜋

𝐿𝑥
+ 𝐸𝑔𝐵𝑛𝐷𝑚

𝑛𝜋

𝐿𝑥

𝑚𝜋

𝐿𝑦
)    (3.57) 

Hence the required solution is equation (3.49). Equation (3.49) is periodic in nature since the    solution contain 

sinusoidal functions. The constant term and periodic term in (3.49) shows that the solution is periodic which is 

unstable in the sense that all solution starting sufficiently close to it depart from it with increasing time. 

3.2 Test for Periodicity of Ultrahyperbolic Equation using Fourier Series Method 

We first establish the period for each variable. The formula for period of a periodic function given by 
2𝜋

𝑛
  where 

𝑛 is the coefficient of 𝑥 and 2𝜋 is the fundamental period. 

The term 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥
  is periodic in 𝑥 with period  𝑇𝑥 =

2𝜋
𝑛𝜋

𝐿𝑥

 =
2𝐿𝑥

𝑛
 

 The term  𝑐𝑜𝑠
𝑛𝜋𝑡

𝐿𝑥
  is periodic in 𝑡 with period  𝑇 =

2𝐿𝑥

𝑛
 

The term 𝑠𝑖𝑛
𝑚𝜋𝑦

𝐿𝑦
 is periodic in 𝑦 with period 𝑇𝑦 =

2𝐿𝑦

𝑚
 

The term 𝑠𝑖𝑛
𝑔𝜋𝑧

𝐿𝑧
 is periodic in 𝑧 with period 𝑇𝑧 =

2𝐿𝑧

𝑔
 

Next is to establish Fourier Series coefficient for each variable. 

 𝑓(𝑥) =
1

2
𝑎0 + ∑ 𝑎𝑛

∞
𝑛=1 cos (

𝑛𝜋𝑥

𝐿𝑥
) + ∑ 𝑏𝑛sin (

𝑛𝜋𝑥

𝐿𝑥

∞
𝑛=1 )  (3.58) 

For 𝑓(𝑥) = 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥
, Let  

𝑛𝜋

𝐿𝑥
= 𝑐, we have 

     𝑎0 =
1

𝐿
∫ 𝑓(𝑥)𝑑𝑥
𝐿

−𝐿
=

1

𝐿
∫ 𝑠𝑖𝑛𝑐𝑥𝑑𝑥
𝐿

−𝐿
            (3.59) 
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           =
1

𝐿
[
−𝑐𝑜𝑠𝑐𝑥

𝑐
]
−𝐿

𝐿

= 0  for 𝑐 ≠ 0                      (3.60) 

𝑎𝑛 =
1

𝐿
∫ 𝑠𝑖𝑛𝑐𝑥𝑐𝑜𝑠𝑐𝑥𝑑𝑥
𝐿

−𝐿
         (3.61) 

sin(𝑐 + 𝑐) 𝑥 = 𝑠𝑖𝑛𝑐𝑥𝑐𝑜𝑠𝑐𝑥 + 𝑐𝑜𝑠𝑐𝑥𝑠𝑖𝑛𝑐𝑥  

𝑠𝑖𝑛2𝑐𝑥 = 2𝑠𝑖𝑛𝑐𝑥𝑐𝑜𝑠𝑐𝑥. Hence 𝑠𝑖𝑛𝑐𝑥𝑐𝑜𝑠𝑐𝑥 =
𝑠𝑖𝑛2𝑐𝑥

2
 

1

𝐿
∫

𝑠𝑖𝑛2𝑐𝑥

2
𝑑𝑥 =

1

2𝐿

𝐿

−𝐿
[
−𝑐𝑜𝑠2𝑐𝑥

2𝑐
]
−𝐿

𝐿

= 0     (3.62) 

𝑏𝑛 =
1

𝐿
∫ 𝑠𝑖𝑛𝑐𝑥𝑠𝑖𝑛𝑐𝑥𝑑𝑥 =

1

𝐿

𝐿

−𝐿
 ∫ 𝑠𝑖𝑛2

𝐿

−𝐿
𝑐𝑥𝑑𝑥     (3.63) 

  =
1

𝐿
∫

1−𝑐𝑜𝑠2𝑐𝑥

2

𝐿

−𝐿
𝑑𝑥 =

1

𝐿
[
𝑥

2
−

𝑠𝑖𝑛2𝑐𝑥

4𝑐
]
−𝐿

𝐿

   (3.64) 

= 1 −
𝑠𝑖𝑛2𝑐𝐿

4𝑐
+

𝑠𝑖𝑛2𝑐𝐿

4𝑐
= 1      (3.65) 

Therefore the Fourier series for variable 𝑥  in given by  

𝑓(𝑥) = ∑ 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥

∞
𝑛=1        𝑛 = 1,2, . ..     (3.66) 

Similarly for the function 𝑓(𝑦) = 𝑠𝑖𝑛
𝑚𝜋𝑦

𝐿𝑦
 .Then the Fourier series is given by  

 𝑓(𝑦) = ∑ 𝑠𝑖𝑛
𝑚𝜋𝑦

𝐿𝑦

∞
𝑚=1     𝑚 = 1,2, . ..     (3.67) 

For the function 𝑓(𝑧) = 𝑠𝑖𝑛
𝑔𝜋𝑧

𝐿𝑧
. . Then the Fourier series is given by  

   𝑓(𝑧) = ∑ 𝑠𝑖𝑛
𝑔𝜋𝑧

𝐿𝑧

∞
𝛼=1    𝑔 = 1,2, . ..     (3.68) 

For the function 𝑓(𝑡) = 𝑐𝑜𝑠
𝑛𝜋𝑡

𝐿𝑥
, the Fourier series is gven by  

 𝑓(𝑡) =
1

2
𝑎0 +∑ 𝑎𝑛

∞
𝑛=1 cos (

𝑛𝜋𝑡

𝐿𝑥
) + ∑ 𝑏𝑛sin (

𝑛𝜋𝑡

𝐿𝑥 

∞
𝑛=1 )  (3.69) 

Let  
𝑛𝜋

𝐿𝑥
= 𝑐, then the coefficients are given by 

 𝑎0 =
1

𝐿
∫ 𝑓(𝑡)𝑑𝑡
𝐿

−𝐿
=

1

𝐿
∫ 𝑐𝑜𝑠𝑐𝑡𝑑𝑡
𝐿

−𝐿
     (3.70) 

 =
1

𝐿
[
𝑠𝑖𝑛𝑐𝑡

𝑐
]
−𝐿

𝐿

=
1

𝐿
[
𝑠𝑖𝑛𝑐𝐿

𝑐
−

𝑠𝑖𝑛𝑐(−𝐿)

𝑐
] = 0    (3.71) 

This is because 𝑠𝑖𝑛𝑐𝐿 = 0 

 𝑎𝑛 =
1

𝐿
∫ 𝑐𝑜𝑠𝑐𝑡𝑐𝑜𝑠𝑐𝑡𝑑𝑡
𝐿

−𝐿
=

1

𝐿
∫ 𝑐𝑜𝑠2𝑐𝑡𝑑𝑡
𝐿

−𝐿
    (3.72) 

  =
1

𝐿
∫

𝑐𝑜𝑠2𝑐𝑡+1

2

𝐿

−𝐿
𝑑𝑡   since 𝑐𝑜𝑠2𝐴 = 2𝑐𝑜𝑠2𝐴 − 1 

 𝑎𝑛 =
1

𝐿
∫

𝑐𝑜𝑠2𝑐𝑡

2

𝐿

−𝐿
𝑑𝑡 +

1

𝐿
∫

1

2

𝐿

−𝐿
𝑑𝑡     (3.73) 

        =
1

𝐿
[
𝑠𝑖𝑛2𝑐𝑡

4𝑐
]
−𝐿

𝐿

+
1

𝐿
[
𝑡

2
]
−𝐿

𝐿

      (3.74) 

         =
1

𝐿
[
𝑠𝑖𝑛2𝑐𝐿

4𝑐
−

𝑠𝑖𝑛2𝑐(−𝐿)

4𝑐
] +

1

𝐿
[
𝐿

2
+

𝐿

2
] = 1    (3.75) 
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 𝑏𝑛 =
1

𝐿
∫ 𝑐𝑜𝑠𝑐𝑡𝑠𝑖𝑛𝑐𝑡𝑑𝑡
𝐿

−𝐿
      (3.76) 

 𝑠𝑖𝑛2𝑐𝑡 = 𝑠𝑖𝑛𝑐𝑡𝑐𝑜𝑠𝑐𝑡 + 𝑐𝑜𝑠𝑐𝑡𝑠𝑖𝑛𝑐𝑡 

 𝑠𝑖𝑛2𝑐𝑡 = 2𝑠𝑖𝑛𝑐𝑡𝑐𝑜𝑠𝑐𝑡 

 𝑐𝑜𝑠𝑐𝑡𝑠𝑖𝑛𝑐𝑡 =
𝑠𝑖𝑛2𝑐𝑡

2
 

 𝑏𝑛 =
1

𝐿
∫

𝑠𝑖𝑛2𝑐𝑡

2

𝐿

−𝐿
𝑑𝑡 =

1

2𝐿
[
−𝑐𝑜𝑠2𝑐𝑡

2𝑐
]
−𝐿

𝐿

     (3.77) 

      = −
𝑐𝑜𝑠2𝑐𝐿

4𝐿𝑐
+

𝑐𝑜𝑠2𝑐(−𝐿)

4𝐿𝑐
= 0     (3.78) 

Therefore the Fourier series is given by  

 𝑓(𝑡) = ∑ 𝑐𝑜𝑠
𝑛𝜋𝑡

𝐿𝑥

∞
𝑛=1      for 𝑛 = 1,2.3,   .  .  .     (3.79) 

Since each variable has a Fourier series representation at a particular frequency and the Fourier coefficient are not 

all zeros, then the solution of ultrahyperbolic equation exhibits periodicity at that frequency.  

To show that the solution of ultra-hyperbolic equation for four independent is periodic we established that 

1. 𝑢(𝑥 + 𝑇𝑥 , 𝑦, 𝑧, 𝑡) = 𝑢(𝑥, 𝑦, 𝑧, 𝑡)  

 𝑢(𝑥 + 𝑇𝑥, 𝑦, 𝑧, 𝑡) = ∑ ∑ ∑ 𝑠𝑖𝑛
𝑛𝜋(𝑥+𝑇𝑥)

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧

∞
𝑔=1

∞
𝑚=1

∞
𝑛=1 (𝐴𝑛𝑐𝑜𝑠

𝑛𝜋𝑡

𝐿𝑥
+ 𝐵𝑛𝑠𝑖𝑛

𝑛𝜋𝑡

𝐿𝑥
)  

                               (𝐶𝑚𝑐𝑜𝑠
𝑚𝜋𝑡

𝐿𝑦
+ 𝐷𝑚𝑠𝑖𝑛

𝑚𝜋𝑡

𝐿𝑦
) (𝐸𝑔𝑐𝑜𝑠

𝑔𝜋𝑡

𝐿𝑧
+ 𝐹𝑔𝑠𝑖𝑛

𝑔𝜋𝑡

𝐿𝑧
)    (3.80) 

Considering 𝑠𝑖𝑛
𝑛𝜋(𝑥+𝑇𝑥)

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
 we have 

 𝑠𝑖𝑛
𝑛𝜋(𝑥+𝑇𝑥)

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
 = sin (

𝑛𝜋𝑥

𝐿𝑥
+

𝑛𝜋𝑇𝑥

𝐿𝑥
) 𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
  (3.81) 

Note that sin(𝐴 + 𝐵) = 𝑠𝑖𝑛𝐴𝑐𝑜𝑠𝐵 + 𝑐𝑜𝑠𝐴𝑠𝑖𝑛𝐵. Let 
𝑛𝜋𝑥

𝐿𝑥
= 𝐴 and 

𝑛𝜋𝑇𝑥

𝐿𝑥
= 𝐵 

 𝑠𝑖𝑛 (
𝑛𝜋𝑥

𝐿𝑥
+

𝑛𝜋𝑇𝑥

𝐿𝑥
) = 𝑠𝑖𝑛

𝑛𝜋𝑥

𝐿𝑥
𝑐𝑜𝑠

𝑛𝜋𝑇𝑥

𝐿𝑥
+ 𝑐𝑜𝑠

𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑛𝜋𝑇𝑥

𝐿𝑥
    (3.82) 

Equation (3.81) becomes 

 sin (
𝑛𝜋𝑥

𝐿𝑥
+

𝑛𝜋𝑇𝑥

𝐿𝑥
) 𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
= (𝑠𝑖𝑛

𝑛𝜋𝑥

𝐿𝑥
𝑐𝑜𝑠

𝑛𝜋𝑇𝑥

𝐿𝑥
+ 𝑐𝑜𝑠

𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑛𝜋𝑇𝑥

𝐿𝑥
) 𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
   

 = 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥
𝑐𝑜𝑠

𝑛𝜋𝑇𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
 +𝑐𝑜𝑠

𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑛𝜋𝑇𝑥

𝐿𝑥
 𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
  (3.83) 

Since 𝑇𝑥 =
2𝐿𝑥

𝑛
, 𝑐𝑜𝑠

𝑛𝜋𝑇𝑥

𝐿𝑥
= cos 2𝜋 = 1. Also 𝑠𝑖𝑛

𝑛𝜋𝑇𝑥

𝐿𝑥
= sin 2𝜋 = 0. Then we have 

  sin (
𝑛𝜋𝑥

𝐿𝑥
+

𝑛𝜋𝑇𝑥

𝐿𝑥
) 𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
= 𝑠𝑖𝑛

𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧
   (3.84) 

 𝑢(𝑥 + 𝑇𝑥, 𝑦, 𝑧, 𝑡) = ∑ ∑ ∑ 𝑠𝑖𝑛
𝑛𝜋𝑥

𝐿𝑥
𝑠𝑖𝑛

𝑚𝜋𝑦

𝐿𝑦
𝑠𝑖𝑛

𝑔𝜋𝑧

𝐿𝑧

∞
𝑔=1

∞
𝑚=1

∞
𝑛=1 (𝐴𝑛𝑐𝑜𝑠

𝑛𝜋𝑡

𝐿𝑥
+ 𝐵𝑛𝑠𝑖𝑛

𝑛𝜋𝑡

𝐿𝑥
)  

                               (𝐶𝑚𝑐𝑜𝑠
𝑚𝜋𝑡

𝐿𝑦
+ 𝐷𝑚𝑠𝑖𝑛

𝑚𝜋𝑡

𝐿𝑦
) (𝐸𝑔𝑐𝑜𝑠

𝑔𝜋𝑡

𝐿𝑧
+ 𝐹𝑔𝑠𝑖𝑛

𝑔𝜋𝑡

𝐿𝑧
)   

         = 𝑢(𝑥, 𝑦, 𝑧, 𝑡)      (3.85) 
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The same results is true for 𝑦, 𝑧  and 𝑡. Hence we conclude that the solution of ultra-hyperbolic equation is 

periodic. 

3.2 Stability analysis of Ultra-hyperbolic equation 

Consider the ultra-hyperbolic equation of the form  

   
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
−

𝜕2𝑢

𝜕𝑧2
−

𝜕2𝑢

𝜕𝑡2
= 0                                                                          (3.86) 

We assume a solution of the form  

𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑋(𝑥)𝑌(𝑦)𝑍(𝑧)𝑇(𝑡)       (3.87) 

𝑢𝑥 = 𝑋′𝑌𝑍𝑇,  𝑢𝑥𝑥 = 𝑋
′′𝑌𝑍𝑇,  𝑢𝑦 = 𝑋𝑌′𝑍𝑇,  𝑢𝑦𝑦 = 𝑋𝑌

′′𝑍𝑇,  𝑢𝑧 = 𝑋𝑌𝑍
′𝑇,  𝑢𝑧𝑧 = 𝑋𝑌𝑍

′′𝑇,  

𝑢𝑡 = 𝑋𝑌𝑍𝑇
′,  𝑢𝑡𝑡 = 𝑋𝑌𝑍𝑇

′′    

Substituting in equation (3.86) gives 

𝑋′′𝑌𝑍𝑇

𝑋𝑌𝑍𝑇
+

𝑋𝑌′′𝑍𝑇

𝑋𝑌𝑍𝑇
−

𝑋𝑌𝑍′′𝑇

𝑋𝑌𝑍𝑇
−

𝑋𝑌𝑍𝑇′′

𝑋𝑌𝑍𝑇
= 0      (3.88) 

  
𝑋′′

𝑋
+

𝑌′′

𝑌
−

𝑍′′

𝑍
−

𝑇′′

𝑇
= 0           (3.89) 

 
𝑋′′

𝑋
+

𝑌′′

𝑌
=

𝑍′′

𝑍
+

𝑇′′

𝑇
         (3.90) 

Setting equation (3.90) equal to a constant gives 

 
𝑋′′

𝑋
+

𝑌′′

𝑌
=

𝑍′′

𝑍
+

𝑇′′

𝑇
= 𝑘       (3.91) 

Consider  
𝑋′′

𝑋
+

𝑌′′

𝑌
= 𝑘 we have  

𝑋′′

𝑋
= 𝑘 −

𝑌′′

𝑌
= 𝑒 where 𝑘, 𝑒 are constants. 

𝑋′′

𝑋
= 𝑒 implies 𝑋′′ − 𝑒𝑋 = 0. 𝑘 −

𝑌′′

𝑌
= 𝑒 implies 𝑌′′ − 𝜇𝑌 = 0 where 𝜇 = 𝑘 − 𝑒. For 

𝑍′′

𝑍
+

𝑇′′

𝑇
= 𝑘 we have 

𝑍′′

𝑍
= 𝑘 −

𝑇′′

𝑇
= 𝜎 where 𝜎 is another 

constant. 
𝑍′′

𝑍
= 𝜎 implies 𝑍′′ − 𝜎𝑍 = 0. 𝑘 −

𝑇′′

𝑇
= 𝜎 implies 𝑇′′ − 𝑣𝑇 = 0 where 𝑣 = 𝑘 − 𝜎. Hence the required 

system of equations is given by 

 𝑋′′ − 𝑒𝑋 = 0         (3.92) 

 𝑌′′ − 𝜇𝑌 = 0         (3.93) 

𝑍′′ − 𝜎𝑍 = 0           (3.94) 

 𝑇′′ − 𝑣𝑇 = 0         (3.95) 

Converting the system of equations into first order equivalent system we have  

Let 𝑋′ = 𝑢,  𝑢′ = 𝑋′′ = 𝑒𝑋,  𝑌′ = 𝑤, 𝑤′ = 𝑌′′ = 𝜇𝑌,  𝑍′ = 𝑐, 𝑐′ = 𝑍′′ = 𝜎𝑍, 

 𝑇′ = 𝑑,  𝑑′ = 𝑇′′ = 𝑣𝑇 Hence the first order system is given by 

𝑋′ = 𝑢
𝑢′ = 𝑒𝑋
𝑌′ = 𝑤
𝑤′ = 𝜇𝑌

𝑍′ = 𝑐
𝑐′ = 𝜎𝑍
𝑇′ = 𝑑
𝑑′ = 𝑣𝑇}

 
 
 

 
 
 

         (3.96) 

Representing the above first order system in the matrix form 𝑥′ = 𝐴𝑥 we have 
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[
 
 
 
 
 
 
 
𝑋′

𝑢′

𝑌′

𝑤′

𝑍′

𝑐′

𝑇′

𝑑′ ]
 
 
 
 
 
 
 

   =  

[
 
 
 
 
 
 
 
1 0 0 0 0 0 0 0
0 𝑒 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 𝜇 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 𝜎 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 𝑣]

 
 
 
 
 
 
 

      

[
 
 
 
 
 
 
 
𝑢
𝑋
𝑤
𝑌
𝑐
𝑍
𝑑
𝑇]
 
 
 
 
 
 
 

    (3.97) 

 

Where 𝐴 = 

[
 
 
 
 
 
 
 
1 0 0 0 0 0 0 0
0 𝑒 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 𝜇 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 𝜎 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 𝑣]

 
 
 
 
 
 
 

  ,    𝑥′ = [𝑋′ 𝑢′ 𝑌′ 𝑤′ 𝑍′ 𝑐′ 𝑇′ 𝑑′]
𝑇 

and  𝑥 = [𝑢 𝑋 𝑤 𝑌 𝑐 𝑍 𝑑 𝑇]𝑇 

Since the matrix is 8 × 8 diagonal matrix, the eigenvalues are obtained using |𝐴 − 𝜆𝐼| = 0. 

  

|

|

|

1 − 𝜆 0 0 0 0 0 0 0
0 𝑒 − 𝜆 0 0 0 0 0 0
0 0 1 − 𝜆 0 0 0 0 0
0 0 0 𝜇 − 𝜆 0 0 0 0
0 0 0 0 1 − 𝜆 0 0 0
0 0 0 0 0 𝜎 − 𝜆 0 0
0 0 0 0 0 0 1 − 𝜆 0
0 0 0 0 0 0 0 𝑣 − 𝜆

|

|

|

  = 0  (3.98) 

 (1 − 𝜆)(𝑒 − 𝜆)(1 − 𝜆)(𝜇 − 𝜆)(1 − 𝜆)(𝜎 − 𝜆)(1 − 𝜆)(𝑣 − 𝜆) = 0    (3.99) 

Solving equation (3.99) gives  

𝜆 = 1(4 𝑡𝑖𝑚𝑒𝑠), 𝜆 = 𝑒, 𝜆 = 𝜇, 𝜆 = 𝜎, and 𝜆 = 𝑣 

 

Since all the eigenvalues are non-negative, the equilibrium point is not asymptotically stable. The stability results 

is local stability which describes the behavior of the system around the equilibrium points. 

IV. NUMERICAL SIMULATIONS OF ULTRA-HYPERBOLIC EQUATION 

 

 

Figure 1. Phase portrait whose eigenvalues are all equal to one. 
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Figure 2. Phase portrait describing unstable 

equilibrium points. 

 

Figure 3. Phase portrait showing stable system 

           

 

Figure 4. Phase portrait describing asymptotic stability. 

V. CONCLUSIONS 

From our results, eigenvalue approach is very 

effective in investigating stability analysis of ultra-

hyperbolic equation in which some of the eigenvalues 

parameter dependent. The advantages of this method 

are that it provides insight into the system behavior 

and provide a clear stability criterion. Hence, we 

conclude that the stability analysis of ultra-

hyperbolic equation is unstable and also depend on 

the parameters. Application of our results can be seen 

in inverted pendulum where a little displacement 

from the equilibrium position leads to an increase 

oscillation thereby causing it to fall over. The choice 

of different values of the parameters will demonstrate 

other stability results thereby providing insight into 

behavior of the system for ultra-hyperbolic equation. 

The numerical behavior are explained as follows: 

Figure 1 describes the behavior of the system when 

the four eigenvalues satisfy 𝑅𝑒(𝜆) = 1 > 0. This 

represent an unstable system in which the system 

cannot return to equilibrium. In this case, the inverted 

pendulum will fall over on any little displacement 

from the equilibrium position. 
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Figure 2 describes an unstable system. This behavior 

is obtained as a result of varying the parameters. In 

this case, the inverted pendulum will fall due to small 

change in the initial condition. 

Figure 3 describes a stable system that is not 

asymptotically stable. In this case, the system return 

to equilibrium state after a disturbance. Example of 

this behavior can be seen in shock absorbers in 

vehicles. 

Figure 4 describes an asymptotically stable system. 

This occurs when the eigenvalues have negative real 

part. In this case, any little displacement from the 

equilibrium position will return the trajectory back to 

the origin. Example of this behavior can be seen in a 

pendulum. 
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