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Abstract- In this paper, stability analysis of periodic
solutions of ultra-hyperbolic boundary value problem was
investigated using eigenvalue approach. Periodic
solutions for the ultra-hyperbolic equation was obtained
using the method of separation of variables and the proof
of periodicity was conducted for the independent
variables. Test for periodicity was conducted for the
independent variables and the results show that the
system obey periodic solutions. Stability results for the
ultra-hyperbolic equation was obtained by converting the
system of equations into first order equivalent system and
further obtained the matrix for the given system. The
result obtained show that the equilibria points were not
asymptotically stable. Eight eigenvalues were obtained in
which four of them are parameter dependent and the
other four eigenvalues are equal to one. Furthermore,
numerical simulations were used to demonstrate the
behavior of the system for different values of the
parameters extending known vresults in literature.
Application of our results can be seen in inverted
pendulum where amplitude of oscillation grows
exponentially or without bound.
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L INTRODUCTION

In this paper, we consider the stability analysis of
periodic solutions of ultra-hyperbolic boundary value
problem of the form

9%u  9%u d*u d%u
—+—=-——-—=0, (1.1)
dx2  0y? 0z%  9t?

With the following boundary and initial conditions

u(0,y,2,t) =0 u(L,,y,2,t) =00<x<1L,
t=>0

u(x,0,z,t) =0 u(x,Ly,Z,t)=OOSySLy
ulx,y,0,t) =0 ulx,y,L,,t) =00<z<L,

a
u(x,y,2,0 = f(x,y,2) 5 (%20 =g(xy2)

L, represent the length of the domain in the x
direction
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L, represent the length of the domain in the y
direction

L, represent the length of the domain in the z
direction

u is the unknown scalar function and x, y, z, t are the
independent variables. Equation (1.1) is a time-
dependent wave model that model how disturbance
evolve over time in a medium that supports
oscillations or signals.

Ultra-hyperbolic equation is a partial differential
equation for an unknown scalar function u of 2n
variables Xq,...,X,, Vi,-.-., Yy of the form

%u %u  9%u %u

E E—a—y%—...—mzo (12)
see [1]. The equation resembles the classical wave
equation which has led to number of developments
due to its characteristics [2]. The applications of
ultra-hyperbolic equation can be seen in the
modelling of space time [3], designing of harbours
and dams, earthquake analysis (electrodynamic wave
propagation) and design of  antennas
(electromagnetic wave propagation) [4]. The
equation can also be used in the study of symmetric
spaces and elliptic differential operators [5]. Due to
the characteristics of the ultra-hyperbolic equation,
many authors have studied ultra-hyperbolic equation
producing sound results. For instance see [6], [7], [8],
[9] and there references therein.

Stability is a qualitative property of a differential
equation that describes the behavior of trajectories
under small displacement of initial conditions. The
key idea in stability is that the qualitative behavior of
an equilibrium point can be analyzed using the
linearization of the system near the equilibrium point
[10]. Some authors have worked on stability analysis
of ultra-hyperbolic equation using different methods.
Golgeleyen and Yamamoto (2014) considered
stability of inverse problem for ultra-hyperbolic
equation using Carleman estimate by some lateral
boundary data and concluded by proving holder
estimate which are global and local. Golgeleyen and
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Kaytmaz (2020) investigated conditional stability for
a Cauchy problem for the ultra-hyperbolic
Schrodinger equation. They first establish a local
Carleman estimate for the model which arises in
some theories of modern Physics and concluded by
proving a holder stability estimate for the Cauchy
problem. However to the best of our knowledge, the
stability analysis of ultrahyperbolic equation of four
independent variables that is time dependent using
eigenvalue approach is still yet not covered. It is also
essential to continue to study stability analysis of
(1.1) because of its wide area of applications. The use
of Eigenvalue approach in this case to study the
behavior of the four independent variables around the
equilibrium points.

Motivated by the above literature, the objective of
this paper is to investigate stability analysis of
periodic solutions of (1.1) wusing eigenvalue
approach. The periodic solution and test for
periodicity will be established using separation of
variable and Fourier series. In section 2, we
introduce some theorems which will help us to obtain
our main results. The analysis will be shown in
section 3 while the paper is concluded in section 5
with a numerical simulations in section 4 to

demonstrate the behavior of the system.
I1. PERLIMINARIES
Definition 2.1 (Separation of variable method) [13]

Separation of variables is a method of solving
ordinary and partial differentiation. For a partial
differential equation in a function ¢(x,y,...) and
variables x,7y, .., separation of variables can be
applied by making a substitution of the form

¢x,y,...) =X)YW) ... (2.1)

breaking the resulting equation into a set of
independent ordinary differential equations, solving
these for X(x),Y(y), . . ., and then plugging them
back into the original equation. Separation of
variables was used by L’Hospital in 1970. It is useful
in solving equations arising in Mathematical Physics
such as Laplace’s equation, the Helmholtz
differential equation and the Schrodinger equation

Definition 2.2 (Periodic Solution)
A solution u(x,y,z,t) to a partial differential
equation with four independent variables is said to be
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periodic in one or more variables if there exist T > 0,
T, >0,T, >0 and T, > 0 such that

ulx,y,z,t +T) = u(x,y,z1t)

ulx + Ty, y,2,t) =ulx,y,zt)

u(x,y +T,z2, t) =u(x,y,zt)

ulx,y,z+T,t) =u(x,y,2zt)

for (x,y,z,t) € R.T,T,, T, and T, are the periods

Definition 2.3 (Periodic Solution)

A periodic solution is a solution of the equation with
the property that there exist a positive real

number T > 0 such that x(t + T) = x(¢t) forall t €
R

Definition 2.4 (Fourier series)

This is a technique used to convert a complex wave
function into a single sine or cosine function. Let
f(x) be a function in the interval [—L,L], then
Fourier series formula is given by

NnmxX

f(x) = ag + Y1 (ay cos ("Lﬂ) + bysin (—~

where a, = i f_LL f(x)dx,

)

a, = %f_LLf(x) cos (nLix) dx n>0, b, =

%f_LLf(x) sin (%) dx n>0 are
coefficients of f.

Fourier

Definition 2.5 For a PDE involving an unknown
function u of four independent variables, say
X1, X5, X3, X4, @ solution is a function u(xq, X, X3, X4)
defined on a specific domain that makes the equation
a true statement over that domain.

Definition 2.6 (Eigenvalue Stability):

The concept uses the eigenvalue to access the
stability of a given system. The stability behavior
depends on the existence of real, imaginary
components of the system. To investigate the stability
of the equilibrium point using the eigenvalue
approach, the following steps are necessary.

(i) Linearize the second order differential equation to
obtain a matrix say A.

(i1) Determine the equilibrium point

(iii) Determine the eigenvalue of the equilibrium
point

(iv) Determine the stability based on the sign of the
eigenvalue
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Table 3.8.1 Stability Corresponding to each type of eigenvalue

Eigenvalue Type Stability
Allreal and + Unstable
Allreal and — Stable
Mixed + and — real Unstable
a + bi Unstable
—a + bi Stable

0 + bi Unstable

Theorem 2.7 (Superposition Principle) [14]

The principle of superposition state that if u; and u, are solutions of a linear PDEs then the linear combination
auy + fu, is a solution where a and 8 are arbitrary constants.

Consider the ultra-hyperbolic equation

9%u  9%u d*u d%u

o Tay2 o o 0 2.2)
Suppose that u = uy(x,y,z,t ) and u = u,(x,y,z,t) are solutions to equation (2.2). We consider a linear
combination of u; and u, by letting u = au, + fu, where « and 8 are constants. The principle of superposition

states that u is a solution of equation (2.2). To prove this, we compute

9%u | 9%u  9*u  8%u _ 9%(aus+Pup) |, 0%(aui+Puy)  9(aug+Puy) 9% (aug+Puy)

—t—--———-—= 2.3
ox2  9y2 9z%Z  ot? dx2 dy? 0z2 at? (2.3)
_9%auy | 9%Bu, n 0%au, n 0%Bu,  d%auy  3*Pu, d*au;  9*Bu, (2.4)

T oox2 x2 ay? dy? 972 9z2 Atz at2 )

i N T i O T Y RS s P L TP

dx2 dx2 dy? dy? dz2 dz2 at2 at2
0%uy |, %u; 9%*uy 62u1) 0%u, | d%u, 0%u, 9%u,
=a g Pup 9wy Fup 2.6
(ax2 + dy? 0z2 at? + 'B(axz + dy? d9z2 atz) (2.6)

=ax0+Bx0=0

Since u; and u, were assumed to be solution of equation (2.2). We have therefore shown that any linear
combination of solution to homogenous ultra-hyperbolic equation is also a solution.

II1. MAIN RESULTS
3.1 Periodic Solutions of Ultra-hyperbolic equation

We consider the partial differential equation of the form
—t—=—-—-— =0, 3.1
with the following boundary and initial conditions
u(0,vy,2,t) =0 u(l,,y,z,t)=00<x<L, t=0
u(x,0,z,t) =0 u(x,Ly,z,t) =00=<y<lL,

ulx,y,0,t) =0 ulx,y,L,,t) =00<z<L,
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a
u(x,y,2,0) = f(x,y,2) 5 (x,20) =g(xy2)
To obtain periodic solution of (3.1) we assume a solution of the form
ulx,y,z,t) =Xx)Y(x)Z(2)T(t) (3.2)

Substituting equation (3.1) in equation (3.2) gives

PECNWWZ@T®) | S*XQYCIZDTE) _ P2EA@Y@Z@ATW) _ 2K CYWZ@TE) _ (33)

9x? dy? d9z2 at?
YZTdZ—X+XZTdZ—Y—XYTﬂ—XYZdZ—T—O 3.4
dx? dy? dz? dez :
Dividing by XYZT we have
2 2 2 2
1d°x | 147 1d°Z 14T _ (3.5)

Xdx? | vdy? Zdz? T dt?

1d?x | 1d?v _ 1d?z | 14T (3.6)
Xdx2 ' vdy? Zzdz? T dt2 )

Since the LHS is a function of x and y and RHS is a function of z and t, we set equation (3.6) equal to k where
k is the separation constant.

1d?x  1d?v 1d%z 1d°T
e e (3.7)
Xdx?  Ydy? Zdz? @ Tdt?
1d?x . 1d%r 1d?z  1d?T
~——+-—=kand -—+-—5=k 3.8)
X dx?  vdy? Zdz T dt

cy . 1d%x . 1d?%v
Considering =— + =— = k we have
Xdx?  Ydy?

1d%x 1d?%y
xa? = KTy T (3.9)

Where A is another separation constant. Hence we have

1d%x 1d?%y

T A which gives X" (x) — AX(x) = 0. Simplifying k — Yay = A gives Y'(y) —vY(y) = 0 where v =
2 2 2 2
k — A. For %275 + %ZTZ = k we have %% =k - %ZTZ = T where 7 is another constant. Simplifying further

gives Z"(z) —tZ(z) = 0and T"(t) — wT(t) = 0 where w = k — 7. The system of equations is given by

X"(x) — X(x) = 0 (3.10)
Y'y) —vY(y) =0 (3.11)
Z"(z) —1Z(z) = 0 (3.12)
T"(t) — wT(t) = 0 (3.13)

Case 1: Considering for4 > 0, v > 0,7 > 0andw > 0 we have

X(x) = cle‘ﬁ" + cze“ﬁx (3.14)
Y(iy) = c3e‘/;y + c4e"/5y (3.15)
Z(z) = cse‘ﬁz + cﬁe“ﬁz (3.16)

T(t) = c;eVWt + cge™ VWt (3.17)

Where ¢y, ¢, €3, €4, Cs, Cg, €, Cg are constants. Hence the general solution for case 1 is given by
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u(x,y,z,t) = (e + c,e V) (c3eVY + c,e VY ) (cseV™ + coe V) (ceVWE + cgem VW)
Applying the boundary conditions we have
u(0.y,2,t) =0 = (c; + ¢;) (c3V7 + c,e ™V ) (cseV™ + cge V) (c,eWE + cge™ VW)
Which implies that
ci+c, =0 (3.18)
Also u(Ly,y,z,t) = 0 gives
ceVx 4 c,eVix = (3.19)
u(x,0,2,t) = 0 = ¢ + cu(cieV™ + c,e V) (coeVZ + coe V%) (c, eVt + cge VW)
implies that
cs+c, =0 (3.20)
And u(x, Ly, z, t) = 0 gives
czeVPly 4 ey = (3.21)
u(x,y,0,t) =0 = (" + e V) (c3eV"Y + ce ") (cs + cg) (c,eWE + cge V)
implies that
cs+cg =0 (3.22)
u(x,y, L, t) = (c;eV™ + c,e V) (c3eVY + c,e VY )(cseVThr + coeVz)
(c;eVWt + cge™Wh)
u(x,y, L, t) =0 gives
(cseVlz 4 cge™VTlz) = 0 (3.23)
Equations (3.18) and (3.19) possess a non-trivial solution if and only if

1 1 ~0
eValy  o=VALx| T

e Valx _ oViLx = (3.24)
Dividing equation (4.1.31) by e VALx we have
1—e2Vx =0 (3.25)

Equation (3.25) implies that e2V2Lx = 1 Further simplification gives VAL, = 0. This implies that VA = 0 since
L, # 0. The same result goes for equations (3.20) and (3.21). This results is against the assumption for Case 1.
Hence the solution is not acceptable.

Casell: forA=0,v=0,7=0andw = 0 we have

da?x

X =0 (3.26)
<Y _o 3.27)
dy? G-
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(3.28)

(3.29)

Solutions for equations (3.26), (3.27), (3.28) and (3.29) is given by

X=Ax+B
Y=Cy+D
Z=Ez+F
T=Gt+H

(3.30)
(3.31)
(3.32)

(3.33)

Where B, D, F and H are constants. Therefore the required solution is

u(x,y,z,t) = (Ax + B)(Cy + D)(Ez + F)(Gt + H) (3.34)

Using the boundary conditions we have

u(0.y,2,t) = 0= B(Cy + D)(Ez + F)(Gt + H). This implies that B = 0

u(Ly,y,z,t) = 0= AL,(Cy + D)(Ez + F)(Gt + H). This implies that A = 0

u(x,0,z,t) =0 = D(Ax + B)(Ez + F)(Gt + H). This implies that D = 0

u(x,Ly,z,t) = 0= CL,(Ax + B)(Ez + F)(Gt + H). This implies that C = 0

u(x,y,0,t) =0 = F(Ax + B)(Cy + D)(Gt + H). This implies that F = 0

u(x,y,L,,t) =0=EL,(Ax + B)(Cy + D)(Gt + H). This implies E = 0

Hence only trivial solution is possible.

CaselIl: for A < 0: A= —a%,a>0,v<0:v=-F%8>0,71<0:7T=—y%y >0and

w < 0:w = —n?%,1 > 0. The differential equations are

asx 2y —
ozt X= (3.35)
d?y 2
o7 +p4°Y =0 (3.36)
d?z 25 _
el +yZ = (3.37)
a*T | om
Tz tn T=0 (3.38)
Auxiliary equation for equation (3.35) is given by

m2+a?=0 (3.39)
m = +vV—a?, m = tia. Hence the solution of equation of (3.35) is given by

X(x) = cycosax + c,sinax (3.40)
Similarly for equations (3.36), (3.37) and (3.38), the solutions are
Y(y) = c3cosBy + c,sinBy (3.41)
Z(z) = cscosyz + cgsinyz (3.42)
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T(x) = c;cosnt + cgsinnt (3.43)
Hence the general solution is given by
u(x,y,z,t) = (c;cosax + cysinax)(cscosfy + c,sinfy)(cscosyz + cgsinyz)
(c;cosnt + cgsinnt) (3.44)
Using the boundary conditions we have that for
u(0,y,z,t) =0, ¢, =0
u(Ly,,y,z,t) =0, sinalL, =0
u(x,0,z,t) =0, c3=0
u(x, Ly,z, t) =0, sinBLy =
u(x,v,0,t) =0, cs =0
u(x,y, L, t) =0, sinyL, =0

. nm . - -
For sinal, =0, a, = on= 1,2,..., are the eigenvalues. The solution is

X

nmt

u,(x,t) = sin == (A cos + B sin—), n=12, .., (3.45)
For sinﬂLy =0, B = ?, m = 1,2,..., are the eigenvalues. The solution is
y

un(y,t) = sm—(C cos—"+ D sinm—"t> m=12, .., (3.46)
y y

Ly

For sinyL, =0, y4 = i—”,g = 1,2,..., are the eigenvalues. The solution is

uy(z,t) = sin?™ (E COSg + F;sin gL—:t), g=12, .., (3.47)

Combining equations (3.45), (3.46) and (3.47) we have

uy(x,y,z,t) = sm—smwsmg— (A cos + B, sin —) (C cos % 4 D, sin m—"t)
y Lz y
(Egcos gL—"t + Fysin g—m) (3.48)

Where p = nmg and A, By, iy, Dy, Eg, F, are constant coefficients
Using the superposition principle we have

. NuXx mrm, nmnt . nmt
u(x,y,2,t) = Xp=1 Xm=1 2g=1 Sin—Ssin —y sinZ= (Ancos — + Bysin —)
Ly Ly Ly Ly Ly

(C cos = +Dm n—)(E os—+ang—m> (3.49)

Applying the initial conditions gives

u(x,y,2,0) = f(,5,2) = Ty et Tg=1 SiN " smﬂsmgﬂm )(Cn)(Ey)
u(x;y,z; 0) = f(x!.VIZ) = Z;.lo=12;.)?l=1220=1Sin%‘Sin?SingLﬂ]q (350)
X y z

Where J;, = (4,)(Cn) (Ey)
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Jq is the half range Fourier sine series for 4y, C,, and E; where

A, = Lifofo(x,y, z)sin%dx 3.51)
Cp = ifLy fx,y,2)sin =2 dy (3.52)
Ly 0 Ly
2 (L, .
E, = L—Zfo f(x,y, z)sm%dz (3.53)

Combining equations (3.51), (3.52) and (3.53) we have

G, = fL" fLy fLZf(x Y, z)sm—sm 24 sm—dxdydz (3.54)

L LyL

nmt mmt mmn mn't)

—mmn .
(x v, z,t) = (A cos + B, sin —) (7 Cmsm? + ;Dmcos .

(L gm )+ (Cn cos—+Dmsmm—m) (—E smg—m+ Fcosg—m
—-nn . nmnt t t t Tt
(:Ansm:+g8ncos%)+(Egcos%+F mﬂ) (—An n + B ?)
(_—m7T CpSin ot me D,,cos m—m) (3.55)

Ly Ly Ly Ly

%(x,y,z,O) =AanFgm—:ﬂ+c FBnﬂE+E B,D,, ’””:: (3.56)
%(x,y'z'o) =g(xvy'z) Zn 1Zm 12(1 1Sln SlnmL_?/Sln%
(A, Dy, ﬂ@+c FBn‘Z—mLI—n+E B Dm’L“”Z” (3.57)

Hence the required solution is equation (3.49). Equation (3.49) is periodic in nature since the solution contain
sinusoidal functions. The constant term and periodic term in (3.49) shows that the solution is periodic which is
unstable in the sense that all solution starting sufficiently close to it depart from it with increasing time.

3.2 Test for Periodicity of Ultrahyperbolic Equation using Fourier Series Method

We first establish the period for each variable. The formula for period of a periodic function given by 27” where

n is the coefficient of x and 2 is the fundamental period.

. nmx L . . 2n 2L
The term sin . Is periodic in x with period Ty = 7 = ==
X E n
nmt . s . . 2L
The term cos o is periodic in t with period T = Tx
X
. mmy . NPT . . 2Ly
The term sin . is periodic in y with period T), = -

%
2L,

. nZ . . .. . .
The term sin gL— is periodic in z with period T, = >
Z

Next is to establish Fourier Series coefficient for each variable.

o) ——a0 +Y i a, COS( )+Zn 1 bysin (@) (3.58)
For f(x) = sin == Let — = ¢, we have
=Z f_LL fG)dx = 1 [*, sincxdx (3.59)
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_1 [—coscx
L

L
2 ] =0 forc # 0 (3.60)
-L

c
a, = % f_LL sincxcoscxdx (3.61)

sin(c + ¢) x = sincxcoscx + coscxsincx

. . . sin2cx
sin2cx = 2sincxcoscx. Hence sincxcoscx = ——
. L
1 L sin2cx 1 [—cos2cx
i dxz—[ ] =0 (3.62)
LY=L 2 2Ll 2¢ 1
_ 1L . _1 L . 5
b, = Zf—L sincxsincxdx = ; J_, sin® cxdx (3.63)
. L
1 (L 1-cos2cx 1[x sin2cx
== dx =- [— - —] (3.64)
LY=L 2 Ll2 4c 1_g
sin2cL sin2cL
=1l-—4+—=1 (3.65)

4c 4c

Therefore the Fourier series for variable x in given by

nmx

f(x) = Xn=y sin=— n=12,.. (3.66)
Similarly for the function f(y) = sin @ .Then the Fourier series is given by
y

fO) = Z;ﬁ:isinmL—’;y m=12,.. (3.67)

For the function f(z) = sin ?. . Then the Fourier series is given by
zZ

f@) =3s,sin?= g=12,.. (3.68)
L

For the function f(t) = cos nL—m, the Fourier series is gven by
X

1 o) t © . t

f) = S+ Yime1 4y COS (%) + Y7, bysin (%) (3.69)
Let 7;—” = c, then the coefficients are given by
a, = %f_LLf(t)dt = %f_LL cosctdt (3.70)
_ 1[sinct L _ 1fsincL  sinc(=L)] _
_L[c]_L_L[c c ]_O (.71
This is because sincL = 0

1 (L 1 (L 2
an = |, cosctcosctdt = [, cos®ctdt (3.72)

1 L cos2ct+1 .
= dt since cos2A4 = 2cos?4 —1

LI-L 2
a, =5, dt 41 [* dt (3.73)
=[] 2l G749
- o s 3l 679
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1 /L .
b, = Zf—L cosctsinctdt (3.76)
sin2ct = sinctcosct + cosctsinct

sin2ct = 2sinctcosct

sin2ct

cosctsinct =

2 2L 2c

1 (L sin2ct 1 [-coszct]t
bnzzf_LsmcdtZ_[ cosc]_L (3.77)

__ cos2cL + cos2c(—L)
- 4Lc 4Lc

=0 (3.78)

Therefore the Fourier series is given by

f(®) = ¥iicos™= forn=123, ... (3.79)
X

Since each variable has a Fourier series representation at a particular frequency and the Fourier coefficient are not
all zeros, then the solution of ultrahyperbolic equation exhibits periodicity at that frequency.

To show that the solution of ultra-hyperbolic equation for four independent is periodic we established that
l.u(x+ T,y zt) =u(xy,zt)

ulx + Ty, y,2,t) = Yoy Z;‘;’lzlzg":lsinWmn - sm—(A cos + B, sin nm)

X y Ly

(C cos T +Dmsm )(E cosg +1§,singL—m) (3.80)

. . . nm(x+T, mmy
Considering sin 2T gin ™. sin 9 we have
Ly Ly Ly
nn(x+Ty) . mmy . gnz . nnx  nuTy Ty gnz
n— ——sin——=sin=—=sin(—+ sm—sm— (3.81)
x y Ly Ly Ly Ly Ly
. . . nmx nnT,
Note that sin(4 + B) = sinAcosB + cosAsinB. LetL— = A and - =B
X X
. nmx nnT, nr. nmx nrT,
sin ( + ") = sm—cos x 4 cos —sm = (3.82)
Ly Ly Ly

Equation (3.81) becomes

. nmx nnT;
sin ( + x) sin —ysm 2 (Sl
Lx Lx zZ

Ty 174
)Sln—ySlTlg—
Ly y Ly

. Nnmx nnTy . mMm . Z nnx . nuTy Z
= sin == cos == sin T sin I 4 cos "= sin sm—ysmg— (3.83)
Ly Ly Ly Ly, Ly Ly Ly Ly

. nnTy
Since T, = — X — cos 2m = 1. Also sin === = sin 2 = 0. Then we have
X X
. nmx nmnT, mr n mr nZ
sm( + ") sin 2 sin 7 = sin T sin T2 sin & (3.84)
Ly Ly Ly z Ly Ly Ly

u(x + Ty, ¥,2,t) = Xpog Xm=1 2g= 1sm sm%sm—(A cos 2= +B sinnm)
y

(C cos 2= + D, sinZ ) (E cos— + F;s gL—m)

=u(x,y,z1t) (3.85)

IRE 1712405 ICONIC RESEARCH AND ENGINEERING JOURNALS 2707



© NOV 2025 | IRE Journals | Volume 9 Issue 5 | ISSN: 2456-8880
DOI: https://doi.org/10.64388/IREV9I15-1712405

The same results is true for y, z and t. Hence we conclude that the solution of ultra-hyperbolic equation is
periodic.

3.2 Stability analysis of Ultra-hyperbolic equation

Consider the ultra-hyperbolic equation of the form
—+—=-—-——==0 (3.86)

We assume a solution of the form

ulx,v,z,t) = X()YW)Z(2)T(t) (3.87)

Uy = X'YZT, Uy, = X"YZT, w, = XY'ZT, uy, = XY"ZT, u, = XYZ'T, u,, = XYZ"T,
u, = XYZT', uy = XYZT"

Substituting in equation (3.86) gives

x"vzr  xy'zr xvz''t  xvzr"
— — =0 (3.88)

XYZT XYZT XYZT XYZT

RS A =0 (3.89)

%
~|
B
E

(3.90)

XII
A AN (3.91)

Xll Yll X” Y” XII
Consider - + - = k we have - = k— ~=e where k, e are constants. ~=e implies X" —eX = 0. k —
YII . . Z” TH ZH TII .
5= e implies Y'' — uY = 0 where u = k—e.F0r7+T= kwehave7= k_T: o where o is another
n n

constant. 27 =g impliesZ" —0Z =0.k — TT = ¢ implies T"" — vT = 0 where v = k — ¢. Hence the required

system of equations is given by

X" —eX=0 (3.92)
Y’ —uY =0 (3.93)
Z"—6Z=0 (3.94)
T" —vT =0 (3.95)

Converting the system of equations into first order equivalent system we have
LetX' =u, u' =X"=eX, YV =w,w =Y"=uY, Z =c,c'=2" =02,

T'=d, d' = T'" = vT Hence the first order system is given by

X' =u
u =eX
Y'=w
w' =y (3.96)
Z'=c¢
¢ =07
T'=d
d =T

Representing the above first order system in the matrix form x" = Ax we have

IRE 1712405 ICONIC RESEARCH AND ENGINEERING JOURNALS 2708



© NOV 2025 | IRE Journals | Volume 9 Issue 5 | ISSN: 2456-8880
DOI: https://doi.org/10.64388/IREV9I15-1712405

rX’ 1 0 0 0 0 0 0 O - U
u’ 0 e 00 0O O0O O O X
Y’ 0O 01 0 0 0 0 O w
wl] _10 0 0 p 00 0O Y
Z’] 10 0001 0 0O c (3.97)
c' 0 0 0 0 0 ¢ 0 O A
T’ 0O 0 0 0 0 0 1 0 d
L' L0 0 0 00 0 0 v LT -
1 0 0 0 0 0O 0 Of
0 e 00 0O 0O
0O 01 0 0 0O O O
10 0 0 o 0 O 0 O I vt , , , ' ' , AT
Whers—:-A—0 000 10 0 0,x—[X u Y w Z' ¢ 1 ql
0 0 0 0 0 ¢ 0O
0O 0 0 0 00O 1T O
L0 0 0 0 0 0 O !

andx=[u X w Y ¢ Z d TI"

Since the matrix is 8 X 8 diagonal matrix, the eigenvalues are obtained using |A — AI| = 0.

1-12 0 0 0 0 0 0 0

0 e—1 0 0 0 0 0 0

0 0 1-1 0 0 0 0 0

0 0 0 u—1 0 0 0 0 | _

0 0 0 0 1-12 0 0 0 =0 (3.98)

0 0 0 0 0 o—212 0 0

0 0 0 0 0 0 1-1 0

0 0 0 0 0 0 0 v-21
A-De-DA-Du-DA-D@-DA-D@-21)=0 (3.99)

Solving equation (3.99) gives

A=1(times),l=e, A=y A=0g,andA =v

Since all the eigenvalues are non-negative, the equilibrium point is not asymptotically stable. The stability results
is local stability which describes the behavior of the system around the equilibrium points.

IV. NUMERICAL SIMULATIONS OF ULTRA-HYPERBOLIC EQUATION

coo
OO O
Lo wu

0.0 0.2 0.4 0.6 0.8 1.0

Figure 1. Phase portrait whose eigenvalues are all equal to one.
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Unstable
(trajectories diverge

7N

=8

Figure 2. Phase portrait describing unstable
equilibrium points.

Stable but not asymptotically
stable (center) — closed orbits

Figure 3. Phase portrait showing stable system

Phase plane: Spiral sink (trajectories — origin)

Figure 4. Phase portrait describing asymptotic stability.

V. CONCLUSIONS

From our results, eigenvalue approach is very
effective in investigating stability analysis of ultra-
hyperbolic equation in which some of the eigenvalues
parameter dependent. The advantages of this method
are that it provides insight into the system behavior
and provide a clear stability criterion. Hence, we
conclude that the stability analysis of ultra-
hyperbolic equation is unstable and also depend on
the parameters. Application of our results can be seen
in inverted pendulum where a little displacement
from the equilibrium position leads to an increase

IRE 1712405

oscillation thereby causing it to fall over. The choice
of different values of the parameters will demonstrate
other stability results thereby providing insight into
behavior of the system for ultra-hyperbolic equation.
The numerical behavior are explained as follows:

Figure 1 describes the behavior of the system when
the four eigenvalues satisfy Re(1) =1 > 0. This
represent an unstable system in which the system
cannot return to equilibrium. In this case, the inverted
pendulum will fall over on any little displacement
from the equilibrium position.
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Figure 2 describes an unstable system. This behavior
is obtained as a result of varying the parameters. In
this case, the inverted pendulum will fall due to small
change in the initial condition.

Figure 3 describes a stable system that is not
asymptotically stable. In this case, the system return
to equilibrium state after a disturbance. Example of
this behavior can be seen in shock absorbers in
vehicles.

Figure 4 describes an asymptotically stable system.
This occurs when the eigenvalues have negative real
part. In this case, any little displacement from the
equilibrium position will return the trajectory back to
the origin. Example of this behavior can be seen in a
pendulum.
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