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Abstract- The health care system constitutes an essential 

part of the service sector. Over the years, hospitals have 

become increasing successful in deploying medical and 

technical innovations in order to deliver more effective 

clinical treatment. However, they are still confronted with 

pressure, delay, congestion and inefficiency presenting 

ground for research in numerous scientific fields. 

Providing too much service capacity to operate a system 

involves excessive cost, but not providing enough service 

capacity results in long waiting time and cost. Primary 

source of data collection was adopted using counting 

process and descriptive observation at the eye clinic of Jos 

University Teaching Hospital (JUTH). The statistical 

model was multi-server queuing model and First come, 

First served queuing discipline. The data was analysed 

using TORA optimization software as well as using 

descriptive analysis. The results revealed that the average 

number of patients in the queue, average number of 

patients in the system, expected time a patient spent in the 

queue, expected time a patient spent in the system and the 

utilization factor could be reduced at an optimal server 

level and at a minimum expected total cost as against 

their present server level with maximum expected total 

cost which include waiting and service costs. Therefore, 

this call for serious attention in order to improve the 

overall patient care and satisfaction. 

Index Terms- Queue, Hospital, Satisfaction, Waiting 

Time, Cost. 

 

I. INTRODUCTION 

 

Queue in facilities that provide essential services is 

inevitable in the day-to-day activates of life and it is a 

typical situation that occurs in every-day life. Long 

waiting times in hospitals have become a major 

challenge in many healthcare facilities. Long waiting 

times in hospitals can result to patient dissatisfaction, 

increased working costs, overcrowding, and reduced 

efficiency in the dischargse healthcare services. In a 

nut shell, queue is formed when demand for service 

exceeds supply. Waiting time rely on the number of 

customers in the queuing system, the number of 

servers attending to the queue and the amount of 

service time for each customer varies tremendously 

as the case may be [11]. In health sector the adverse 

effect of queuing in relation to the time spent in a 

queue for patients to access clinical treatment is 

increasingly becoming a huge source of concern for 

modern society that currently exposed to great 

significant development in technological 

advancement and the danger of keeping patient 

waiting could become a cost to them [12]. The time 

wasted on the queue would have been effectively 

utilized else-where (opportunity cost). The use of 

queuing network techniques allows one to capture the 

stochastic nature of arrivals and service time that is 

common in health system [13]. Long waiting time in 

the public health care system have been a major 

source of concern in most of the countries in the 

world. Patient flow is a very complex phenomenon 

because of the random nature of arrival and service 

mechanisms for the patient [10]. This often requires a 

systematic approach in future planning and 

management of facilities. Queuing theory is 

considered as one of the analytical techniques and 

accepted as valuable tool to be used in modelling and 

analysing the arrival and service time for patient 

coming to a health care system [8]. 

Queue theory also known as waiting time was first 

analysed by Agner Krarup Erlang a Danish engineer, 

mathematician and statistician in 1913 in the context 

of telephone facilities as he was experimenting with 

the fluctuating demand for telephone facilities and its 

effect on automobiles dialling equipment at the 

Copenhagen telephone system [9]. Since the World 

War II, this theory has been applied to many business 

and human services field [13]. Literature on queuing 

indicates that waiting time in line or queue causes 
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inconveniences from economic cost to individuals 

and organizations. 

Service pressure, delay, congestion and inefficiency 

are mostly caused or experience due to high demand 

for a service and the capacity available to meet the 

current demand is limited [7]. The variability and 

interaction between the arrival and service process 

make the dynamic of service systems often more 

complex and as a result the prediction of congestion 

levels becomes difficult [4]. In view of this, there is a 

need to apply queuing theory model to determine the 

capacity needed to achieve some levels of 

performance and improve service standards. 

In general, customer’s satisfaction is multi-factorial 

and is considered as part of overall customer 

behaviour model. Customer evolves over time and is 

influenced by many factors. Several key factors that 

greatly influence satisfaction include customer’s 

expectations, attitudes and intention about the service 

provided. Customer’s satisfaction has been defined as 

the difference between the customer’s perceptions of 

the experience and their expectations, which is many 

times based on past experience. Although it is 

possible to manage and decrease actual waiting time 

and to some extent to manage customer’s 

expectations about customer’s satisfaction [5]. 

II. MATERIALS AND METHODS 

Modelling patient’s satisfaction using queuing theory 

is an approach or technique used to examine the 

possible causes of delay, pressure, inefficiency and 

congestion there by suggesting possible ways to 

decongest the queue. 

The method of data collection for this research was a 

primary source using the counting process, direct 

observation and interviews. The data were collected 

for four weeks at the eye clinic of Jos University 

Teaching Hospital (JUTH) and the methods 

employed during the data collection were counting 

process, direct observation and personal interview 

from the staff and patients at the eye clinic. 

 

 

The following assumptions were made with regard to 

the data. 

i. It is assumed that the arrival time follows a Poisson 

distribution. 

ii. Time of inter-arrival of patients is independent 

which follows an exponential distribution. 

iii. The service time follows an exponential 

distribution. 

iv. It is assumed that patients were served on First 

come, First serve queuing discipline. 

v. It is assumed that the system capacity is infinite. 

vi. It is also assumed that the population capacity is 

infinite 

These are extracts from [3].   

2.1 Arrival processes 

  

We denote it  the time at which the 
thi  patient arrives 

and assume that T’s are independent continuous 

random variables projected from the random variable 

A. The underlying assumptions that each inter-arrival 

times are controlled by the same random variables 

implies that the distribution of arrivals remains 

independent at different times [6]. This is a stationary 

inter-arrivals time assumption and it is worth noting 

that the stationary inter-arrival times are often 

unrealistic but the approximation can be achieved by 

breaking the length of time into segments such that a 

negative inter-arrival time will be impossible to 

achieve hence, 

( ) ( )
0

c

P A C a t dt =   and  

( ) ( )
0

P A C a t dt


 =  , we define 1


 to be the 

mean or inter-arrival. We also define   to be the 

arrival rate. It is important to choose A such that the 

problem remains computationally tractable. The most 

common choice of A is through the exponential 

distribution with parameter  and a density function  

( ) ta t  −=   ,  
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where ( ) 1A


 =  and ( ) 2
1Var A


= . 

Furthermore, as stated by Gross et al., (2018), the 

arrival process is a stochastic process that describes 

the sequence of times at which patients arrives at a 

service facility. 

2.2 Service processes 

We assume that the service times for different 

patients are independent random variables and that 

each patient’s service time is controlled by a random 

variable having a density function ( )S t . We let 1


 

to be the mean service time for patients. Generally, 

service time may not be consistent with the 

exponential distribution memory-less property and it 

is by this reason that we assume ( )S t  is an Erlang 

distribution with shape parameter K  and rate 

parameter K . In certain cases, the inter-arrival or 

service times may be modelled with zero variance 

and under such cases both the inter-arrival and 

service time are considered deterministic. As an 

example, if the inter-arrival times are deterministic, 

then each inter-arrival time will be exactly 1


 and 

similarly for the service times it will also remain the 

same [2]. 

As highlighted by [9], the service process is the 

sequence of times at which customers are served, and 

is typically characterized by a service time 

exponential distribution. 

2.3 Queuing Models  

In specifying a queuing model, we must make some 

necessary assumptions about the probabilistic nature 

of the arrival and service processes. The most 

common assumption to make about the arrivals is 

that they follow a Poisson process. This results from 

the fact that the number of arrivals at any given point 

has a Poisson distribution. So, if ( )N t  is the 

number of arrivals during a time period of duration t 

and N(t) has a Poisson distribution, then  

( )
( )

!

k tt
N t

k

 −

=


          (1)                                      

  is called the rate and it is the expected number of 

arrivals per unit of time. Another way to characterize 

the Poisson is that the time between the consecutive 

arrivals known as the inter-arrival times ( )IA  has an 

exponential distribution. So, if ( )IA  denotes the 

inter-arrival times for a Poisson process with rate  , 

then  

( ) 1 tP IA t − = −      (2) 

Where 1


  is the average time between the arrivals. 

An important property of the exponential distribution 

is that it is “memory-less”. This implies that the time 

of the next arrival is independent of when the last 

arrival occurred. It can be shown analytically that if 

patients arrive independently from one another, then 

the arrival process is also a Poisson process and it is 

for this reason that the Poisson process is considered 

the most random arrival process. In determining this 

fact in a specific service system, it is useful to 

consider the following three properties. 

i Patients arrive independently.  

ii The probability that a patient arrives at any 

given time is independent of arrival for the 

next patient. 

iii The probability that the patient arrival at any 

given time is independent of the time.  

 The assumption of the Poisson process is sufficient 

when the three properties listed above accounts for a 

reasonable description of a system. Further tests can 

be performed to determine the goodness of fit. Such 

tests are based on the relationship of the standard 

deviation and the mean for the two distributions 

involved in the Poisson process. Since the Poisson 

distribution is characterized by its standard deviation 

being equal to its mean, we can then look at the inter-

arrival times and compute the ratio of the standard 

deviation to the mean and check if it is closer to one.  

[7] stated that a queuing model is a stochastic model 
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that describes the behaviour of a queuing system, 

including the arrival process, service process and 

queuing discipline, and it is used to evaluate system 

performance metrics or measures such as waiting 

times and queue lengths. 

2.4 Cost analysis model 

Two opposing costs must be considered in order to 

evaluate and determine the cost and number of 

servers in the system. They are: service costs and 

waiting time costs of patients. The analysis of these 

costs helps the management to make a trade-off 

between the increased costs of providing better 

service by the specialists and the decreased waiting 

time costs of patients derived from providing that 

service. Therefore, expected service costs, expected 

waiting cost and the expected total cost is given 

below as;    

Sc CCs = , this is the expected service cost where 

C  is the number of servers and Cs  is the service 

cost of each server. 

 

( )Wc Ws Cw = , this is the expected waiting 

cost where   is the number of arrivals, Ws  is the 

expected time a patient spends in the system and Cw  

is the opportunity cost of waiting by patients. 

 

( )Tc CCs Ws Cw = + , this is the expected total 

cost of the system 

 

2.5 Model specification 

This research adopted the multi-server queuing 

model which is stated as: 

| | : | |M M C FCFS    

Where, 

M  = Markovian Poisson arrival rate 

M  = Markovian exponential service rate  

C  = Number of servers  

FCFS  = First come, first serve queuing discipline 

  = Infinite system capacity   

  = Infinite population capacity   

2.6 Characterization  

A queuing system may be described as a logical 

phenomenon where patients arrive according to an 

arrival process to be served by a service facility 

according to a service process. Each service facility 

may contain one or more servers and it is generally 

assumed that each server can only service one patient 

at a time. If all servers are busy, then then the patient 

is then forced to queue for a service. If a server 

becomes free again, then the next patient is then 

picked from the queue according to the rules given by 

the queuing discipline. During service a patient might 

run through one or more stages of service, before 

departing from the system. In queuing theory, models 

are used to describe the characteristics of a queuing 

system. Some of the most commonly considered 

characteristics are discussed below: 

qL  is the queue length which is the average number 

of patients in the queue waiting to get a service. 

Large queues may indicate poor server performances 

while small queue may indicate too much server 

capacity. It is computed with the formula given by  

( )
( ) ( )

02
1 !

C

qL
C C


 

 
= −

− −
   (3) 

OR  q sL L 


= −   

sL  is the system length which is the average number 

of patients in the queue within the system, that is, 

those waiting and those that are being served. Large 

values of these statistics imply congestion and 

possibly patient’s dissatisfaction and potential need 

for greater service capacity. 
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Computational formula is given as: 

( )
( ) ( )

02
1 !

C

sL
C C


 

 
= +

− −
 (4) 

OR  s qL L 


= +  

qW  is the waiting in the queue explains the average 

time that a patient has to wait or spend2 in the queue 

to get service. Long waiting times are directly related 

to the patient’s dissatisfaction and potential loss of 

future revenues while very small waiting times may 

also indicate too much service capacity. 

( )
( ) ( )

02
1 !

C

qW
C C





 

=
− −

  (5) 

Or 
1

q sW W


= −  

sW  is total time in the system gives the average time 

that a patient spent in the system, from the instant of 

joining the queue to service completion. Large values 

of this statistic is an indication of the need to make 

adjustment in the service capacity. 

( )
( ) ( )

02

1

1 !

C

qW
C C





 

= +
− −

 (6) 

0  is the service idle time that explains the relative 

frequency within which the service system is idling 

and this idle time is directly related to cost. However, 

reducing idle time may have adverse effects on the 

other characteristics mentioned. 

( )

1

1

0 1

1 1 1

! ! 1

i C

C

i t C
C

 


  


−

−

=

 
     

= +     
     − 

 

   (7) 

 

III. RESULTS AND DISCUSSIONS 

Table 1 shows the number of patient’s arrival per 

hour (λ), service time per hour (μ) and the number of 

servers in the eye clinic Jos University Teaching 

Hospital (JUTH). Table 2 shows the performance 

measures of multi-server queuing model surveyed by 

the researcher. Table 3 displays the performance 

measures of the multi-server queuing model and the 

optimality cost. Table 4 shows the summary analysis 

of the multi-server queuing model and table 5 shows 

the correlation between the utilization factor, qL , 

qW , sL  and sW . It should be noted that we use the 

average values for   and   for different scenarios 

in this research. 

Tables 1: Input parameters 

Scenario C        

1 8 17 4 Infinity 

2 9 14 6 Infinity 

3 10 20 12 Infinity 

4 11 13 4 Infinity 

5 12 11 3 Infinity 

 

Table 2: Performance measures of M/ M/ C: FCFS / 

 /  

Scen

ario 
C      

0  sL  qL  sW  qW  

1 8 1

7 

4 0.01

408 

4.33

989 

0.08

989 

0.25

529 

0.00

529 

2 9 1

4 

6 0.09

697 

2.33

359 

0.00

026 

0.16

669 

0.00

002 

3 1

0 

2

0 

1

2 

0.18

888 

1.66

667 

0.00

000 

0.08

333 

0.00

000 

4 1

1 

1

3 

4 0.03

877 

3.25

025 

0.00

025 

0.25

002 

0.00

002 

5 1

2 

1

1 

3 0.02

556 

3.66

687 

0.00

020 

0.33

335 

0.00

002 
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Table 3: Performance measures of M/ M/ C: FCFS / 

 /  and optimality cost 

Sc

en

ari

o 

C    
sW  sW  sC

(₦

) 

wC

 

(₦

) 

sCC

 

(₦) 

(λW

S)C

W(₦

) 

ET

C 

(₦) 

1 8 1

7 

0.

25

52

9 

4.

33

99

3 

3,2

25.

02 

5,1

42.

61 

25,

80

0.1

6 

22,3

18.5

7 

48,

11

8.7

4 

2 9 1

4 

0.

16

66

9 

2.

33

36

6 

3,2

25.

02 

5,1

42.

61 

29,

02

5.1

8 

12,0

01.1

0 

41,

02

6.2

8 

3 1

0 

2

0 

0.

08

33

3 

1.

66

66

0 

3,2

25.

02 

5,1

42.

61 

32,

25

0.2

0 

85,7

0.67 

40,

82

0.8

8 

4 1

1 

1

3 

0.

25

00

2 

3.

25

02

6 

3,2

25.

02 

5,1

42.

61 

35,

47

5.2

2 

16,7

14.8

2 

52,

19

0.0

4 

5 1

2 

1

1 

0.

33

33

5 

3.

66

68

5 

3,2

25.

02 

5,1

42.

61 

38,

70

0.2

4 

18,8

57.1

8 

57,

55

7.4

2 

 

Table 4: summary analysis of the M/ M/ C: FCFS / 

 /  and optimality cost 

Numb

er of 

servers 

(C) 

8 9 10 11 12 

Arriva

l rate 

(λ) 

17 14 20 13 11 

Servic

e rate 

(μ) 

4 6 12 4 3 

Utiliza

tion 

factor 

(ρ) 

0.531

25 

0.259

26 

0.166

67 

0.295

45 

0.305

56 

sL  4.339

89 

2.333

59 

1.666

67 

3.250

25 

3.666

87 

qL  0.089

89 

0.000

26 

0.000

00 

0.000

25 

0.000

20 

sW  0.255

29 

0.166

69 

0.083

33 

0.250

02 

0.333

35 

qW  0.005

29 

0.000

02 

0.000

00 

0.000

02 

0.000

02 

0  0.014

08 

0.096

97 

0.188

88 

0.038

77 

0.025

56 

ETC 

(₦) 

 

48,11

8.74 

41,02

6.28 

40,82

0.88 

52,19

0.04 

57,55

7.42 

 

3.1 Correlation between utilization factor, qL , 

qW  , sL  and sW   

As result shown by using queuing analysis where 

utilization factor increased or decreased as average 

number of patients waiting in the queue and average 

waiting time varies as the case may be. We used 

Minitab software to measure the strength of 

relationship between these characteristics of queuing 

theory. 

Table 5: Strength of the relationship between 

utilization factor, qL , qW  , sL  and sW  

Pairwise Pearson Correlations 

Sample 

1 

Sample 

2 N Correlation 

95% CI for 

ρ 

P-

Value 

sL  ρ 5 0.901 (0.090, 

0.993) 

0.037 

qL  ρ 5 0.914 (0.165, 

0.994) 

0.030 

sW  ρ 5 0.568 (-0.630, 

0.966) 

0.318 

qW  ρ 5 0.915 (0.168, 

0.994) 

0.030 

qL  Ls 5 0.679 (-0.506, 

0.976) 

0.207 

sW  Ls 5 0.859 (-0.094, 

0.991) 

0.062 

qW  Ls 5 0.680 (-0.505, 

0.976) 

0.206 

sW  qL  5 0.221 (-0.821, 

0.923) 

0.720 

qW  qL  5 1.000 (1.000, 

1.000) 

0.000 
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qW  sW  5 0.223 (-0.821, 

0.923) 

0.719 

 

3.2 Graphical Representation of The Queuing 

Characteristics 

Graph figure 1, 2, 3, 4, 5, 6 and 7  displayed the line 

plots of the utilization factor (ρ) against the average 

waiting time in the system ( )sW , number of servers 

(C) against the probability of the system being idle 

( )0 , expected service cost (CCs) against the 

number of servers (C), expected waiting cost against 

the number of servers (C), expected total cost against 

the number of servers (C), utilization factor ( )  

against the number of servers (C) and average 

number of patients in the system ( )sL  against 

probability of the system being idle ( )0 . 
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3.2 DISCUSSIONS 

Scenario 1: the system performance measures are as 

follows: 

0.08989qL = , this implies that there are 0.08989 

patients on the queue waiting to be served by doctors. 

4.33989sL = , this means that there are 4.33989 

patients in the system waiting to get service from the 

service facility. 

0.00529sW = , this means that patients spent 

0.00529 hours on the queue waiting to be attended by 

doctors. 

0.25529sW = , means that patients spent 0.25529 

hours (15 minutes) in the system. 

0 0.01408 = , this implies that the probability that 

the system is idle is 0.01408. 

0.53125 = , this is the probability that the system 

is busy. 

Scenario 2: the performance measures are as follows: 

0.00026qL = , this is the average number of 

patients on the queue waiting for service by doctors. 

2.33359sL = , this the average number of patients 

in the system. 

0.00002qW = , this implies that patients spent 

0.00002 hours on the queue. 

0.16669sW = , this means that patients spent 

0.16669 hours (10 minutes) in the system. 

0 0.09697 = , the probability that the system is 

less busy or idle is 0.09697. 

0.25926 = , The probability that the system is 

overworked or busy is 0.25926. 

Scenario 3: the performance measures seems to be 

appreciable than scenario 1 and 2. 

0.00000qL = , this means that the average number 

of patients waiting on the queue to get service is 

0.00000. 

1.66667sL = , this is the expected number of 

patients in the system waiting for service by the 

doctor. 

0.00000qW = , this is the expected waiting time on 

the queue by patients to get service by doctors. 

0.0833sW = , this implies that patients spent 

0.0833 hours (5 minutes) in the system. 

0 0.18888 = , this is the probability that the 

system is idle. 

0.16667 = , this is the probability that the system 

is busy. 

From all the scenarios, scenario 3 with a 10-number 

of doctors is better than 8-number of doctors in terms 

of performance measures. With regard to cost 

implication, a 10-numbers of doctors in the system 

records the minimum or lowest cost of ₦40,820.88 

compared to 8-number of doctors that records 

₦48,118.74. These costs include both waiting cost 

and service cost. This is in line with the findings by 

Bailey (1954), which established that in out-patients 

and in-patients’ clinic, when the number of servers is 

below a certain threshold, a clinic develops an 

infinite queue whereas when it is slightly above this 

threshold, waiting time and queue length are lower. 

However, one need to be careful of the cost involved 

in other to achieve all these marginal changes. 
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Employing more doctors will mean taking on more 

costs. A good balance between the number of 

doctors, cost and optimal system performance is 

crucial for sustainability. 

Similarly, adopting the same approach, Singh (2006) 

looked into minimizing total cost incurred and also 

minimizing the waiting time by comparing the output 

of two nurses, three nurses and four nurses by 

evaluating the performance measures for each of the 

scenario. In that study, it was found that scenario of 

three nurses was the optimal solution with optimum 

trade-off between the two types of costs involved in 

queuing models. 

The analysis depicts that the average queue length, 

delay, pressure, congestion and long waiting time by 

patients could be reduced or cut down when the 

number of doctors are increased at a minimum 

expected total cost of ₦40,820.88. Furthermore, from 

the correlation it was found that; 

• The correlation between utilization factor ( )  

and the average number of patients in the system 

( )sL  are statistically significant since the p-value 

0.037 is less than 0.05 level of significance. The 

strength of relationship is 0.901 which shows that 

they are highly correlated. 

• The correlation between utilization factor ( )  

and average number of patients on the queue 

( )qL  are statistically significant since the p-value 

0.030 is less than 0.05 level of significance. The 

strength of relationship is 0.914 which shows that 

they are highly correlated. 

• The correlation between utilization factor ( )  

and the expected time patients spent in the queue 

( )qW  are statistically significant since the p-

value 0.030 is less than 0.05 level of significance. 

The strength of relationship is 0.915 which shows 

that they are highly correlated. 

• The correlation between the average number of 

patients on the queue ( )qL  and the average time 

patients spent in the queue ( )qW  are statistically 

significant since the p-value 0.000 is less than 

0.05 level of significance. The strength of 

relationship is 1.000 which shows that they are 

perfectly correlated. 
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