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Abstract - In this chapter we discuss the complex form of 

a new generalization of the Bernstein operator, 

depending on a non-negative real parameter. In which we 

obtained quantitative upper estimate for simultaneous 

approximation. In this chapter, we discussed the complex 

form of a new generalization of the Bernstein operator, 

depending on a non-negative real parameter and obtained 

quantitative upper estimate for simultaneous 

approximation, a qualitative Voronovskaja type result 

and the exact order of approximation. Also, we present 

some shape preserving properties of the complex _-

Bernstein operator such as univalence, starlikeness, 

convexity and spirallikeness. We obtained quantitative 

upper estimate for simultaneous approximation, a 

qualitative Voronovskaja type result and the exact order 

of approximation. 

 

I. INTRODUCTION 

 

The classical Bernstein operators given by 

 
for any 𝑚 ∈  𝑁 and h ∈ 𝒞[0,1], the space of all real 

valued continuous functions on [0, 1], were proposed 

by Bernstein as one of the simplest way to prove 

Weierstrass approximation theorem. 

 

Bernstein operator have many advantages in terms of 

their elegant structure, simplicity and useful 

approximation properties. Chen, X., Tan, J., Liu, Z., 

Xie and J., [10] constructed a new family of 

generalized Bernstein operators which is called as _-

Bernstein operator, depending on a non-negative real 

parameter, is given by 

 

 

 
It is obvious that for α = 1, the α-Bernstein operator 

becomes the classical Bernstein polynomial. 

Moreover, the α-Bernstein operators are linear 

positive operators for 0 ≤ 𝛼 ≤  1. In [10], the 

authors gave some elementary properties and proved 

the uniform convergency of the sequence of the α -

Bernstein operators to 𝜁 ∈  𝐶[0;  1] with the help of 

the well known Korovkin theorem. They obtained the 

rate of convergence and Voronovskaja type theorem 

for the α-Bernstein operator. Also, they estimated an 

upper bound for the approximation error by means of 

the modulus of continuity and proved that the α-

Bernstein operator satisfies some shape preserving 

results. The problem of approximation of complex 

operators has attracted attention of many researchers. 

Some approximation properties of complex 
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Bernstein polynomials in various domains in 

complex plane were obtained without any 

quantitative estimate. In [14], Gal obtained 

quantitative estimates for the convergence and 

Voronovskaja’s theorem in addition to the results 

obtained in [22]. Also, Gal compiled the over 

convergence properties of the well known complex 

operators [14].  

 

Motivated from the real case in [10] and the above 

works on several operators in complex domain, we 

consider complex form of the new generalized 

Bernstein operators defined as follows 

 

 
Here, firstly we obtain quantitative upper estimate for the complex 𝛼-Bernstein operator and its derivatives on 

compact disks. Then, we obtain the qualitative Voronovskaja type result and the exact order of approximation for 

these operators. Finally, we prove that the complex 𝛼-Bernstein operators attached to an analytic function preserve 

the univalence, starlikeness, convexity and 

spirallikeness in the unit disk. 

 

Approximation by Complex 𝛼-Bernstein Operator 

Firstly we will give the following results which include some properties of the complex 𝛼 −Bernstein operator. 

We use the denotation 𝑙𝑡(𝑧): =  𝑧𝑡;  𝑡 𝜖 𝑁 ∪ {0};  𝑧 𝜖 ℂ and 

 

Let Δ𝑡
𝑏  denote the finite difference of order t with step b, that is 

 
The other representations of the _-Bernstein operator were established by Chen, X., Tan, J., Liu, Z., Xie and J., 

for functions of real variable [10]. This formulas hold in complex setting too. 

 

Theorem 2.1. The complex _-Bernstein operator defined by (3) has the following another representation 

 
Where 

 
Proof.  We know that 
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Where 

 
So, we have 

 
We can write the above equation as 

 
Where 

 
Note that the terms corresponding to 𝑡 =  𝑚 in 𝑏1 and 𝑡 =  0 in 𝑏2 are both zero. The 𝑏1 and 𝑏2 can respectively 

be expressed as 

 
So, it follows that 

 
Since 
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And 

 
Putting the values from (9) and (8) in equation (7), we get 

 
By equation (6) and (10), we can write 

 
Where 
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Theorem 2.2. The complex 𝛼-Bernstein operator can be expressed by means of finite differences as follows 

 

where Δ 1

𝑚

𝑞
 is given by (4) with 𝑏 =

1

𝑚
. 

Proof: 

Since 

 
So, 

 

where Δ 1

𝑚

𝑞
 is given by 

 
[10] Expanding the term (1 −  𝑧)𝑚−𝑡−1 of (7), we have 

 
Let us put 𝑞 =  𝑡 +  𝑠, we can write 

 
We also have 

 
Put 𝑠 =  𝑞 −  𝑡 in above equation 
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So we can write the double summation as 

 
It follows from using the expansion for a higher-order forward difference that 

 

 
The term corresponding to 𝑞 =  𝑚 in the above sum is zero. Similarly we can prove that 

 
Therefore, we have 

 
This completes the proof. 

Theorem 2.3. For all 𝑎 𝜖 𝑁 ∪ {0}, 𝑛 𝜖 𝑁, 𝛼𝜖[0;  1] and 𝑧𝜖ℂ, we have 

 
where 𝐵𝑚 is the 𝑚th complex Bernstein operator. 

 

Proof. From (5) we can write 

 
Differentiating 𝜏𝑚,𝛼(𝑙𝑡;  𝑧) with respect to 𝑧 ≠ 0, by some calculations we get 
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which gives the desired statement. 

 

Lemma 2.1. Let 𝑟1 and 𝑅1 be constants such that 1 ≤ 𝑟1  ≤ 𝑅1: Also, ℎ is analytic in 𝐷𝑅1
 with ℎ(𝑧)  = ∑ 𝑑𝑎𝑧𝑎∞

𝑎=0  

Then for all 𝑧 ∈ 𝐷𝑟1
 : = {𝑧 𝜖 ℂ ∶ |𝑧| ≤  𝑟1}, 𝑚 ∈  𝑁 and 𝛼𝜖 [0;  1], we have 

 

Proof. For any 𝑢 ∈  𝑁, we have Then since 𝜏𝑚,𝛼 is linear, we obviously obtain 

 
for any fixed 𝑚 𝜖 𝑁 and |𝑧| ≤ 𝑟1. For all |𝑧| ≥ 𝑟1, 𝑟1 ≥ 1, by (5) we have 

 
Applying Triangular Inequality to the above equation and we know that Triangular Inequality is 

 

 
Now since 
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So, 

 
Now, taking limit as 𝑢 → ∞, we get  

 
Since 

 
is uniformly convergent on each compact subset of 𝐷𝑅1

, We have  

 
So we have 

 
which completes the proof. 

 

Example. Plot the graph of the 𝛼-Bernstein operator at 𝑛 =  5, 𝑛 =  15 and function is given by 𝑓(𝑧)  =  𝑧3 

where 𝛼 =  0.3. 

 
Result 
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Theorem 2.4. Suppose that 𝛼 is a real parameter satisfying the condition 0 ≤ 𝛼 ≤ 1 and ℎ ∶  𝐷𝑅1
 →  𝑅 is analytic 

in 𝐷𝑅1
  , 𝑅1  >  1 with ℎ(𝑧)  =  ∑ 𝑑𝑎𝑧𝑎∞

𝑎=0  

1. If 1 ≤ 𝑟1  ≤ 𝑅1 is arbitrary fixed, then for all |𝑧|  ≤ 𝑟1 and 𝑚 ∈  𝑁, we have 

 
Where 

 
2. Also, if 1 ≤ 𝑟1  <  𝑟2 <  𝑅, then for all |𝑧|  ≤ 𝑟1  and 𝑚, 𝑞 ∈  𝑁, we have 

 
where 𝑀𝑟2

(ℎ) is given by 

 
Proof. (1) By Lemma 2.1, we can write 

 
In order to estimate |𝜏𝑚,𝛼;𝑙𝑎; 𝑧−  𝑙𝑎(𝑧)| for fixed 𝑚 ∈  𝑁, we consider the following cases: 0 ≤ 𝑎 ≤ 𝑚 and 𝑎 >

 𝑚. 

For 0 ≤ 𝑎 ≤ 𝑚 we can write 

 
Now when 𝑎 =  0, we have 
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Now since 

 
Substituting above value in equation (13), we get 

 
Now if 𝑎 =  1, then we have 
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Where 

 
 

Since 

 
So, the value of Γ at 𝑡 =  𝑚 is zero. Replacing 𝑚 −  1 by 𝑚 in Γ, we get 

 
Substituting value of Γ in equation (14), we get 
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Now since 

 
Substituting above value in equation (15) 

 
For 𝑎 =  0 and 1, we have 𝜏𝑚,𝛼(𝑙𝑎;  𝑧) −  𝑙𝑎(𝑧)  =  0. So we consider the case 2 ≤ 𝑎 ≤ 𝑚. Denoting 

 
by the recurrence formula in (12) we get 

 
Adding and Subtracting 
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Using the Bernstein’s inequality 

 
[14] in the above recurrence, for |𝑧| ≤ 𝑟1, 𝑟1 ≥ 1, we have 

 
According to the inequality [22] 

 
By some calculations the last inequality follows that 
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According to the inequality 

 
By some calculations the last inequality follows that 
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Now, let us obtain an upper estimate for ||𝜉𝑚,𝛼,𝑎||
𝑟1

 . For this aim, using the operator’s representation via divided 

difference in (11) 

 
Now since |𝑧| ≤ 𝑟1 and 𝑎 >  𝑚, taking summation from 𝑞 =  0 to 𝑎, we get 

 

 
 

For |𝑧| ≤ 𝑟1 with 1 ≤ 𝑟1 <  𝑅1. Since 𝜏𝑚,𝛼(ℎ;  1)  =  ℎ(1) for the 𝛼-Bernstein operator, (18) reduces to 

 
Substituting the last inequality into (17), the following can be easily obtained 
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By writing 𝑎 =  1, 2, …, in (19), step by step, one has 

 
Case 2 : For 𝑎 >  𝑚 ≥ 2 and |𝑧| ≤ 𝑟1 < 𝑅1, from (11) we have 

 
Since|𝑧| ≤ 𝑟1, So we obtain 

 
Using the fact 𝜏𝑚,𝛼(ℎ;  1)  =  ℎ(1)  for the 𝛼-Bernstein operator, the last inequality gives 

 
As a consequence, combining Case 2 with the above Case 1, we obtain 

 
By writing 𝑎 =  1,2, _ _ _ in (20), step by step, one has 
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(2) For the simultaneous approximation, denoting by 𝜁 the circle of radius 𝑟2  >  𝑟1 and center 0, since for any 

|𝑧| ≤ 𝑟1 and ∈ 𝜁 , we have |𝑢 − 𝑧| ≥ 𝑟2 − 𝑟1, by Cauchy’s formulas it follows that for all |𝑧| ≤ 𝑟1 and 𝑚 ∈ 𝑁, we 

have 

 
which proves (2) and the theorem. 

 

Voronovskaja Type 

 

Theorem 2.5. Let 𝑟1 and 𝑅1 be constants such that 1 ≤ 𝑟1 < 𝑅1. Also, ℎ ∶  𝐷𝑅1
→ ℂ is analytic in 1 , with ℎ(𝑧) =

 ∑ 𝑑𝑎𝑧𝑎∞
𝑎=0  Then for all 𝑚 ∈ 𝑁 and 𝛼 ∈ [0;  1], we have 

 

uniformly in  

Proof. Firstly we will prove the result [10] 

 
for each 𝑦 ∈ [0;  1]  

For 𝑡 ≤ 𝑚 we have the taylor’s formula that 

 

where 𝑙𝑖𝑚𝑠 → 𝑦 𝑜(𝑠)  =  0. Setting 𝑠 =
𝑡

𝑚
, we get 

 
Thus we have 
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By equations (21) and (22), we have 

 
Now if we suppose that 

 
So, 

 
And 

 
Substituting the values of O1 and O2 in equation (23), we have 

 
Now we will calculate the value of O1 and O2. We have the following relations that 

 
From equation (24), we have 

 
Substituting the values from equation (27) and (28) in equation (30) 
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Now from equation (25), we have 

 
Substituting the values from equation (27), (28) and (29) in equation (32) 

 
Then use of equation (31) and (33) in (26) gives 

 
Where 

 
We can get the inequality for 0 ≤ 𝛼 ≤ 1 

 

Let 𝛿 > 0 be given. We can find 𝑚 sufficiently large such that |
𝑡

𝑚
−  𝑦|  <  𝑚−1/8 implies |𝑜 (

𝑡

𝑚
)|<𝛿. Hence 

 
where 𝑀 = sup

0≤𝑠≤1
𝑜(𝑠)(𝑠 −  𝑦)2. By use of equation (33) and the Lemma that there is a constant 𝐶1 independent 

of 𝑚 such that for all 𝑦 ∈ [0, 1] and any real 𝜆 ∈ (0;  1/4) (where 𝜆 = 1/8), 

 
We have 
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where 𝛿 is arbitrary and for the lim 𝑚 → ∞ the values of right hand side of the above equation will be zero. So 

we have 

 
for each 𝑦 ∈  [0;  1]. 

According to the classical Vitali’s result [14], it suffices to show that the sequence 

 
of analytic functions in 𝐷𝑅1 is bounded in each 𝐷𝑟1 . By Theorem 2.4, we can write 

 
Now since 

 

 
for all 𝑧 ∈ 𝐷𝑟1 with 1 ≤ 𝑟1 <  𝑅1 and 𝛼 ∈ [0,1], where 𝑀𝑟1(ℎ) is the constant 

 
This proves the theorem. 

Theorem 2.6. Suppose that 𝛼 is a real parameter satisfying the condition 0 ≤ 𝛼 ≤ 1 and ℎ ∶  𝐷𝑅1 → ℂ is 

analytic in 𝐷𝑅1 , 𝑅1 >  1 with ℎ(𝑧) =  ∑ 𝑑𝑎𝑧𝑎∞
𝑎=0  

1. If 𝑓 is not a polynomial of degree ≤ 1, then for all 1 ≤ 𝑟1 <  𝑅1, we have 

 
in Dr1 , where the constant in the equivalence depend on h and r1. 

2. If 1 ≤  𝑟1  <  𝑟2  <  𝑅1 and ℎ is not a polynomial of degree ≤ 𝑚𝑎𝑥{1, 𝑞 − 1} (𝑞 ∈  𝑁), we have 

 
in Dr1 , where the constant in the equivalence depend on h, r1, r2 and q. 

Proof. (1) Taking into account Theorem 2.5, there exist constants 0 <  𝐴1, 𝐴2 <  ∞ independent of 𝑚 such that 
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from which it readily follows that 

 
in Dr1 . Therefore, we arrive at the desired result. 

(2) Denoting by 𝜁 the circle of radius 𝑟2 >  𝑟1 and center 0 (where 𝑟2 > 𝑟1 ≥ 1), we have the inequality 

|𝑢 − 𝑧| ≥  𝑟2 −  𝑟1 valid for all |𝑧| ≤  𝑟1 and 𝑢 ∈ 𝜁.  

By the Cauchy’s formula, it follows that for all |𝑧| ≤  𝑟1 and 𝑚, 𝑞 ∈ 𝑁 

 
Thus, from Theorem 2.5 we get 

 
uniformly in Dr1 . Therefore, there exist constants 0 <  𝑀1, 𝑀2 <  ∞ independent of 𝑚 such that 

 
which readily follows that 

 
in 1 . This completes the proof. 

 

Shape Preserving Properties of Complex 𝛼-Bernstein Operator: 

 

In this section, we prove that beginning with an index, the complex 𝛼 −Bernstein operators 𝜏𝑚,𝛼(ℎ;  𝑧) preserve 

some geometric properties of ℎ such as starlikeness, convexity and spirallikeness in the unit disk. 

 

Theorem 2.7. Suppose that 𝐻 ⊂ ℂ is open such that 𝐷1 ⊂  𝐺 and ℎ ∶  𝐻 → ℂ is analytic in H. Also let 𝜁 ∈

(−
𝜋

2
,

𝜋

2
). 

1. If ℎ is univalent in 𝐷1, then there exists an index 𝑚0 depending on ℎ, such that for all 𝑚 ≥ 𝑚0, the 

complex 𝛼-Bernstein operators 𝜏𝑚,𝛼(ℎ;  𝑧) are univalent in 𝐷1. 

2. If ℎ(0) =  ℎ′(0) −  1 =  0 (and ℎ(𝑧)  ≠  0, for all 𝑧 ∈  𝐷1{0} in the case of spirallike of type 𝜁) and h 

is starlike (convex, spirallike of type 𝜁, respectively) in 𝐷1, that is for all 𝑧 ∈  𝐷1 

 
then there exists an index 𝑚0 depending on ℎ (and on ℎ and 𝜁 for spirallikeness) such that for all 𝑚 ≥  𝑚0, the 

complex 𝛼-Bernstein operators 𝜏𝑚,𝛼(ℎ;  𝑧) are starlike (convex, spirallike of type 𝜁, respectively) in D1. 

If ℎ(0) =  ℎ′(0) −  1 =  0 (and ℎ(𝑧)  ≠  0, for all 𝑧 ∈  𝐷1{0} in the case of spirallike of type 𝜁) and h is starlike 

(convex, spirallike of type 𝜁, respectively) in 𝐷1, then for any disk of radius 0 < 𝜎 <  1 and center 0 denoted by 

𝐷𝜎 , there exists an index 𝑚0  =  𝑚0(ℎ, 𝐷𝜎) (𝑚0 depends on 𝜁 too in the case of spirallikeness), such that for all 

𝑚 ≥ 𝑚0, the complex 𝛼-Bernstein operators 𝜏𝑚,𝛼(ℎ;  𝑧) are starlike (convex, spirallike of type 𝜁, respectively) in 

𝐷𝜎 , that is for all 𝑧 ∈ 𝐷𝜎 . 
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Proof. If ℎ is univalent in 𝐷1, from the uniform convergence in Theorem 2:4 and the result concerning sequences 

of analytic functions converging locally uniformly to a univalent function, then it is immediate that for sufficiently 

large 𝑚, the complex 𝛼-Bernstein operators 𝜏𝑚,𝛼(ℎ;  𝑧)  are univalent in 𝐷1 (Using the theorem: [15] Suppose 

that 𝛺 is a domain in ℂ𝑛 and that ℎ ∈  𝐻(𝛺) is a biholomorphic mapping. Suppose {ℎ𝑎}𝑎 ∈ 𝑁 ⊂  𝐻(𝛺) is a 

sequence of mappings such that ℎ𝑎 → ℎ locally uniformly on . Let A be a compact subset of 𝛺. Then there exists 

𝑎0 ≥ 1 such that ℎ𝑎|𝐴 is injective for 𝑎 ≥  𝑎0) 

Firstly, suppose that ℎ(0) =  ℎ′(0) − 1 =  0 and ℎ is starlike in 𝐷1. By Theorem 2.4 (2), we get that 

 
uniformly in 𝐷1. Now set 

 
well defined for sufficiently large 𝑚. Taking into account ℎ(0) =  ℎ′(0) − 1 =  0 and the univalence of ℎ, we 

get 

 
Now we will calculate the value of 𝑅𝑚, 𝛼; _(ℎ;  𝑧) at 𝑧 =  0. So from equation (34) 

 
Now we have to find the value of 𝜏𝑚,𝛼(ℎ;  0). As we know that 

 
Where 

 
Put 𝑧 =  0 in above equation we get 

 
Substitute the above value in equation (35) 
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Differentiating equation (34) with respect to 𝑧 and put 𝑧 =  0, we get 

 
So, we have to calculate the value of 𝜏′𝑚,𝛼(ℎ;  𝑧) at 𝑧 =  0. Differentiating equation (36) with respect to 𝑧, we get 

 
Where 

 
When 𝑡 =  0, 2,3,4; _ _ _ , 𝑚 −  1 and 𝑧 =  0 then we get 

 
If 𝑡 =  1 then 

 
If we 𝑧 =  0 in above equation then we have 

 

Now, since ℎ𝑡 =  ℎ (
𝑡

𝑚
). So we have ℎ1 =  ℎ (

1

𝑚
) and ℎ2 =  ℎ (

2

𝑚
) 

Substituting these values in above equation 
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Substituting the above value in equation (37), we get 

 
And 

 

 
as 𝑚 → ∞, we obtain 

 
And 

 

uniformly in 𝐷1. 

From the hypothesis we obtain |ℎ(𝑧)| >  0 for all 𝑧 ∈  𝐷1 with 𝑧 ≠  0, from the univalance of ℎ in 𝐷1, implies 

that we can write ℎ(𝑧)  =  𝑧Γ(𝑧), with Γ(𝑧)  ≠  0, for all 𝑧 ∈  𝐷1, where Γ is analytic in 𝐷1 and continuous in 

𝐷1. 

Writing 𝑅𝑚, 𝛼(ℎ;  𝑧) in the form 𝑅𝑚, 𝛼(ℎ;  𝑧)  =  𝑧𝑆𝑚, 𝛼(ℎ;  𝑧), obviously 𝑆𝑚, 𝛼(ℎ;  𝑧) is a polynomial of degree 

≤ 𝑚 −  1. Let |𝑧|  =  1. Then we get 
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which gives the uniform convergence of 𝑆𝑚, 𝛼(ℎ)  to Γ′ by the uniform convergence of 𝑅′𝑛, 𝛼(ℎ) to ℎ′ and of 

𝑆𝑚, 𝛼(ℎ)  to Γ, with the help of maximum modulus principle. So for |𝑧|  =  1, we have 

 
which again by the maximum modulus principle, follows 

 
as 𝑚 →  ∞; uniformly in 𝐷1. 

Since 𝑅𝑒 (
𝑧ℎ′(𝑧)

ℎ(𝑧)
) is continuous in 𝐷1, there exists 𝜂 ∈  (0,1) such that 

 
Thus 

 
uniformly in 𝐷1, i.e. for any 0 < 𝜐 <  𝜂, there is 𝑚0 such that for all 𝑚 ≥ 𝑚0, we get 

 
Since 

 
then 𝑅𝑚, 𝛼(ℎ;  𝑧) differs from 𝜏𝑚,𝛼(ℎ;  𝑧) only be a constant. This Proves the starlikeness of 

𝜏𝑚,𝛼(ℎ;  𝑧)  for sufficiently large 𝑚 in 𝐷1.  

If ℎ is starlike only in 𝐷1, the proof is identical with the first part. The only difference is that we reason for 𝐷𝜎  

with 0 <  𝜎 <  1 instead of 𝐷1. 
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The proofs in the case when ℎ is convex or spirallike of order 𝜁 are similar and follow from the following 

uniform convergence (on 𝐷1 or on 𝐷𝜎  with 0 < 𝜎 <  1) as 𝑚 → ∞ 

 
And 

 
Thus, the proof is complete. 

 

                       REFERENCES 

 

[1] Altomare F., Korovkin-type Theorems and 

Approximation by Positive Linear Operators, 

Surveys in Approximation Theory, 5, 92-164, 

(2010). 

[2] Anastassiou, G.A. and Gal, S.G., Approximation 

by Complex Bernstein-Schurer and 

Kantorovich-Schurer Polynomials in Compact 

Disks, Computer & Mathematics with 

Applications, 58, 734-743, (2009). 

[3] Apostol, T.M., Mathematical Analysis, Second 

Edition, Wesley Publishing Company, (1974). 

[4] Brannan D., A First Course in Mathematical 

Analysis, Cambridge University Press, (2006). 

[5] Bustamante J., Bernstein Operators and Their 

Properties, Springer, Berlin, (2017). 

[6] Bustamante, J., Quesada, J.M., A Property of 

Ditzian-Totik Second Order Moduli, Applied 

Mathematics Letter, 23 No. 5, 576-580, (2010). 

[7] Burkill J.C., A First Course in Mathematical 

Analysis, Fifth Edition, Cambridge University 

Press, (1974). 

[8] Cetin N., Approximation and Geometric 

Properties of Complex 𝛼- Bernstein Operator, 

Result in Mathematics, 40, 1-16, (2019). 

[9] Cetin N., A new Complex Generalized Bernstein-

Schurer operator, Carpathian Journal of 

Mathematics, 37, 81-89, (2021). 

[10] Chen, X., Tan, J., Liu, Z., Xie, J., Approximation 

of Functions by a New Family of Generalized 

Bernstein operators. Journal of Mathematical 

Analysis and Applications, 450, 244-261, 

(2017). 

[11] Devore R. A., The Approximation of 

Continuous Functions by Positive Linear 

Operators, Springer, Berlin, (1972). 

[12] Devore, R., Lorentz, G.G., Constructive 

Approximation. Springer, Berlin, (1993). 

[13] Friedberg S., Insel A., Spence L., Linear 

Algebra, Fourth Edition, Pearson Education 

Limited, (2014). 

[14] Gal, S.G., Approximation by Complex Bernstein 

and Convolution Type Operators, World 

Scientific Publishing Company Private Limited, 

Hackensack, New Jersey, (2009). 

[15] Graham, I., Kohr, G., Geometric Function 

Theory in One and Higher Dimensions, Pure 

and Applied Mathematics, Marcel Dekker, New 

York, (2003). 

[16] Gupta R. K., Numerical Methods Fundamentals 

and Applications, Cambridge University Press, 

(2019). 

[17] Jackson D., The Theory of Approximation, 

American Mathematical Society Colloquium 

Publications, (1930). 

[18] Jiang, B. and Yu, D., On approximation by 

Stancu type Bernstein- Schurer polynomials in 

compact disks, Results in Mathematics, 72, 

(2017), 1623–1638 

[19] John B. C., A First Course in Analysis, 

Cambridge University Press, (2018). 

[20] Kreyszig, E., Introdctory Functional Analysis 

with Application, John Wiley, (2007). 

[21] Lipschutz S., Schaum’s Outlines General 

Topology, McGraw-Hill Book Company, 

(1965). 

[22] Lorentz, G.G., Bernstein Polynomials, Second 

Edition, Chelsea Publications, New York, 

(1986). 

[23] Morris P. J., Ordinary Differential Equations, 

Nabu Press, (2010). 



© APR 2026 | IRE Journals | Volume 9 Issue 10 | ISSN: 2456-8880 
DOI: https://doi.org/10.64388/IREV9I10-1716749 

IRE 1716749        ICONIC RESEARCH AND ENGINEERING JOURNALS        3331 

[24] Paltanea R., Approximation Theory Using 

Positive Linear Operators, Springer, Berlin, 

(2004). 

[25] Ponnusamy S., Silverman H., Complex 

Variables with Applications, Birkhauser, 

Berlin, (2006). 

[26] Royden H.L., Fitzpatrick P.M., Real Analysis, 

Pearson Education Incarnation Publishing, 

Fourth Edition, New York, (1993). 

[27] Rudin W., Principles of Mathematical Analysis, 

Third Edition, McGraw-Hill, (1976). 

[28] Stancu, D.D., Approximation of functions by 

means of a new generalized Bernstein operator, 

Calcolo, 20 No.2, 211-219, (1983). 

[29] Yang, R., Xiong, J. and Cao, F., Multivariate 

Stancu operators defined on a simplex, Applied 

Mathematics & Computation, 138, 189–198, 

(2003). 


