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Abstract - In this chapter we discuss the complex form of
a new generalization of the Bernstein operator,
depending on a non-negative real parameter. In which we
obtained quantitative upper estimate for simultaneous
approximation. In this chapter, we discussed the complex
form of a new generalization of the Bernstein operator,
depending on a non-negative real parameter and obtained
quantitative  upper  estimate  for  simultaneous
approximation, a qualitative Voronovskaja type result
and the exact order of approximation. Also, we present
some shape preserving properties of the complex -
Bernstein operator such as univalence, starlikeness,
convexity and spirallikeness. We obtained quantitative
upper estimate for simultaneous approximation, a
qualitative Voronovskaja type result and the exact order

of approximation.

L INTRODUCTION

m
. i
"F:lu.n[h::?f;' — E h (;)

=0

(

The classical Bernstein operators given by
m ¢ -~ ) .
Bm(h;y) = Zz[; h (;) (T) g (1—y)™" ye[0,1]. (1)
for any m € N and h € C[0,1], the space of all real
valued continuous functions on [0, 1], were proposed
by Bernstein as one of the simplest way to prove
Weierstrass approximation theorem.

Bernstein operator have many advantages in terms of
their elegant structure, simplicity and useful
approximation properties. Chen, X., Tan, J., Liu, Z.,
Xie and J., [10] constructed a new family of
generalized Bernstein operators which is called as _-
Bernstein operator, depending on a non-negative real
parameter, is given by

Yy, (2)

for any function h(y) defined on [0, 1], each positive integer m and any fixed

real . Here, fort = 0,1, --- . m, the a-Bernstein polynomial g, ;(y) of degree

m is defined by ¢i% (y) = 1 — v, ¢! (y) = y and

()
(flr.lil.-é rf)’] —

ym—t—1

<y N1 —y)

I:('m :2) (1 — a)(y) + ('.r

__22) (1 —a)(l—y)+ (?:)ﬂ'ﬁf{l — yil]

where m > 2, y € [0, 1] and the binomial coefficients (") are given by

m!

("’”) _ ) (m—
L (. else.

It is obvious that for a = 1, the a-Bernstein operator
becomes the classical Bernstein polynomial.
Moreover, the o-Bernstein operators are linear
positive operators for 0 <a < 1. In [10], the
authors gave some elementary properties and proved
the uniform convergency of the sequence of the o -
Bernstein operators to { € C[0; 1] with the help of
the well known Korovkin theorem. They obtained the
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if 0 <t < m,

rate of convergence and Voronovskaja type theorem
for the a-Bernstein operator. Also, they estimated an
upper bound for the approximation error by means of
the modulus of continuity and proved that the a-
Bernstein operator satisfies some shape preserving
results. The problem of approximation of complex
operators has attracted attention of many researchers.
Some approximation properties of complex
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Bernstein polynomials in various domains in convergence properties of the well known complex
complex plane were obtained without any operators [14].

quantitative estimate. In [14], Gal obtained

quantitative estimates for the convergence and Motivated from the real case in [10] and the above
Voronovskaja’s theorem in addition to the results works on several operators in complex domain, we
obtained in [22]. Also, Gal compiled the over consider complex form of the new generalized

Bernstein operators defined as follows

Tm.ﬁ”’ < E hff::::i |(3)'|
t=l)

where h, = h (— , M 1s a positive integer, « is a real parameter satisfying

™m
the condition 0 < a < 1, z € C and h is a complex-valued analytic function
in an open disk wnt{-‘-red at the origin with iy > 1. For t = U l.---,m the
a-Bernstein polynomial ‘Im.:( ) of degree m is defined by g 0{ =1—-z
(o) ¢ ¢
gi1(z) = z and for m > 2
(a) m — 2 s m— 2V, m
gmilz) = (1 —a)(z)+ 1—a)(l—2z)+ az(l — z)
Im.i(2) (f) )(z) (f_i)t JI—2)+ |, Jaz(l -2z
xz 71— 2)™ L

Here, firstly we obtain quantitative upper estimate for the complex a-Bernstein operator and its derivatives on
compact disks. Then, we obtain the qualitative Voronovskaja type result and the exact order of approximation for
these operators. Finally, we prove that the complex a-Bernstein operators attached to an analytic function preserve
the univalence, starlikeness, convexity and

spirallikeness in the unit disk.

Approximation by Complex a-Bernstein Operator
Firstly we will give the following results which include some properties of the complex a —Bernstein operator.
We use the denotation lt(z): = z%; t e N U {0}; z € C and

Dﬁ'] = {.’,‘ cC:lzl =Ry, 1= R < DC}
Let A? denote the finite difference of order t with step b, that is
Ath(y) =t [y, y +b,--- |y + b h). (4)

The other representations of the -Bernstein operator were established by Chen, X., Tan, J., Liu, Z., Xie and J.,
for functions of real variable [10]. This formulas hold in complex setting too.

Theorem 2.1. The complex -Bernstein operator defined by (3) has the following another representation

Tm.alh; 2 l—n}z I (T):!(l—;]m_‘ nZh!( ) A (1—2)"7°, (5]

t=0 t=10

e

Where

I', = (l - L) he + Lht_]. m > 2.
m—1 m — 1

Proof. We know that
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Tma(h; z) = Z hcff:{;ﬁ{ z),

=0
Where
@;?J;{ ) = |:(m f_ i]){_l —a)(z) + (T__;)(l —a)(l —z)+ (T) az(l — 4}]
I 1(1 )'m. t— 1
So, we have

Tmalhiz) = LZ[;}:L [( ){1 —a)(z) + (;_ 22)(1 —a)(1—2)+ (T‘) az(1 — z)]

wE 1{1 o Z)'m t—1

Tmalh; z) = Zh;( ) (1 —a)z {1 — )™ I+Z:h;,( ) (1 — )z 1{l z)mt

t= [} =0
- Z hL( )a.:’{l —z)ymt
t=0
) § - m—2Y . m—t—1 o m—2Y .. S
Tmalhiz) = (1 —r.t]Zh-; . z(1—z) "‘Zhn N (1—=z)
=0 =0
+Zh‘( )a — )yt
t=0
We can write the above equation as
Tmalh;z) = (1 — a)(by + ba) + Z h, (T) az' (1 —2)™" (6)
t=0
Where
= m — 2
:th( , )z’{_l—;]m_’_l and Zh,( ) (] — )™t
t=0 t=0

Note that the terms correspondingtot = min b; andt = 0 in b, are both zero. The b; and b, can respectively
be expressed as

m—1 ‘ _
by = Z by (m t_ 2) Z(1—z)™*1 and by = Z by (m )ZI_IH_:}'m_L

where (m_g) = 0in by and (™ ‘) = 0 in by. Replacing ¢t by ¢ + 1 in the

m—1
summation of by, we obtain

So, it follows that

m—1
n—2 —9 ,
bitby=Y [(”‘ t )h.,, + (T_ 1 )hm] 21— )™t (7)

Since
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m—2\ (m — 2)!
( t ) i (m—2—1t)!
m—2Y  (m-=-2)(m-1-t)
( t ) B thm —1—t)!
m—2\ _ (m—2)(m—1)—t(m—2)!
( t ) B thm —1—t)!
m — 2 (m— 1)1 —t(m — 2)!
( t ) - (m—1—1)!
m—2\ (m — 1)! t(m —1)(m —2)!
( t ) T Hm—1—t) tm—-1—-0l(m—1)
m — 2 m — 1 t (m —1)!
( t ) - ( t )_m—'lﬂ(:rn—'l—t]l
(m — '2) _ (1 ot ) (m — l) (8)
t m — 1 t '
And
m—2\ (m — 2)!
(i—l) C (t=D(m—-2—-t+1)
m—2Y (m — 2)!
(i—l) =Dl m—-1-1)
m—2Y) t (m —1)(m — 2)!
(f—l)  om—1tt— 1) (m—1—1)
m—2\ t (m—1)!
(i—l)  om—1t(m—1—1)!
m — 2 t m— 1 .
(f—l) - m—l( t ) )
Putting the values fror? (9) and (8) in equation (7), we get

By equation (6) and (10), we can write

m—1
— . - — [ ) t t m — 1 1 yn—t—1
Jm:&(h-_ 4:} = [L]. —ﬂljg |:(1— — l) hz —Eh[_.'_l] ( ¢ ),, {l—,]
m -
—QZ ht( . ):’{_l — z)m
t=0
m—1 m
) m—1 e m m—
malh;z) = (1 —r_rjz FL( ; ):f{_l — )™t Q'Zh,;( f):"(l —z)™ "
t=0 t=0
Where
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t t
L= (l C m— l) he + m — thrl

Theorem 2.2. The complex a-Bernstein operator can be expressed by means of finite differences as follows

m

Tmall;z) =

q=0

{(1 —a) ("'”q 1) {_\.f nh(0) +— 1 —— A (;)} —l—a(})_\f m.’[(]‘]] 2,

(11)

where A% is given by (4) with b = —.

m

Proof:
Since

h

So,

By s

t:h(i). 1"_(1— f_)h[+ !
m m—1 m — 1

['a = hq

where A% is given by

m

|
“r ‘:I— ch :..’;—i.---.:—il.lr!]

i
1 m md M M

[10] Expanding the term (1 — z)™~¢~1 of (7), we have

m—1 m—t—1
—1 _ —t—1
by 4+ by = E Fa(mf )z[ E {—1)"<m . ).:""

t=I)

Letusputg = t + s, we can write

We also have

m—1\(m—-t—-1\ (m —1)! (m —t—1)!
t s o (m—1—=t) (m—t—1—s)s

m—1\(fm-—-t—-1\ (m —1)!
t s  t(m—t—1—s)ls!

Puts = g — t in above equation

(
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(m — 1)!
tim—t—1—g+1t)(q—1)

m—1\{m—1t—1
D))
m—t—1 (m — 1)1
s ) - tm—q—1)(g—1t)!

q! (m — 1)!
(g —t)t! (m —q—1)lq!

e
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So we can write the double summation as
m—1 m— 1 m—t—1 , )
b + by = Z ( . );q Z [—1]'—"_1(:) [
g=0 s=[)
It follows from using the expansion for a higher-order forward difference that

by +by= (m; l)zm@ro

bitby=Y (””f_ 1)3%@1}.

q=0
The term corresponding to ¢ = m in the above sum is zero. Similarly we can prove that
m m
T ) N m
E hy ( ; ) Z(l—2)"" = E ( ) 2TAhy
g=f q

Therefore, we have

N m— 1 17
Tmalh; z) = Z [[l — f.l':]( );‘qu‘n + a( )ﬂqhg 29
q q
g=10
This completes the proof.
Theorem 2.3. Forallae N U {0},n e N, ae[0; 1] and zeC, we have
z(1—2z), , , —z
Tm:ne“a.+1:. :::' = ¥ﬁﬂn.m“a'~:]] + |:,: n :| Tm,f.tuﬁ:. :::'
T m
l—a fm—1\" ) \ )
L ( ) [Bm— 1 uu—] ; Z,} - Bm—l “Ta: :]]
m m
¥(l — =z .
——n{ ]Bm{fazzj: (12}
m

where B, is the mth complex Bernstein operator.

Proof. From (5) we can write

m—1 . i
m—1 ; " : P

Trremfa'-«“; = 1 — o) S — F)ymtl 1 t
alliz) = mg( R E(ES [( L) (5) 5 (B )]

- m t m—i i ’
S ()

t=0
Differentiating 7., , (It; z) with respect to z # 0, by some calculations we get
m—1

(ﬂre:rx(ba; Z)}J _ (1 o (1\] Z (m f— l) [f?;[_l'[l - :\Jm—:—l - L'm - 1)2[[:1 - Z}m—t—‘_’]

t=0

_ t t\“ t t+ 1\"
x 1 — - — 1 + .
[( m—l) (m) m—l( m ) ]

. m L— m—t Ly ym—t— f- ¢
—fo (f) [t: 1 —2) —(m—1)z"(1 - 2) '] (E)

t=0

IRE 1716749 ICONIC RESEARCH AND ENGINEERING JOURNALS 3307



© APR 2026 | IRE Journals | Volume 9 Issue 10 | ISSN: 2456-8880
DOI: https://doi.org/10.64388/IREV9110-1716749

m—1

(malbsa) = (-3 (") -

t=0
—(m —1)2"(1 = 2)™ "2 2 (1 — 2)™ 7]

(=) ) 7= (5]
x 1— - J— + .

m— 1 m m— 1 m

_H-"Z (1?) [ zt” 1{1 Z)™t —mzt(1 - .';)m_’_l +tz'(1 — z)m—t—l] (%)

(maba;2)) = (1—a)}_ (mr__])[ 21— )" (L= 2 4 2) — (m— 1)2' (1 — )™

(CSIOREICH)
X 1 — - — + :

m— 1 m m— 1 m

+ov 2 (T) [t.':f'_l{_l —2)" Nl — 2 2) —m (1 — )™ 1] (i)

mf— '1) [ AU = 2™ - 1)20(1 — z)'-’l‘?-—t—‘z}

{Tm:u{ba:.z:])’ = Ll—ﬂ)

- ; t\" ot [t 1"
x (1= — =] + :
m — 1 m m— 1 m

£\ @
AL — )™ (1 — )™ 1] (;)

'

- 1 - P - t—1 m—t—2% {l — :] ey Yot L ym—t—2
(malbiz)) = (1-a Z( ) [f (-9 - - )
t . t t+1\°
( m—l n) +m—l ( m )

, m -1 m—t—1% “ - :) ty m—t—l{.l —z) t\?
+“Z_: (t) tz' (1 —z) 12 —mz'(1 — z) m] (E)

t=>0
. m—1 o
(Tm.ct{ba:. Z:l)’ = 1 - (”1 l)?"{l — .’:jm_!_lf
' z(1—z) — t

- | (¢ )G = (5
T m —l ey 1 —l T
IL?’}"J.',— 1][1 _(‘} Z( )Z{{-l_::lln—t.—l
F 1T
( _'.rn—l) (rn) '.rn—l( ber )
m t Lym—t t “
+.—:[:1—::}LZ=[;(t):{l_w] t(;)
I e Yy, ym—e ("
_(1—z}§(t)2“_“j (=)
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y l—a e fm—1 o — i £\
(Tmalba;z)) = 21— 2) ,;Z_[; ( ; ),, (1-—2) t (1 i 1) (;)
4 - S I —1 ‘:Im t— ]f' L t+1 !
z(1 —z2) m—1\ m

(m— 1 (1— fﬂ HZ: ( ) _ymet

t=

0
x [[1— i 14 t+1
m—1 m—1 m
( ) JT! i ( f )a
Z - ¢
— z) r t T
i: J?"! L i ‘
t m
m—1 a+1
~ . m(l—a) et | (4t t
(”n:u(baaéjj B 4"\1 - ‘J EZ[; ( ) j [(l m — 'l) (m) ]
m(l — a) w— fm—1 Ctrr o m—t—1 t t+1)\H
Tzl —-2) ; ( t ) (1-2) m — 1 ( m )

l1—a -1 _ ymeet t t+1\"
Cz(1—2) 4\] m — 1 m

(1 — 1] 1 — fﬂ ri:] ( ) _ pymt-

t=

0
X (" )(i) car ()
m — 1 m— 1 m
a+1
T m
Z ]m 1 (_)

Tl — z) — ( ) 1t

B C¥TTL - my _ym—t i .
(1—z}§(t)4{'1 ?) (m)

CKITL

d}tﬂ

IRE 1716749 ICONIC RESEARCH AND ENGINEERING JOURNALS 3309



© APR 2026 | IRE Journals | Volume 9 Issue 10 | ISSN: 2456-8880
DOI: https://doi.org/10.64388/IREV9110-1716749

m{_'l . U:} m—1 (Jﬂ- _ l) t l _ ym—t—1
()

{Tm:u{ba:- z)}’ =

B l-a — 1( -1
z(1— —

(rn—l (1—a)s% !

t=

("
[( YR
=5 (0

e
)0

mr.l

t t+ 11"
m—1 m
) m!,l

(f+1)]
+
m—l m

()

(¥ my ——_ “
m_z);(t)m_,,) ()

T

z(1—2)

Tm.ct(ga,—l:. Z) -

j—

L
z(1 —z2)

T?f?.,t’.'t {E-II : z j

m—1 “
v m—1Y , ome1 [ B
_|_:(1 3 ; ( . ) (1—2) (m-)

m—1 &(m

71—, "malla; z) + {1—.-

am = [m) ,
Tl—z);(t)“’”

m

#(1—2z)

{Tm:ac{ba:-z)r - ’mct[\'fa. 13 ‘5)

B 1 — o m— 1\" i, —1
z(1 — z) m —
+2 (’”):f{_l _ g)mt (_
z i T
t=(

()
20)

[l—i—{m

1
l—a (m-—1 am_ m— 1 ym-e-1 £\
N z(1 —z) m L_[} ; m—1

()

} 7]

‘mcxf

a+l
m t—1 t
m—1

L m M+(m—-1)2]
{Jm:u{ba-. 5:‘) = Ll — }’m Ct[\gﬂ,—1 ‘5) {{l — -’;j JJ?’!:II{'EG,-"}
1— n—1\" —
- “(1 _U;) (m?n ) [Bm—l{_lr'a—l:. Z} - Bm—l [\'E ] + Bm“ j
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which gives the desired statement.

Lemma 2.1. Let vy and R, be constants such that 1 <1, < Ry: Also, h is analytic in Dy, with h(z) = Y7o d.z*
Then forallz € D, :={zeC:|z| < i}, m € N and ae [0; 1], we have

o0
Tm.alh; :} — E dﬁ?—m.a(fa; z)
a=0
Proof. For any u € N, we have fru(2) = 250 a2 [2] = 71 Then gince T« 18 linear, we obviously obtain
u
‘:l?‘.! I-.E ’h (% ‘] - E {fﬂTJ?!.IT[EG: :]
a=(0

for any fixed m € N and |z| < ry. For all |z| = ry, 17 = 1, by (5) we have

m—1
m — . . t t
(1— A e hy + ——h,
(\‘)Z ( ) ) [( m — 1) ' m—1 ' }

m m—1
_C'LZ (1:?)54[1 ]m rh _ { 1 _ﬂ\]Z ( ) :)ni—[—l

=0 t=0

i m = (m . .
1— h h ¥ 21— z)"th
X|:( m—l)r+m—l{|+ﬂlzz[:](i) ( ) 3:|

m—1

(1—a) Z (m - ) (1 — ;_}”"_r_]

XKI— ! )hu h)+ = (hu—h}}
m— 1 —1 '

" fm ; L
+ (1 —z)™ " (h, — h)
(%)
Applying Triangular Inequality to the above equation and we know that Triangular Inequality is
la +b| < |a| + |b]

Tm.f.\'r\hui -’-') - T;lﬂ.rx("r'“- ”i =

Tm.f.t'r\hu; -’-') - T;ln.nc(h:- ”} =

m—1
ot ?) ~ malis2)] < [1-) 3 (" 1)z

t=(

x {(l— ! ) (hy —h) + —— fh.l—h]]
m — 1 T om—

(1-Z (T;‘J) :I{I o :)1n—[ (h, — h)

t=0

m—1
Tm, rt(hu ,] — Tm, rx{h ~j| = {1 —(}]Z ( )

(1 — zym1|
=0

xl(l— ! )|hu—h|+ ! |hu—h|]
m—1 m — 1

+(.1‘Z (T) |24(1 — z)™7*| |hy — A

=0

+

Now since
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|||Pm{r:] || = max{| Pn(z)

;2] <}
So,

m—1 )
|Tm:a{hu§ z) — T:lﬂ.i:t'[h'; 27]'| = I[l — ) Z (m t_ l) |.’:L{] — _,:}m—z—li

=0

t [
x [(1 ) Wi = Ml + g i =

m

—l—uz (T) |2*(1 — Z)m_t| ||y — Rl|s,

(=]
|Tm:a{hu§ -'5\] — T:lﬂ.i:t'[h'; ZH = ﬂ'f'l".'t,l.’}:f'] ”hu - h||1"1

Now, taking limit as u — oo, we get

im |7 o (hy; 2) — Tmel(h: 2)| < lim Mo, o0 || By — B[y

Since
h[:] - Z?J:D dg:-u
is uniformly convergent on each compact subset of Dp , We have
hmy . ||y — R||y, =0 for |2| <7 < Ry,
So we have
im |7 o(by; 2) — Tma(hiz)] < 0
U— o0
hm Tmal(hu;z) = Tmal(h;z)
U—r OO

which completes the proof.

Example. Plot the graph of the a-Bernstein operator at n = 5,n = 15 and function is given by f(z) = z3
where a = 0.3.

Figure 1: a-Bernstein operator at n = 5, n = 15 and function f

Result
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Theorem 2.4. Suppose that a is a real parameter satisfying the condition 0 < a < 1andh : Dy, — Risanalytic
inDp, ,Ry > 1withh(z) = ¥g_odqz®
1. If1 <1 <R, isarbitrary fixed, then for all |z| <1, andm € N, we have

Ti'?"!.f.':{fl:_ -'J::l — h(\:} < "1"’?'1”!) ‘
m
Where | .
3“- - T]] N —1 ’ od §
0< M, (h) = fz da|(a+ V)ar{™" + (1 + 1) Z dy|arf
H = a=1

o
7.2 17%,..0—2
+2r] E dglala —1)r] " < cc.
2

2. Also,if1<r < 1r,< R, thenforall|z| <r, andm,q € N, we have
M, (h)gq'rs

m(ry —rq)etl’

) (h; 2) — B9 (2)

[

J?"! i ]

where M., (h) is given by
§ 3'|r1 -I—?"~_}:] = . v a—1 . - a—1
0< M,(h) = TZ |da|(a + 1ary™ + (1 + ?"ﬂz |d,|ary

a=1 a=1

+2ry ZM la(a — 1)r8*

Proof. (1) By Lemma 2.1, we can write
a0
|T;'?-!.I-.E|Il‘h:- z)— hﬁljl < E |'f£ ||"m nH < ] —1 [
a=(
In order to estimate |T,, 4514, ,— la(z)]| for fixed m € N, we consider the following cases: 0 < a <manda >

m.
For 0 < a < m we can write

? m— - ) ‘ f f )
Tmalla: z) —l(2) = (1l —a E (] — p)m—t—] 1
e ) (1-e) ( t )4 L 7 {( m — 1) (m)

=

?VE i1 il
o oY (")a-—amr (L) - (=
m —1\ m o\t ) m m
Now when a = 0, we have

m—1 ’
Tmalle;z) —lo(z) = (1-a) ( ) Z)m—tl Kl R ) (1)
=0 m — 1 m
' t+1 m—t [ T ! t 0
G E ) @2
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m—1 .
I m— 1 b oym—t—1|q T t
‘m:a("!{l: ) E[}{.,) - [1 ﬂ) Ez:{:] ( + ) {1 ‘5) [1 m— 1 T — li|
+ay (”‘) A1 — z)m -1
t=>0 t
m—1 . m
tmalle; z) — lo(z) = (1_0-)2(’“;l):m_z)m-ﬁ-‘ﬂfz (T)ztﬂl—z)m't"
=0 t=0
(13)
Now since
f - m m—a
Bu(1;2) =) ( )4 (1—z)"%=1
a

a=I0

Substituting above value in equation (13), we get

Tm,f.t{’-r'{]:- ,:} - lt{]|::':)
Tﬂt,:’.‘:{ﬁ{]: ,:} - 1!{]l:::)
Tm,f.t'[l!{]l 3} — E{][:»:)

(1—a)(l)+all) -
l—-a+a-—1
0

Now if a = 1, then we have

m—1 1
NN 1 m—1Y\ ,, ym—t—1 _ t
Jm:u{(--l-. _,] (-1{_*) - [\1 Q) Lzz{:] ( ¢ ) [\1 ‘5) |:<l m— 1) m)
t (i1 e (1 Loy
m— 1 ( m ) ] QZ ( ) (E) a (;)
m—1
Tmalli?) —h(z) = (1—a) ( ) oot [(1_ “' ) (i)
_{] m — 1 m
t t+ ] = (m ¢y Comet [ T t
m — 1 ( m )] +H!Z={:] (t)”' (1-2) (E) a (E)
m—1 )
_ A » 1 m—1 St ym—t—1 i - -
‘mpc“l: '~] gl{") - [\1 ﬂ)[Z:{:] ( ¢ ) (1 “{) |:,m P’H{T'ﬂ- o l)
t2 - ymt t £
m(m — 'l] m(m — l}] o — ( ) (E) B (E)
. ) ml m—1 . et | 1 t
Tmalli;z) —li(z) = (1- ﬂ'); ( ; )-’-‘ (1—2) [E"‘m}
" (m . Cm—t [ T t
—I—r.rLZ:{:] (t): (1—2z) (E) - (E)

IRE 1716749 ICONIC RESEARCH AND ENGINEERING JOURNALS 3314



© APR 2026 | IRE Journals | Volume 9 Issue 10 | ISSN: 2456-8880
DOI: https://doi.org/10.64388/IREV9110-1716749

m—1

Tmalli;z) —li(z) = (1 —a) Z (Jm t_ 1) z' (1 — :j]m_l_] [tl"m,——ljl—f

— mim — 1)

= (m ¢ Cam—t T i
¥ z' (1 — — = =
+n§ (f) { ?) (m) (m)

|

m—1
: : _ m — 1 _ g |t —1+1
Tm‘a{hll_}—hl’l;] — {l —t'_]c]Z ( " ),Ztl:\l — :‘] el |:’.WUH——“]

" (m £r. mee [ 1 t
¥ E 21 — z — [ =
o 2 (f) { j (m) (m)
L /m—1 mit
— . - — (1 _ § _ B0 _aym—t—1
Jm:aulf .,] h{::l — [1 (}::l ( ¢ )., [1 4_} (—??](3'11 — l))

t=0

S (™) o ame (B (L
ﬂkg(f)éﬁl ?) (m) (m)

m—1
o N _ m—1\ , t
-‘m.c:“l-‘ﬁ?-l_'fl(‘ﬁ] - [l_ﬂ];( i )41(1_HJ L (Tﬁ,—l)
= (m i _ym—t t t
=3 (1) 0= (7))

. = [m . — t t .
Tmalli;z) —li(z) = [+ r_rz (f):t(l — z)™ ¢ (E) — (E) (14)

t=0
Where
m—1 .
— m—1 _t _ym—t—1 t
r_quﬂzg(t )uu—éj (m_l)
Since
(") =0

So, the value of ' at t = m is zero. Replacingm — 1 by m in I, we get

F:{L—ME:(T)ﬂl—ﬂm*(%)

t=(1

Substituting value of I' in equation (14), we get
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_ ? m N | ¢
T:'ﬂ:l:t“l:. :] — 'fl{::] = El — ﬂjZ (}:) :L“ - -'J:]m_t (E)

.m MY\ ¢y _ym—t i B i -
-H’.t;(f)ﬁ[l z) (m) (m) (15)

Bu(liz) =Y (]’:) M1 —2)mt =1

t=0

Now since

Substituting above value in equation (15)

nalli2) =) = (1=)(1) (%) +al) (%) - (£)
I T 1t
I m m
Tm:n{hz_ .’;) —_ El{.’;:] = (i) — ¥ (i) _|_ ¥ (i) — (i)
LI m It T

Tmallizz) —h(z) = 0

Fora = 0and 1, we have 7,, o (la; z) — la(z) = 0. So we consider the case 2 < a < m. Denoting

Emaa = Tm_.;[[EQQ ::I

by the recurrence formula in (12) we get

z(1 — z) ) 1—= 1 — a) 1 a—1
{’mﬁﬁ{-:) = rl }["(:J?l.ll.ﬂ—]rl‘::l]} + |:3 + ] [{m,n.a—I[:]] + { nj (m )

m m m e

- H“ — :)Bm{la—lz_ :)

X[BJH—I{EE: :) — B (Ia—lj_ :\J]
Adding and Subtracting

m

(a—1)z2"11 - 2) (1— z)zo"1

. z% and

i ' I
. N z2(l=2), oy (a=1):2211-2)  (a—1)22"1(1-2)
'-,m:a:a{_vj — m ['-,m.:(.ﬂ—][u-” - m + m
+ I:_,; + £i| ’{;m,a:a—l{:j] I {l - -’:] :a—l + {l — ,3);3—]
1M m m
. ) o a—1
} (1 — 0) (T“ l) [Bm—l(la:. Z} - Bm—]fga—lz :\]]
m m
0= g g z) + W=D e
m m
. " z(1—2z) . aetur L—=z] .. . .
I-,m:a:ﬂ'[.’;j] —z = — [.‘m_.;(_ﬂ_][,zj — =z I] + [, + T] [{_‘m:a:ﬂ,_l{z) — =z ]]
(1—a) fm—1\"" S —_—
+ m ( m ) [Bm—lua-. z) — Bm—]“a—l-, -)]
ol - z) Byl y:2) + (a —1)(1—=z) a1y (1— ,:J';ﬂ_]
m T m
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1 — , 1
Emaalz) —2° = a - d[u,mua 1(2) — 271+ [-’: +

i . o a—1
L) ( l) [Bun-1(la; 2) — Bm-1(la-1; 2)]

Tt m

_a(l- z)

—_ } Emaa1(z) — z*7

s

Bo(la_1:2) + u;ﬂ—l(ﬁ,—lﬂ]

m m
z(1 - 2)

l-(,m:f:::a{_::] —Z = [l-,m X, 3— ]L } -

m
l — 2 . R _a—1
m :| [{,m,a:a—l{_-f) - ]

+]s

(1—a) fm—1\"" _ 7.
' e ( m [Bm_l{la" z) — Br1(la—1; )]

L)Bmuﬁ] 2) + Lad=2) oy

m e

:a—l]:

Using the Bernstein’s inequality
. T
|Pr(2)] < — || Pl
T
[14] in the above recurrence, for |z| < 1y, 7y = 1, we have

) ) 1+r
|'~(mt:a:a{:] _Ea[;H = la— l}—ln'amaa 1{4}_£a 1{‘5 |||"]

+ I:T"I + { +”]:| |‘-(,T.'t:f.t:ﬂ—]{z} - Ea—][c:”
m

(1—a) fm-—1 a-l .
+- } ( ) “Bm—]”a'w:}' + |Bm—1{£a—]::}”
m m
all+7r1) 44

all +r) _ B
T'Bmuls 1;z jl| TI]

According to the inequality [22]
&G(2)| £ R |z —c < R

By some calculations the last inequality follows that

] ] 147
|'-(=m:fx:ﬂ{.:] - EGLLH = la— I}T”'-mt e a— 1{4} — Iy 1{4 ”rj
(1+r . .
+ |: T+ ]} |'~(,m:a:ﬂ—]{z} - ‘!ﬂ—]rv:}'
1 — 1 1
+{_ ”‘}[?_? £ro) 4 o .—i—ﬁ]ﬁ_l . a(l+ Tl}r?_'
1 T 1
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1+T1

|£m:a:a{:]_3a(3}| = [3_1} ™ ”im:a:a—l(z}_Ea—l{z}”m

+ I:Tl + {1 +le:| |'-(,m:a:u—1{ —la 1( }|
T

+{1 —a) ,  (1—a) . N all +r1) 4y N all+r1) 44

ry + ™ — —T
1m m m

1Em.a.a-1(2) = la—1(2) |1,

Lty
+ |j’"l + { :;;Ij:| |I.(,m:a:u—1{z} - Eu—l'[:”

1+T1

Emaalz) —la(z)] < (a—1)

a—1
H1 = a)ri + (1 - a) +a(l +m) +a(l + )]
1+r
emaa(z) ~La(2)] < (a= D [emaai(z) ~lt(2)l
(14+7)
+ I:T'I + - m I |'f=m:a:u—1{z} - Eu—l(:H
a—1
+ri—arm+1l—a+a+ar +a(l + ?‘1]]“—
T
1+7r
lémaalz) —la(z)] < (a—1) m 1||wma 1(2) — la—1(2)||r,
(14+7)
+ I:TI + - - : :| |'-(=m:a:u—1{z} _Eu—lli:H
a—1
+[ry+1+a(l+ rl)]ﬁ—
m
1+r
|";m:a:a{:] — ‘!al::” = (’J’ - 1) _ ! ”‘-,maa 1{ } - lr'4::—1'[2)”1"1
t'l +r1)] . i
+ |+ |‘-=m:c::u—l{z} - lr'4::—1(:” + [{Tl =+ 1]'(“ + 1)] m
1+r

|'§m=a=a{ﬂ - Ia(ﬂl = l:cr, - 1) ”wmﬂ 1( ) — Eﬂ—l(z]”ﬁ + T1|im.o.a—1{75) - EG—I{Z”

“"‘T a+1)(1+m) .
D emaa-t(z) ~loca(2)l, + T DEFT) 0o
a(l +r _
|{=”T;G;ﬂ{":] - ‘!al:':n {_: rl|'~£:n:a.u—1[:} - Eu—ll::” + u{”{mt,a:ﬂ,—l||1"1 + ||£u—1”r1]
4+ 1)1 +r
+fﬂ )l: ?I]T?_l
m
a(l +r a(l+ry
|E,m:a:ﬂ.{3] - Ea(:)l = r1|'-(,m:ct.u—1[:] - Eu—l[:” + ( 1) ”'-(,m:a:a.—ln?‘j m ||'fra 1”1"]
+{ﬂ-+ 1)(1 +?‘1]r?-1
m
According to the inequality
”Ea 1{ ]”1-'1 E?"l |Z—(.‘|£r1

By some calculations the last inequality follows that
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N a(l+ry) a(l+mry) oy

lmaalz) —L(2)] < milénaa-1(z) —lao1(2)| Iém.aa-tllry + =71
s 1];1 +71) ot (16)

mal) ~ L@ < rilémaaca(c) — o] + LD
Ha+1+a)ld ;ﬁ)rlﬁ_'

Emaalz) — lu(z)] < rllf,m:u.a_lfz}—Eﬁ_ﬂ':ll+W|léma—1”w
+{2a-+1]{1+?’l]r?-1 (17)

m

. For this aim, using the operator’s representation via divided
1

Now, let us obtain an upper estimate for ||§m‘a,a|

difference in (11)

. N =], Lfm— 1Y) ¢ 1 q
s = [0 )2 o 2]

q=0

. : - |
L Fg,..~1+q;£a]}M(rr*)q_-[{l._;....g,;ﬂ]
T — l . 1m T (1‘ i"!'!q T m

Now since |z| < r; and a > m, taking summation from g = 0 to a, we get

| m—1Y ¢! 1 q
£ z)| < l—a — |0, = =1
el < 3 |a=a)(" 1)L {[ Lo L)
I3 1 [
+ 2 {ii =ﬂiﬂﬁ} } +r.r(m>i {Ui ‘_ixla} i
m—1|m’ m m g)mi| 'm m
¢ . o - 1 _ m — 1 i i T i
mal2) K Z [{l Qj( q ) mf {[ﬂ__ m’ m’ Ea]

; ; . 1
. _a [1,z_..__1+q;fa]}+m(m)a-[{,,1_...__q,£ﬂu
T — J. . M T (j T'I'!q T ™

|‘-(,T'.l't:f.t:ﬂ,{:]| = 'rlﬁT‘.rra,f.t”ﬂ:.l) 118)

-

|

For |z| <7 with1 <71 < R1. Since 7,,,(h; 1) = h(1) for the a-Bernstein operator, (18) reduces to

|':;m.|::.ﬁ{. \]| = T?

Substituting the last inequality into (17), the following can be easily obtained

a(l + Tl)?"lﬂ_] N (2a + 1)(1 + 1‘]}?1?_1

|'-(,m:m:a{_:] - Ia(:H = |;Jn:n.u—] [:J' —laq [1” +

m T
. . . . 1+ _
|{,nt:r::a{_3) - Ia£f3J| = ?']lf,m::(.ﬂ—] (z) — En—l[;)l +(2a+ 1+ fi){ -;”)'rlﬂ ]
- ) Ba+1)(1+m) . .
|l.(,m:r:::a{_3] - £a£»3}| < |{m.f.1.a—l[ﬁj - Ia—l{:” + - . M r]]1"] ! |\]9J

m
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By writinga = 1,2, .., in (19), step by step, one has

. ‘ - (1+71) 4
z) — 1, (z) < Is+1)—r
maalz) —la(2)] < ;{% 1)=———ri

Tt
|J.;frz,f.1,ar:»3} — EQ(ZH [w 4 {L] u}-?—l

Case2:Fora > m = 2 and |z]| <r1 < R1, from (11) we have

m

|If,m=cx,a.'[-:] - fat:” < |{m.m.a(z}| + Hu{é”

- m— 1Y ¢! | q
(m aal®) — JI-51 (2) = 1 -« — U Ty —I_Eﬂ
maa(2) 2l Z ( Q'P( q )m‘? {[ m m ]

g=0

[ r 1
N elgz,wwmqkm@jghi,_gqruf
m — 1 T T q m? . T

Since|z| < r1, So we obtain

N fm—1Y ¢! 1 q
Emaal(z) — la(z = 1— — o |0, =, =,
|€m.c.a(2) (z)| Z [( a}( ; )m‘? {[ - - }

g=0

L9 |12 1l+gq, T /N PR i
m—1|m'm’" = m ° Ng/ma | "m Tmief] ]
a1 < ST a(™ o L L
|‘:m:a:a{.~j Ia[~.J'| = n [(l ﬂ]( q )mq 0, o -m-_fa

q=0
1 2 1+ | 1
2 |= = q;;ﬁ}}_ﬂr(m)q_[[].__....._i..ga]] 4l
m — 1 m m m q m? 1 T
|{,m:a:a{_:j - Ia[:” - T?ITm.a{_Ea; “ + T?

Using the fact 7,,, ,(h; 1) = h(1) for the a-Bernstein operator, the last inequality gives

Emaa(z) —la(z)] = " +71 < 2] (since m < a)
|J.;m,f.t,a';5} — Eﬁ{éﬂ < 2(m— 1]}"]“

: \ 2a(a —1

€maalz) —la(z)] < (:-T]”’?

As a consequence, combining Case 2 with the above Case 1, we obtain

mmﬂﬂ—&uﬂgkﬂ%_l+4{ ) o, 200 —1)

- 20"
— m— (20)

By writinga = 1,2 in (20), step by step, one has

| R
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]‘]J' ]. +I]] a1
Em Z |da|(a + 1)ar]™ - Z da|ar]

a=1
(s 4]
Z |d,|a(a — 1)r§2

(2) For the simultaneous approximation, denoting by { the circle of radius r, > 1y and center 0, since for any
|z]| <1 and € {, we have |u — z| = 1, — 1y, by Cauchy’s formulas it follows that for all |z] < r; and m € N, we
have

|éfn,f.‘:,ﬂ{z} — Eﬁ'lr’,”

| A

‘—‘I-.-

(a) (a} g [ Tmalh:u) — hiu)

Tmalhiz) —h'Y(z)] = |5 {_ m.all; P ) du

2me J, u — z|9
(q) (a) g [ |Tmalh;u) — h(u)]
(@) (. .  (a)

7 (B 2y — B9 (z)| < du
r'."l..f.'tl:\ ¥ :I I:\ 4 — 2?1_ Je |'E.[ _ 4|q_ |
(a {ah f' 1!1{h 2?_]"2

ol (h;z) — h'Y(z)] < L ) = |

. ’ 2r m (rg —ry)ot
M, (h)g'ry

79 (h: z) — h\9(z)| < ral

.o\ ) (z)| = m,i:.‘r‘-g- — T‘1:]q_l

which proves (2) and the theorem.
Voronovskaja Type

Theorem 2.5. Let 1y and Ry be constants such that 1 < 1y < Ry. Also, h : Dp, — Cis analytic in 1, with h(z) =
Yoodaz® Then for allm € N and a € [0; 1], we have

. L z(1—2) . .
lim m[rmalh; z) — h(z)] = ——h"(z)

M—r o0

D,..
uniformly in

Proof. Firstly we will prove the result [10]

lim (m Tmalhiy) — hiy)] — %I”{ ]) =

TM—rD0

for each y € [0; 1]
For t < m we have the taylor’s formula that

h(s) =h y}+(a—y}h[u}—|——h—ﬂh y}—i—o{‘w)ﬁﬁ—y}g

where lims — y o(s) = 0. Setting s = —, we get

i
h(ﬁ)_h(ﬁ+< ) "(y) + = (——J) h(ﬁ+fj(m) (m

Thus we have

(21)
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m
t \
m[Tmalh;y) — h(y)] = mZ g™ (y) | h (—) — h(y) (22)
— m
By equations (21) and (22), we have

o - t , L[t : t\ [t ?
m[Tmal(h;y)—h(y)] =m Z q;ﬂ{y] {(E — y) h'(y) + 3 (E — y) R'(y) +o (E) (E — y)
t=0

(23)
Now if we suppose that
m
Ol(y) =Y (t —my)qmi(y), 1=1,2
t=>0
So,
O1(y) =) (t — my)gs . (v) (24)
t=0
And
Oa(y) =) (t —my)’q5,(v) (25)
t=0

Substituting the values of O1 and O2 in equation (23), we have

. .\ P g By I " - i t jf.‘t
m[Tma(h;y)—h(y)] = O1(y)h LyHﬁ(.?z{yjh {y]—mz 0 (—) (— - y) Gm,e(Y)

1T .
t=0 X
(26)
Now we will calculate the value of O1 and O2. We have the following relations that
m
Z@'mz{y] = 1 {2?;1
t=0
m
> tgnaly) = my (28)
t=0
m
Y g5.(y) = mPy+[m+2(1 - a)ly(l-y) (20)
From equation (24), we have
m
Oily) = D (t—my)g.(y)
t= []
m
Oy(y) = Z tme(y) — > mygm.(y)
t= [] =0
m
Oily) = Z tqh () —my Y qo.(y) (30)

t=>0 t=0

Substituting the values from equation (27) and (28) in equation (30)
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O(y) = my—my(l)
O1(y) = my—my
O(ly) = 0 (31)

Now from equation (25), we have
m

Os(y) = Z(f—m.ﬂ“q::u{ﬂ
=10
m

Oaly) = (£ —2tmy + my g (y)
t= {]

Oa(y) = Zf‘qii,p ZEf‘mqur,Uf +Zm Y gm(v)

z{] t=0

t=0 t=0 t=0
Substituting the values from equation (27), (28) and (29) in equation (32)

Os(y) = m*y? 4 [m+2(1 — a)ly(1 — y) — 2my(my) + m?y?

Os(y) = m*y* +[m+2(1 —a)ly(l —y) — 2m*y* + m*y*

Oa(y) = [m~+2(1 —a)ly(l —y) (33)
Then use of equation (31) and (33) in (26) gives

m 2
mtmalhiy) —h(y)] = 21 [m+2(1—a)ly(l —y)h"(y) +m> o (?i) (i - y) Gnt(y)

n m
t=0

M[Tmalh;y) — h(y)] = (

Where
i t t :
Rm{y] = Z o (H) (E - ,’ij) ‘Im L{J)

=10
9
t . t
—_— + J—
(m y) G (y) E U(m)

We can get the inequality for0 < a <1
Um—ygm‘h“

) y(1 —y)h"(y) + mR,(y)

. t t :
|Rm(y)| = Z o (;) (; - y) Tt ()

[t/m—y|<m
Let § > 0 be given. We can find m sufficiently large such that |i - yl < m~Y8 implies |o (i) |<6 . Hence

, 5 o
If?mly}|£mf-?z{y}+ﬂ-f > gy

[t/m—y|zm—1/8

~1/8

where M = sup o(s)(s — y)2. By use of equation (33) and the Lemma that there is a constant C1 independent

0<s<1

of m such that for all y € [0, 1] and any real A € (0; 1/4) (where 1 = 1/8),

Y ghely) <Cm*HY

|tfm—y|=m~ A

We have
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C MC
|Rm[y_}| < —[m +2(1 — a)]y(1 —L,r‘]-l— -7 r:

, 21 —a _.‘[f(_',.'
|R:ln“f}| = m [l + E—ﬂ]] y”. — i!j}' + ]

m ml/2

where § is arbitrary and for the lim m — oo the values of right hand side of the above equation will be zero. So
we have

M—roh

lim (u y) — h(y)] - %‘ﬂrm) 0

foreachy € [0; 1].
According to the classical Vitali’s result [14], it suffices to show that the sequence

{m[rm_f_t(h; z) — h(z)] — Ljf "(z )}
- 2 me

of analytic functions in DR1 is bounded in each Dr1 . By Theorem 2.4, we can write

m[Tm.alh; z) — h(z)] — yh”(:} < m|mmalh; 2)—h(z) ‘ “2 ~h"(z 3‘
Now since
|R"(2)||r, = max{|h'(z)| where |z| < r}
m[Tm.alh; z) — h(z)] — #hﬂ(:} m|Tmal(h; z) — h(z)| + Ill[l: 1) |h"(2) ||,y
m[Tmalh; z) — h(z)] — #hﬁ(:} M (k) + L;_”]| B ||,

forallz € Dr1 with1 <r1l < R1and a € [0,1], where Mr1(h) is the constant

0< M, (h) = L;_THZ dal(a + 1arf™ + (1 + ?"1)2 |dy|ard™!
a=1 —

+2r2 Z dala — 1) ? <
a=2

This proves the theorem.
Theorem 2.6. Suppose that « is a real parameter satisfying the condition 0 < a < land h: DR1 - Cis
analyticin DR1,R1 > 1 with h(z) = Yoo daz®

1. If f is not a polynomial of degree < 1, then for all1 < rl < R1, we have

|Tm.rx|:h} —h |r-_ r E m e N

in Drl , where the constant in the equivalence depend on h and rl.
2. If1<1n <r, < Ryandhisnotapolynomial of degree < max{l,q — 1} (q € N), we have

~— meN

L ri M

H-‘Jlﬂ “” o hflﬂ

in Drl , where the constant in the equivalence depend on h, r1, r2 and q.
Proof. (1) Taking into account Theorem 2.5, there exist constants 0 < A1,A2 < oo independent of m such that

AI = m |T;.n_|-£f:.|r!} —h |r-_ < ’1_}
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from which it readily follows that

£ Ao
i = ” Tm o ”31" —h |r'-_ = i
I m
in Drl . Therefore, we arrive at the desired result.
(2) Denoting by ¢ the circle of radius 72 > r1 and center 0 (where 2 > r1 > 1), we have the inequality
lu—2z| = r2— rlvalidforall |z| < rlandu € (.
By the Cauchy’s formula, it follows that for all |z] < r1 and m,q € N

q! /’Tr,i_ﬂ{h: u) — h(u)

2m [, (u — z)a+!

Tma(h; 2) — B9 (2) =
Thus, from Theorem 2.5 we get

1 - (@)
lim m [T'*‘” (h;z) — h'*q:'(;_}} = M.ﬁ”[:]}

e M.

uniformly in Drl . Therefore, there exist constants 0 < M1, M2 < oo independent of m such that

(q) riy {q)
My <m || (h) — R'Y N < M,
which readily follows that
M, - - M,
m - i m

in 1. This completes the proof.
Shape Preserving Properties of Complex a-Bernstein Operator:

In this section, we prove that beginning with an index, the complex a —Bernstein operators 7, o (h; z) preserve

some geometric properties of h such as starlikeness, convexity and spirallikeness in the unit disk.

Theorem 2.7. Suppose that H < C is open such that D1 € G and h : H — C is analytic in H. Also let { €

(-53)
1. If'his univalent in D1, then there exists an index my depending on h, such that for all m = mo0, the
complex a-Bernstein operators T, o (h; z) are univalent in D1.
2. Ifh(0) = h'(0)— 1 = 0 (and h(z) # O, for allz € D1{0} in the case of spirallike of type {) and h
is starlike (convex, spirallike of type {, respectively) in D1, that is for allz € D1

zh'(z) =h"(z) ~zh'(z)
R ] = 0| Re ~ ] +1=0, Rele™ ~ | = 0. resp.
( h(z) ) ( W) ) ’ ( h(z) ) o

then there exists an index my depending on h (and on h and { for spirallikeness) such that for all m = m, the

complex a-Bernstein operators Tp, o (h; z) are starlike (convex, spirallike of type {, respectively) in D1.

Ifh(0) = K'(0) — 1 = 0 (and h(2) # O, forallz € D1{0} in the case of spirallike of type {) and h is starlike
(convex, spirallike of type {, respectively) in D1, then for any disk of radius 0 < o < 1 and center 0 denoted by
Dy, there exists an index my = my(h, D,) (my depends on  too in the case of spirallikeness), such that for all
m = my, the complex a-Bernstein operators T,, o (h; z) are starlike (convex, spirallike of type {, respectively) in
Dy, that is for all z € D,,.

IRE 1716749 ICONIC RESEARCH AND ENGINEERING JOURNALS 3325



© APR 2026 | IRE Journals | Volume 9 Issue 10 | ISSN: 2456-8880
DOI: https://doi.org/10.64388/IREV9110-1716749

':T';n.l‘x[:h: v}
Re (Zmalli2)) 4o o pe(eeZmalhiz) oo
e m + = ), el e m = W, ]l[e__gp_

Proof. If h is univalent in D1, from the uniform convergence in Theorem 2:4 and the result concerning sequences
of analytic functions converging locally uniformly to a univalent function, then it is immediate that for sufficiently
large m, the complex a-Bernstein operators 7,, ,(h; z) are univalent in D1 (Using the theorem: [15] Suppose
that 0 is a domain in C" and that h € H({2) is a biholomorphic mapping. Suppose {hata € N € H(Q) is a
sequence of mappings such that ha — h locally uniformly on . Let A be a compact subset of (). Then there exists
a0 = 1 such that ha|A is injective for a = a0)

Firstly, suppose that h(0) = h'(0) — 1 = 0 and h is starlike in D1. By Theorem 2.4 (2), we get that

Tmalh;z) = h(2), T o(h;z) = K'(2) and 7 (h;z) — h"(z) as m — oo

uniformly in D1. Now set

Ti'i"! .I'.!'[:'h ; ”}

1 , 2
(m— 2+ 2a)h (—) + (1 —a)h (—)
m m

well defined for sufficiently large m. Taking into account h(0) = h'(0) —1 = 0 and the univalence of h, we

get
, 1 , 2
(m — 2+ 2a)h (—) + (1 —a)h (—) 20
m m

Now we will calculate the value of Rm, a; _(h; z) at z = 0. So from equation (34)

Tom,a(h; 0)

2
(m — 2+ 2a)h (i) + (1 —a)h (i)
m m

Now we have to find the value of 7,,, , (h; 0). As we know that

m—1 m
m— 1 ¢y m—t— m ty m—t
Tmalh;z) = (1-a) E l"a( . ):'Ill —z) 'ta E h,(i ): (1—2z)

=1 =0 i
(36)

R alh; z) = {3-—”

R”q _|]-|:h . [}} —

Where

m— 1

t t
I, = (l — ) he + ——hyq, m =2
m — 1
Put z = 0 in above equation we get
Tmalh;0) =0

Substitute the above value in equation (35)

o (h:0
Roa(h: 0) = "m.a(h; 0) —0

2
(m — 2+ 2a) (i) + (1 — a)h (;)
m m
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Differentiating equation (34) with respect to z and put z = 0, we get

7 (h;0)
Ry o(h:0) = mal ) (37)

(m — 2+ 2a)h (i) + (1 —a)h (i)
m m

So, we have to calculate the value of 7', , (h; z) atz = 0. Differentiating equation (36) with respect to z, we get

m—1
Tmaliz) = 1—f”ZF( )Ifz“‘('l—z)m-f-'—l;m_ff._n.:f{-l_:r-'w-?]

_nZh,( ) _t:;z ! — )"t (m—t) (1 - )™ 1]

Where

I,=1(1- ! hy + Lhtﬂ m > 2
m— 1 m — 1

m—1 .
Tm, D;':\h' 4 = ]. — (1\] Z ( o 1)} + — — ht i (?ﬂ t_ l) :f,“_t_ll':]_ - Z}m—[—l

—(m—t—1)z"(1—- z_}m_"'}}

_(IZIE[< ) f.d C‘)'m t-{?”—f}" {l \Jm t— 1]

Whent = 0,2,3,4; ___,m— 1landz = 0 then we get
Iy z) =10

Tm, IIE
Ift = 1 then

T:n:::':\h:- Z) = “- - H,\-'{”'J - l} (1 - ;_]_) f

tamhy [(1— 2" = (m—1)2(1 — 2)™ 7]

—ha [(1 = 2)"7" = (m = 2)z(1 — )™

If we z = 0 in above equation then we have

mn{h 0) = (1—a)(im-— l}( — l) hy + — lh,_m{l —0) +amhy(1 —0)

T, al;h 0) = (1—a)im-—1) ( ) hy + hg + amh
m — 1 m —

Now, since it = h( ) So we have hl = h( )anth = h )

Substituting these values in above equation

a0 = (1—a)(im—-1) (l _ ! ) h (i) + l —h ( 2 ) + amh (i)
: m—1 m m—1 m m

o 0) = (m—1—am+a) [h (i) ! h (i) - ! h (E)} + amh (i)
: M m — 1 1 m— 1 m T
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2
) H 1) mh 1y _m k 1y, m ki—]—h 1 | : h E
s m m— 1 M m — 1 m m m — 1 m
2 2
1 h| = | — amh o o Z )+ ah i
m — 1 m T m— 1 m m — ] m m
L i | 2 h i F amh
m — ] m m— 1
2
o (k) mh ]— — ! h i
e T — ] m m — ] m m m — 1 m
9
1 NEAR T 5 i __am 1 ; C ok ]_ @ b L
m — 1 m m— 1 m m — 1 m m m — 1 m
|':|.
)
m—1 m
1 : ‘ 1
(k) m——— 1 f— o Fa— 2 Vn(=
m — 1 m—1 m-—1 m — 1 m
m 1 CeTTL a 2
} - — } m | —
m—1 m—-—1 m-1 m-—1 m
-1 -1 1 —1 —1 2
 _(h;0) m—14 - T i .:?:m hl—]+ - — - hi—
o m — 1 m — 1 m m— 1 m — | m
a9
) H 1) (m—1+a—-1+alh (i) F(l—a)h (i)
m m
o ) 1 ) 2
e H 1) (m—2+2a)h (—) F(l—a)h (—)
m m

Substituting the above value in equation (37), we get

(m—2+2a)h (L) F(l—a)k (;})
R, .(h;0) - =
(m—2+2a)k (L) F{l—a)h (;)
m m
R .(h0) — 1

And

. 1 : 2
(m—24+2a)h (—) F(l —a)h (—)
m m
f(]) R{0) h(ﬂ) h(0)
| — — Rl B 9 — — J|_.| ari
m (m—2+2a) | m 2(1 —a) L R(0) = 1

1 T m

IS

=

m n

as m — oo, we obtain
Rmolh;z) = hiz), Ry, .(h;z) — R(z2)
And
R" (h;z) = R"(z)

TR, i

uniformly in D1.

From the hypothesis we obtain |h(z)| > 0 forall z € D1 with z # 0, from the univalance of h in D1, implies
that we can write h(z) = z['(z), withI'(z) # 0, for all z € D1, where T is analytic in D1 and continuous in
D1.

Writing Rm, a(h; z) in the form Rm, a(h; z) = zSm,a(h; z), obviously Sm, a(h; z) is a polynomial of degree
<m— 1.Let|z| = 1. Then we get
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‘h{:) T Rm.a{h-; Z)
‘h{:) T Rm,a{h-; :)

= |z ‘F{:) — Smalh; 2:)|
— ‘f(z) — Smﬂ(h-: E:)‘

which gives the uniform convergence of Sm, a(h) to I by the uniform convergence of R'n, a(h) to h' and of
Sm, a(h) to I, with the help of maximum modulus principle. So for |[z| = 1, we have

R, (h52) 7 |#Smalhi?) + Smalhi2)]

Rpa(hiz) 2Smalhi 2)

hR;ﬂ,a(h Z} . = -T':ﬂ,a(h )+ Sm Cl(h Z) s EFI{:) + F(Z) . h-!(—:)
Rpo(h;z) Sm.alh; 2) I'(2) - T(2)

~R;m(h-:. D) 2(2)
Rpo(h; z) h(z)
which again by the maximum modulus principle, follows

=R’ {h “] zh’(

T, O

Rpa(hiz)  h(z)

as m — oo; uniformly in D1.

Since Re (%i?) is continuous in D1, there exists n € (0,1) such that
zh'(z __
Re (J =7, for all z € Dy.
h(z)
Thus

!

?"II',I'_'I ) s Re ( (i

ma:e h 4)

))3_}?;1:}0

\\.._..o-'

uniformly in D1, i.e. forany 0 <v < 7, there is m, such that for all m > m,, we get
m n ; ) Ea
>v >0, forall z€ Dy
ma:u h 7)

Since

Tn.al( P 2)

(m — 2+ 2a)h (%) + (1 —a)h (%)

then Rm, a(h; z) differs from 7,,, , (h; z) only be a constant. This Proves the starlikeness of

Royalh:z) =

Tma(h; z) for sufficiently large m in D1.
If h is starlike only in D1, the proof is identical with the first part. The only difference is that we reason for D,
with0 < o < 1instead of D1.

IRE 1716749 ICONIC RESEARCH AND ENGINEERING JOURNALS 3329



© APR 2026 | IRE Journals | Volume 9 Issue 10 | ISSN: 2456-8880
DOI: https://doi.org/10.64388/IREV9110-1716749

The proofs in the case when h is convex or spirallike of order { are similar and follow from the following
uniform convergence (on D1 or on D, with0 <o < 1)asm — o

zR;,, o (h; 2)
Rm,a(h‘; :}

Re

And

Re

. 2R, (R 2)

Ry o(h; z)

Thus, the proof is complete.
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