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Abstract- Malaria remains a major public health challenge
for children under five years in sub-Saharan Africa. This
paper develops an age structured SVIRSI compartmental
model to simulate malaria transmission dynamics with
RTS,S/AS01 vaccination as a control variable for children
under five years in Bungoma County, Kenya. The model
incorporates vaccination rate, vaccine efficacy, waning
immunity, and mosquito control. The effective
reproduction number R e is derived via the next-
generation matrix method. Positivity, boundedness,
existence, uniqueness, local and global stability of the
disease-free equilibrium are established. Sensitivity
analysis identifies the most influential parameters.
Bifurcation analysis reveals backward bifurcation.
Numerical simulations using the fourth-order Runge-
Kutta method confirm theoretical results. The computed
R _e=0.00157<1 indicates that the current vaccination
programme is sufficient for malaria elimination.
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L INTRODUCTION

Malaria remains one of the leading causes of
childhood morbidity and mortality in sub-Saharan
Africa, with children under five years of age bearing
the highest burden of severe disease and death.
Western Kenya, including Bungoma County, is
classified as a zone of high endemic transmission, and
the under-five population in this region faces repeated
exposure to Plasmodium falciparum despite long-
standing vector control programmes [7].

The RTS,S/ASO1 vaccine, recommended by the
World Health Organization for routine immunisation
of children in malaria-endemic countries, is now part
of the malaria control toolkit in sub-Saharan Africa. Its
clinical efficacy has been characterised in trial and

IRE 1718271

post-licensure studies, and economic analyses indicate
substantial potential gains in regions of high
transmission [4]. The population-level impact under
realistic coverage, vaccine waning, and continued
vector exposure, however, requires model-based
evaluation for each setting of deployment.

Compartmental models have been used widely for
malaria transmission, with variants for drug resistance
and population movement [l], vaccination and
pharmacological control [2,6], and heterogeneous
vector-borne  transmission [7]. Few combine
vaccination as an explicit control variable, waning
vaccine-induced immunity, and mosquito dynamics in
a single system fitted to the under-five population.

We develop an SVIRSI compartmental model for
children under five coupled to an SI mosquito
subsystem, with the vaccination rate, vaccine efficacy,
and waning rate as explicit parameters. The effective
reproduction number R, is derived by the next-
generation matrix method. Positivity, boundedness,
and local and global stability of the disease-free
equilibrium are then established. A normalised
sensitivity analysis is conducted, the Castillo-Chavez
and Song bifurcation criterion is applied, the model is
checked against published parameter ranges, and the
system is solved numerically by the fourth-order
Runge-Kutta method.

The remainder of the paper is organised as follows.
Section 2 describes the model. Section 3 states the
underlying assumptions. Section 4 presents the
compartmental diagram. Section 5 formulates the
governing system. Section 6 carries out the
mathematical analysis. Section 7 lists the verification
checks. Section § concludes.
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IL. MODEL DESCRIPTION

The human population is partitioned into Susceptible
(Sy), Vaccinated (V},), Infected (I,) and Recovered
(Ry,) children under 5 years. The mosquito population
is divided into Susceptible (S,,) and Infected (I,,)
mosquitoes. Total populations are Ny, =S, +V, +
Iy, + Ry, and N, = S,,, + I, as in [1]. Children enter
(S,) at rate IT,. Following an infectious bite (b), a
proportion becomes infected at probability e; with
force of infection 4, latent period t,, vaccination rate
U, progression rate @. Children die naturally (d;) or
from malaria (§). A proportion of (S;) progresses to
V,, atrate (1 — u), then to I, atrate {(1 — @) (vaccine
efficacy 0). Infected Children (1) recover at rate k to
recovered Children (R},), then return to (S;) due to
waning immunity at rate . Female Anopheles
mosquitoes enter (S,,) at rate IT,,, become infected
after biting an infected child at rate o, latent period
(T,), force of infection A,,. Mosquitoes die at rate
d, + ¥ (induced death ¥).

III.  MODEL ASSUMPTIONS

The model rests on the following assumptions.

i. Number of mosquitoes (M) is constant, as is the
number of humans (N).

ii. Mosquitoes are either susceptible (S,,) or
infectious (I,,,), as are humans.

iii. Recruitment into the children and mosquito
populations is through birth only, at constant rates
[T, and I1,,, respectively. In the absence of disease-
induced mortality, these rates balance the natural
death rates, keeping the total populations
demographically stable.

iv. The vaccinated individuals at rate (u) lose
immunity at rate (w).

v. Humans have natural death rate of (d;) and also
die due to plasmodium parasite at rate (§) and
mosquitoes have natural death rate of (d,) and
induced death rate ().
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IV. COMPARTMENTAL DIAGRAM

Figure 1 shows the compartments and the flows
between them under the assumptions in Section 3.
Solid arrows are transitions within a single population.
Dashed arrows are cross-species infection events
between infected mosquitoes and children, and
between infected children and susceptible mosquitoes.

Children - 5 yoars Population

Figure 1: Compartmental diagram for SVIRSI
malaria transmission dynamics with vaccination as a
control variable

V. MATHEMATICAL MODEL
FORMULATION

The system of nonlinear differential equations is:

ds
d_th =1, + wRy, — (1 — )Sy — padpytplmSp — d1Sp
av,
il (A =w)Sp =1 = O) [y Vy — dqVy,
dl,
E = {(1 - Q)Ith + ,ua/’{h‘fhlmsh - th - (dl + 6)1}1
dR,
F :KIh_th_leh
ds,,
W = Hm - GAmeIhSm - (dz + lP)Sm
dr,
F = O'}lmeIhSm - (dz + lp)lm

The forces of infection are A,(a,t) =
[ ¢1(a,ay; )1, (ay, t) day and An(a,t) =
[ ¢,(a,ay;t)1,,(a, t)da,. Progression rates: a =
be,, ¢ = be,. Latent periods:
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a

T, =,
"Tatk+d, +6

g

Ty =—————
™ oo+d,+¥

Table 1: Key state variables and parameters of the

SVIRSI model per Year.

Symbol Description Value Source
State Variables (Initial Conditions)
SwVn, In, R, (Susceptible, (100,  Estimated
Vaccinated, 80,
Infected, 90,
Recovered) 60)
Sonr Im (Susceptible, 200, Estimated
Infected) 170
mosquitoes
Human Parameters
I, Children 0.3 [2]
recruitment
rate
U Vaccination 0.7 Estimated
rate
o Vaccine 0.8 [2]
efficacy
Recovery rate  0.143  [2]
Disease 0.006  Estimated
induced death
rate
An Force of 0.5 [1]
infection
(children)
Mosquito Parameters
I, Mosquito 0.07 [7]
recruitment
rate
d, Natural death 0.08 [6]
rate
U4 Induced death 0.035 [7]
rate
Am Force of 0.3 [6]
infection
(mosquitoes)
Transmission Parameters
b Mosquito 0.12 [2]
biting rate
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Symbol Description Value Source

e, Transmission 0.8 [2]
probability:
mosquitoes to
children

e, Transmission 0.5 [7]
probability:
children  to
mosquitoes

VI. MODEL ANALYSIS

We now analyse the model. Existence and uniqueness
of solutions are proved first, then positivity and
boundedness in the feasible region. The effective
reproduction number R, is derived by the next-
generation matrix method. Local and global stability
of the disease-free equilibrium follow. A normalised
forward sensitivity analysis and the Castillo-Chavez
and Song theorem are then applied to study the
bifurcation at R, = 1.

Existence and Uniqueness

The right-hand side F (Y) of system (1) is continuously
differentiable in RS. For ¥ = (S, Vi, I, R, S I
All F; are C', so a solution exists. Moreover, F is
locally Lipschitz because

IFY) —FR) IhsLIY,—Y, I,

with L = max{By, ..., Bg}. Thus, by the Cauchy-
Lipschitz theorem [1], for any non-negative initial
condition

(51.(0),V,(0),1,(0), Ry, (0), $,,(0), I, (0)) € R,
there exists a unique local solution.

Positivity and Boundedness

The state variables must stay non-negative for all t >
0, and the human and mosquito populations must stay
bounded. Theorem 1 states this formally.

Theorem 1. If §,(0) =0, V,(0) =0, [,(0) =0,
R,(0) =0, S,,(0) > 0, I,,(0) = 0, then all solutions

remain non-negative for all t> 0. the region

4= {(Sh.l Vh! Ihr Rhl Sml Im) € Ri Nh = (1_nh

w+dy

is positively invariant [1].

3458

il
S m
dy+¥
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Effective Reproduction Number (R,)

The disease-free equilibrium (DFE) is obtained by
setting all derivatives to zero and I, = [, = 0 as in

[2].

E —( i
T\ -w+d [A-w+dld,’

1 -wiy, Iy,
0, 0, m, 0

To derive R,, the next-generation matrix method was
used [3]. The infected compartments are X =
(In, I,)T. The new infection matrix F and the transfer
matrix V in the DFE are:

_ [ 0 -0+ ya/‘lhrhs,?] Y= [x +d,+6
AT SS, 0 ’

The next-generation matrix is K = FV~! and R, is its
spectral radius:

(1-wip mp m
2 = (“1 O G prara + T (1—u)+d1> <U’1mf’" a2+w>
=

d, +¥ K+dy+6

R, =0.00157056 < 1. Hence, malaria is near
elimination.

Local Stability of the Disease Free Equilibrium

Near the disease-free equilibrium E,, local behaviour
is set by the eigenvalues of the Jacobian at E.
Theorem 2 gives the threshold condition for stability
in terms of R,.

Theorem 2. The disease free equilibrium E, of the
system is locally asymptotically stable if R, < 1, and
unstable if R, > 1.

Proof. The Jacobian matrix J(E,) evaluated at the
disease-free equilibrium E, yields six eigenvalues.
Four are obtained explicitly:

A =—-(di+1-p)
A, =-—d;

A3 =—(w+dy)

Ay =-(d+¥)

Under the biologically necessary conditions d; >
0,d,>0,w=0,% >0, and u < 1, all four satisfy
A1, A5, A3, 14 < 0. The remaining two eigenvalues Ag
and A4 are roots of the characteristic quadratic

pA) =2+adl+a,=0
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L]
0 dy+¥

with coefficients

a, =m+d;+8)+(d,+¥)
a, =k+d +6)(d, +¥)1-R,)

Step 1: Sign of a;.
Since all epidemiological parameters are strictly
positive, it follows immediately that

Step 2: Sign of ag-
From the expression

ay=(k+d +6)(d,+¥) 1-R,)

since (k + dy + 8) > 0and (d, + W) > 0, the sign of
ap, is determined entirely by (1 -—R,).
Step 3: Routh—Hurwitz Conditions.
For the quadratic p(1) = A% + a; A + a,, the Routh—
Hurwitz criterion states that both roots have strictly
negative real parts if and only if both conditions

a; >0 and a, >0

hold simultaneously. We now verify each case
explicitly via the quadratic formula

—a; £V4
s_ezlf, where A4 = a? — 4aq,

Case 1:

The expression for ay, since (k +d; + &) > 0 and
(d,+¥)>0:

a; >0 and ag >0

Hence both roots A5 and A4 have strictly negative real
parts. Explicit verification via two sub-cases for the
discriminant 4 = a? — 4a,:

i. Complex roots (4 <0). Both roots are
complex conjugates:

Rog= =Sy ¥l
>6 2= 27
where A4 = a? — 4a, <0, so |4A| = 4ay, — a? >
0. The real part of both roots is
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a
Re(/lsyﬁ) = —71 <0, since a; > 0

Hence both complex conjugate roots lie strictly in
the left half-plane, ensuring asymptotic
stability.

ii. Real roots (4 =0). The -characteristic
equation

AZ + al A + ao = O
has two real roots Ag, ¢ € R that is;
As+2.6:_a1<0, /’1.5/’1.6:a0>0

Both positive or negative Combination for:

2'52'6 =a0>0 }
ls'{‘lﬁ :_a1<0

Explicitly, the roots are:

—a, +a? — 4aq,
/‘{5,6 = 2 0

In both cases (4 < 0 and 4 > 0), under the conditions
ay > 0 and a; > 0, all roots satisfy

Re(4s6) <O,

confirming that the subsystem associated with A5 and
A¢ 1s asymptotically stable. In either sub-case
Re(4s6) < 0. Combined with Ay, ..., 4, < 0, all six
eigenvalues of J(E,) have strictly negative real parts.
By Lyapunov’s first method, E, is locally
asymptotically stable.
Biological interpretation: when R, <1, each
infectious host generates fewer than one secondary
infection on average; small perturbations around the
disease-free state are self-correcting and the infection
dies out locally.

Case 2:

From the expression for a, since (k +d; + ) >0
and (d, + ¥) > 0:

ap = (K + dy +8)(dy + ¥)(1 = R,) < 0

The Routh—Hurwitz condition a; >0 holds
unconditionally. Hence, at least one root of p(1) must
have a strictly positive real part. Explicit verification.
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Since a, < 0, we have —4a, > 0, so the discriminant
satisfies

A=a?—-4ay,>a?>0

Consequently V4 is real and strictly greater than a,:

Va > /af=a1>0

The two roots are therefore both real and distinct:

__a1+\/Z

15=—<0, /‘{6 2

Since VA > ay, it follows directly that

__a1+\/Z>_a1+a1_

p)
6 2 2

0
Hence Ag > 0 strictly, consistent with the violated
Routh-Hurwitz condition. Therefore,

which requires the two roots to carry opposite signs,
and

/‘15+/‘l6=_a1<0

which forces the negative root to dominate in
magnitude, |1s] > A¢ > 0. Since J(E,) possesses the
strictly positive eigenvalue A4 > 0, the stable and
unstable manifolds of E, are non-trivial; there exists a
one-dimensional unstable manifold along which
trajectories move away from E,. By Lyapunov’s first
method, E, is unstable.
Biological interpretation: when R, > 1, a single
infectious individual generates more than one
secondary infection on average; the disease-free state
is no longer self-correcting and the infection can
invade and persist in the population.

Boundary case R, = 1.
From the expression for a,:

ag=w+d, +8)(d,+¥)-0=0
With a, = 0, the quadratic reduces to

pD)=2+a1=11+a,)

ICONIC RESEARCH AND ENGINEERING JOURNALS 3460



© MAY 2026 | IRE Journals | Volume 9 Issue 11 | ISSN: 2456-8880
DOI: https://doi.org/10.64388/IREV9I11-1718271

giving A5 = —a; < 0 and A4 = 0. A zero eigenvalue
signals a non-hyperbolic equilibrium; the Routh—
Hurwitz condition ay, > 0 is not satisfied. Linear
analysis is inconclusive and a centre-manifold
reduction is required to determine stability at this
threshold. O

Global Stability of the DFE

Trajectories far from E, may still sustain infection. To
show that every trajectory in the feasible region
converges to the disease-free state when R, < 1, we
use a Lyapunov function and LaSalle's invariance
principle.

Theorem 3. If R, < 1, the disease-free equilibrium E
is globally asymptotically stable in the biologically
feasible region .

Proof. Define the Lyapunov function

1 1
L= I
kK+d, +6 h+d2+lP

I,

Since all model variables are non-negative in £, we
have L > 0 with L =0 if and only if [, = I, = 0.
Differentiating L along solutions of the system gives

. i i
i = h + m
k+d, +6 d,+¥
ﬁhShIm ,Bmsmlh -7

“ktdi+e " dyr@ M
Since S, < SP and S, < S, throughout {2, we obtain

ﬂhSi? ﬁmsrel
Tk+di+8 T dy+ W

ﬂm51?l :Bhsi?
= -1 ——1]1
(d2+'1’ nt k+d, +6 m

Recalling that

In =Ty —Im

R = .Bhsi(z) .,Ber?L
¢ k+di+6 d+¥

when R, < 1 both bracketed coefficients satisfy

ﬂmS‘r?l Bhsi?
<1 —_— <1
g rw =t s S

so L < 0 for all (I,,1,,,) € 2. Moreover, L = 0 if and
only if I, =1, =0. The largest invariant set
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contained in {L = 0} is the singleton {E,}. By
LaSalle’s invariance principle, every trajectory in .2
converges to E,, which is therefore globally
asymptotically stable. O

Sensitivity Analysis

0Re x

. . e s . . R
Normalized forward sensitivity indices S, ¢ = C—
0x Re

are computed as delineated in [5].

Table 2: Normalised forward sensitivity indices of

R..
Parameter Index (S,Ze °) Effect
0, Am, T, I, +0.5 Moder
ate
positiv
e
2] (1 —-w){O® Fracti
2[dpar,T, + (1 — ). onal
negati
ve
U U dyar,t, — {(1 — Fracti
2 dl,ualh‘rh + (1 — [_l){‘ onal
2 positiv
- d;+(1- #)) ¢
Interpretation

i. The Parameters with index +0.5
(0, 2oy Ty [T, IT3,) are equally influential: a
10% increase raises R, by 5%.

ii. Vaccine efficacy (@) decreases R,, and the
vaccination rate (i) becomes beneficial when
efficacy exceeds a threshold, becoming a
priority for malaria vaccine as a control.

Bifurcation Analysis

Applying the Castillo-Chavez and Song theorem as in
[8] with bifurcation parameter ¢ = ual,t; evaluated
at R, = 1 we computed the coefficients

a = 2vs[pad,t, wiwg + {(1 — 0) wowg] + 2v4 0, Tp waws < 0

b=U3W6S;>0

Since a < 0 and b > 0, the model exhibits a backward
bifurcation at R, = 1 by [2]. This implies, reducing
the effective reproduction number below unity is not
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sufficient to eradicate the disease, instead R, must be
driven below a subcritical threshold R, <1 to
eliminate the infection.

VII. SVIRSI Model Validation

Table 3 lists the mathematical verification checks for
the SVIRSI model. The model is treated as a
deterministic system, so goodness-of-fit metrics that
depend on calibration to observational data are not
reported. Each row in Table 3 records a property that
has been proved or computed in Section 6, together
with the result and the location of the proof.

Table 3: Mathematical verification checks for the

SVIRSI model.
Establish
Check Criterion Result ed in
Well- Solution Confirme Section
posedness exists and d 6.1, [1]
is unique
in the non-
negative
cone
Positivity Trajectori  Confirme Section
and es remain d 6.2, [1]
boundedne in the (Theore
ss feasible m 1)
region Q
Disease- Eo exists Confirme Section
free and is d 6.3, [3]
equilibriu unique
m
Local All Confirme  Section
stability of eigenvalu d 6.4, [3]
DFE es of J(Eo) (Theore
have m 2)
negative
real parts
when .
<1
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Global Lyapunov  Confirme Section
stability of function d 6.5
DFE decreases  (Theore

when . m3)

<1
Sensitivity ~ Normalise Done Section
analysis d forward (Table2) 6.6, [5]

sensitivity

indices

computed

for all

parameter

s
Bifurcation CCS Done [8]
behaviour  theorem (Section
at R.=1 coefficien  6.7)

ts a, b

computed

Parameter ~ Values lie Confirme [1], [2],

range within d [41, [6],
coherence  published [7]
malaria-
model
ranges
Interpretation

All eight checks pass. The model is well-posed, the
disease-free equilibrium is locally and globally
asymptotically stable when the effective reproduction
number is below one, and the parameter values lie
within ranges reported in published RTS,S/AS01 and
malaria studies for sub-Saharan Africa. Calibration
against Bungoma County time-series data is not
attempted here.

Numerical Simulation (RK4)

The system (1) solved using the fourth-order Runge-
Kutta method with a step size h =0.01 days
(satisfying h < 2.785/|Anax]) as in [9] . Simulations
confirms rapid convergence to the disease free
equilibrium when R, < 1.
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VIII. CONCLUSION

An age structured SVIRSI model formulated to
evaluate the impact of RTS,S/ASO1 vaccine on
malaria transmission in children under five in
Bungoma County, Kenya. The effective reproduction
number R, = 0.00157 < 1 confirms near
elimination, with a locally and globally asymptotically
stable disease free equilibrium. The Backward
bifurcation indicates that maintaining R, below a
subcritical threshold is critical for sustained
elimination.
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