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Abstract- Modern transport systems have undergone 

significant advancements, necessitating improved 

structural models for analyzing the dynamic response of 

beams under moving loads. This study investigated the 

response of an Euler-Bernoulli beam with variable elastic 

K-stiffness subjected to a partially distributed moving 

mass. The beam is simply supported, and the moving mass 

travels at a constant velocity. A mathematical model is 

developed, incorporating the effects of stiffness variation, 

inertia, and load distribution. The governing equation is 

solved using an analytical-numerical approach with 

Maple. Results indicate that the effect of a moving mass is 

more significant than that of a moving force, influencing 

beam deflections based on stiffness variations. These 

findings provide insights into optimizing beam designs for 

transport and structural applications. 
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I. INTRODUCTION 

 

The dynamic behavior of beams under moving loads 

has long been a critical area of research in structural 

mechanics, particularly for applications where 

structures must endure time-varying forces [1]. The 

Euler-Bernoulli beam theory, one of the most 

fundamental models in this field, assumes that beams 

bend under applied loads while neglecting shear 

deformations and the rotational inertia of beam 

elements. Though the Euler-Bernoulli model is 

effective for many practical problems, it becomes 

significantly more complex when considering beams 

with varying elastic properties and the effect of 

moving loads. This complexity is further magnified 

when the beam is subjected to a partially distributed 

moving load, a scenario that commonly occurs in 

real-world applications, such as railways, bridges, 

and transportation infrastructure [2-4]. 

 

The study of Euler-Bernoulli beams with variable 

elastic properties, particularly those with K-stiffness 

that varies along the beam's length, plays a crucial 

role in modern engineering [5]. These beams are 

essential in representing structures made from 

materials whose stiffness is not constant but changes 

due to factors such as material heterogeneity or 

environmental conditions. K-stiffness, in such cases, 

is often modeled as a function of spatial coordinates 

along the beam's length, offering a more precise 

representation of real-world scenarios [6]. This 

approach allows for better understanding and 

prediction of the behavior of structures subjected to 

dynamic loads and varying material properties [7]. 

 

When a moving load is applied to a beam, the 

dynamic behavior becomes significantly more 

complicated. The load does not remain fixed at a 

single point but instead moves along the length of the 

beam, continuously altering the forces and 

deformations the beam experiences [8]. The nature of 

the load itself is another important factor; a moving 

load is often partially distributed along the length of 

the beam, rather than being a point load. This 

partially distributed load can vary in magnitude, 

intensity, and distribution along the beam, making the 

analysis more challenging. The combination of these 

variables, variable stiffness and a partially distributed 

moving load introduces intricate dynamics that are 

critical for understanding the behavior of structures 

under real-world conditions [9]. 
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Many studies [4,8,10-16] have been conducted to 

investigate the dynamic behavior of beams under 

moving loads. Early works focused on the analysis of 

beams with constant stiffness under point loads, 

which could be modeled using classical beam theory. 

However, as engineering challenges evolved, there 

was an increasing need to account for variable 

material properties and complex loading scenarios. 

Researchers [8,17-21] have developed various 

mathematical and computational models to capture 

the dynamic responses of beams with spatially 

varying stiffness. These models involve partial 

differential equations that describe the beam's 

deflection, velocity, and acceleration as a function of 

both time and spatial position. 

 

The effects of a moving load on a beam's dynamic 

response can be particularly severe. In certain cases, 

resonance phenomena can occur when the frequency 

of the moving load matches the natural frequency of 

the beam. This can lead to large deflections and 

potential structural failure. This phenomenon is well-

documented in the literature, and much research has 

been dedicated to understanding the conditions under 

which resonance can occur and how it can be 

mitigated. In beams with variable stiffness, the 

resonant frequencies themselves change along the 

beam’s length, adding further complexity to the 

analysis [22-23]. 

 

For beams with variable stiffness, it is essential to 

model the stiffness variation accurately. The stiffness 

function, often denoted as K(x), where x represents 

the position along the beam, can take various forms 

[24-26]. In many cases, the variation is linear, 

exponential, or polynomial, depending on the 

physical properties of the material and the geometry 

of the beam. The inclusion of variable stiffness 

introduces a non-uniformity in the distribution of the 

beam's flexural rigidity, which affects both the 

natural frequencies and the mode shapes of the beam. 

This is a critical consideration in the design of 

structures like bridges, where the stiffness of 

materials can vary due to aging, wear, or 

environmental conditions [27-29]. 

 

Additionally, the nature of the load itself plays a 

significant role in the beam's response. A moving 

load is typically characterized by both its magnitude 

and its position along the beam, as well as its velocity 

[30-31]. The velocity of the load introduces time-

dependent effects, which must be carefully 

considered in the analysis. In many cases, the moving 

load may be partially distributed along the beam, 

further complicating the problem. Such loads can be 

modeled as a function of position along the beam and 

time, where the load distribution changes 

dynamically as the load moves [32]. 

 

The interactions between the variable stiffness of the 

beam and the moving load have been explored in 

numerous studies [33-43]. Numerical methods, such 

as finite element analysis (FEA), have become 

increasingly popular for simulating the dynamic 

behavior of such systems. These methods allow for 

the incorporation of complex boundary conditions, 

variable material properties, and time-varying loads, 

providing more accurate and detailed results than 

traditional analytical methods. In finite element 

modeling, the beam is discretized into small 

elements, and the governing equations are solved for 

each element, taking into account the varying 

stiffness and the moving load [44]. 

 

In addition to numerical methods, experimental 

approaches have also been used to validate the 

theoretical models. Laboratory tests on beam 

specimens with variable stiffness and moving loads 

provide valuable data that can be compared to the 

predictions made by numerical models. These tests 

help to refine the models and improve their accuracy, 

especially when dealing with real-world materials 

and loading conditions. Experimental results can also 

reveal unexpected behaviors, such as non-linearities 

or unexpected resonance effects, that may not be 

captured in theoretical models [45-46]. 

 

The study of partially distributed moving loads on 

beams has applications in many fields [47-51]. In 

civil engineering, bridges and overpasses must be 

designed to withstand the dynamic effects of moving 

vehicles, which exert varying loads on the structure 

as they pass. Similarly, railway tracks must be 

designed to handle the effects of trains passing over 

them, which can result in significant dynamic forces. 

In these cases, the load is often partially distributed 
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along the length of the beam, and the stiffness of the 

beam may vary due to factors such as wear, aging, or 

different materials used in different sections of the 

structure [52]. 

 

The analysis of such systems is crucial for ensuring 

the safety and longevity of infrastructure. 

Understanding the dynamic behavior of beams under 

moving loads, engineers can better predict the 

performance of structures under real-world 

conditions and design them to withstand these forces. 

Furthermore, by considering the effects of variable 

stiffness and partially distributed moving loads, 

engineers can develop more efficient designs that 

minimize material usage and reduce costs without 

sacrificing safety or performance [53-54]. 

 

The dynamic behavior of Euler-Bernoulli beams with 

arbitrary numbers of variable elastic K-stiffness 

under partially distributed moving loads is a complex 

and highly relevant area of research. The 

combination of variable stiffness, moving loads, and 

time-varying effects introduces significant challenges 

in both the theoretical analysis and numerical 

simulation of these systems. As such, ongoing 

research in this field is essential for advancing our 

understanding of beam dynamics and improving the 

design of structures subjected to dynamic loading 

conditions. Future work will continue to refine 

mathematical models, improve numerical methods, 

and validate these models through experimental 

testing, ensuring that engineers can design safer, 

more efficient structures capable of withstanding the 

challenges of modern infrastructure [55-56]. 

 

The need to study the behavior of structures under 

moving loads with variable velocity has become 

increasingly important. Real-world applications such 

as acceleration and braking of automobiles on 

roadways and bridges, aircraft takeoff and landing on 

runways, and braking and acceleration forces in 

railway bridge calculations highlight the necessity of 

understanding these dynamic effects. Addressing 

these challenges will contribute to the development 

of more accurate predictive models and improved 

structural designs, ensuring the safety and efficiency 

of transportation and infrastructure systems. The 

study would be beneficial to civil engineers, 

construction professionals, transportation agencies, 

researchers in structural dynamics, manufacturers of 

damping devices, and environmental engineers. They 

can apply the findings to improve infrastructure 

design, enhance the resilience of beams under 

dynamic loads, and develop more effective damping 

systems for safer, durable structures. 

 

II. MATERIALS & METHODS 

 

2.1 The Old Model of Oni and Awodola [57] 

Consider a long slender beam as shown in figure 1 

subjected to transverse vibration. The free body 

diagram of an element of the beam is shown in figure 

2, where, ( , )M x t  is the bending moment, is the 

( , )V x t  shear force, and ( , )f x t  is the external 

force per unit length of the beam. Since the inertia 

force acting on the element of the beam is  
2

2

( , )w x t
Adx

t





 

 

Balancing the force in z direction gives: 
2

2

( , )
( ) ( , ) ,

w x t
V dV f x t dx V Adx

t



− + + + =


 

(1) 

 

Where   is the mass density and   is the cross – 

sectional area of the beam. The moment equation 

about the y axis leads to: 

 

( )( ) ( ) ( , ) 0
2

dx
M dM V dV dx f x t dx M N U U U+ − + + − − + − =

(2) 

 

V
dV dx

x


=


  and  
M

dM dx
x


=


   (3) 

 

And neglecting higher powers of dx  , the equations 

2 and 3 can be written as: 
2

2

( , ) ( , )
( , )

V x t U x t
f x t A

x t


 
− + =

 
   (4) 

( , )
( , ) 0

M x t U
V x t N

x x

 
− − =

 
 (5)  
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Fig. 1. A beam under transverse vibration 

 

 
Fig. 2. Free body diagram of a section of a beam 

under transverse vibration 

 

Figure 1 presents a schematic representation of a 

beam subjected to transverse vibration, a scenario 

commonly encountered in structural and 

transportation engineering. The beam is supported in 

such a way that its left end is fixed, restricting both 

vertical displacement and rotation, while the right 

end is simply supported, permitting rotation but not 

vertical movement. This configuration is typical in 

practical engineering applications where structures 

experience varying support conditions. A 

concentrated load, denoted by 𝑊, is applied at a 

specific location on the beam and is shown moving 

from left to right along the length of the beam. The 

position of this moving load at any time is indicated 

by the variable 𝑥, while 𝑑 represents the direction of 

motion. This setup simulates the dynamic behavior of 

the beam under the influence of a moving force or 

mass, such as a vehicle crossing a bridge or a trolley 

moving along a track. The transverse vibration 

resulting from the moving load introduces deflections 

in the beam, which vary with time and the position of 

the load. This figure forms the basis for analyzing 

how different parameters, such as the speed, 

magnitude, and nature of the moving load (force or 

mass), affect the dynamic response of the beam. Such 

analysis is crucial for ensuring the structural integrity 

and performance of components in systems like 

railways, bridges, and mechanical assemblies. 

 

Figure 2 presents a detailed free body diagram of a 

small section of a beam undergoing transverse 

vibration. This diagram is foundational for deriving 

the equations of motion used in analyzing beam 

dynamics under varying load conditions. The beam 

element is shown with a differential length 𝑑𝑥, 

isolated to study the internal forces and moments 

acting on it. The coordinate axes indicate that the 

beam lies along the horizontal 𝑥-axis, while the 

transverse displacement occurs along the vertical 𝑧-

axis. A distributed load 𝑓 (𝑥, 𝑡) 𝑑𝑥 acts vertically on 

the element, representing a time- and position-

dependent external force such as a moving load or an 

oscillatory excitation. To understand the internal 

stress state of this beam section, the diagram shows 

the shear force 𝑉 and bending moment 𝑀 acting on 

the left face of the element. On the right face, these 

quantities increase incrementally to 𝑉 + 𝑑𝑉 and 𝑀 + 

𝑑𝑀, respectively, accounting for changes along the 

beam's length. The rotation of the beam element is 

denoted by the angular displacement 𝜃, which 

increases by an infinitesimal amount 𝑑𝜃 across the 

element, signifying bending deformation due to the 

applied load. 

 

The combination of shear forces, bending moments, 

and angular rotation illustrates the dynamic behavior 

of the beam section, and the figure serves as a visual 

foundation for formulating the differential equations 

that govern the transverse vibration of beams. 

 

By using the relation M
V

x


=


  from above two 

equations: 

 
2 2 2

2 2 2

( , ) ( , )
( , )

M x t U x t U
f x t A N

x t x


  
− + = −

  
(6) 
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From the elementary theory of bending of beam, the 

relationship between bending moment and deflection 

can be expressed as: 

 
2

2

( , )
( , )

U x t
M x t EI

x


=


   (7) 

 

where E is the Young’s modulus and I  is the 

variable moment of inertia of the beam cross section 

about the y  axis. Inserting equation (7) into (6) for 

the forced transverse vibration of a uniform beam 

gives: 

 

2 2 2 2

2 2 2 2

( , ) ( , )
( , )

U x t U x t U
EI A N f x t

x x t x


    
+ − = 

    

(8) 

 

For a uniform beam equation (8) reduces to: 

 

4 2 2

4 2 2

( , ) ( , )
( , )

U x t U x t U
EI A N f x t

x t x


  
+ − =

  
(9) 

 

For free vibration ( , ) 0f x t =  , and so the equation 

of motion becomes: 
4 2

2

4 2

( , ) ( , )
0

U x t U x t
c

x t

 
+ =

 
   (10a) 

where: 

El
c

A
=       (10b) 

 

Equation (9) is the governing differential equation of 

the stressed Bernoulli beam and the external load 

( , )f x t   is considered to be concentrated moving 

load. 

 

2 2 2
2

2 2 2 2
( , ) ( ) ( ) 2 ( , ) ( , )f x t Mg x ct M x ct c c U x t KU x t

t x t x
 

   
= − − − + + − 

    

   (11)

 

The boundary condition for simply supported beam: 

( , ) 0
ex x

U x t
=

=       (12a) 

And ( , ) 0eM x t =      (12b) 

 

This implies that the displacement and the bending 

moment varnish at a simply supported end from  

 

equation (12b) and (7), then the secondary condition 

is expressed in terms of U as 
2

2
0

ex x

U

x
=


=


 

Substituting equation (11) into (9) gives Oni and 

Awodola [57] the governing equation: 

 

2 2 2 2 2 2 2
2

2 2 2 2 2 2 2 2

( , ) ( , ) ( , )
( ) 2 ( , )

U x t U x t U x t
EI N M x ct c c U x t

x x t x t x t x
 

         
+ − + − + + +   

          

 

( , ) ( )KU x t Mg x ct= −       (13) 

 

The old model of Oni and Awodola [57] was 

modified by incorporating the variable Inertia and 

variable elastic k-stiffness instead of the usual 

constant Moment of Inertia and k-stiffness and the 

force was also taken to be partially distributed. 

 

2.2   The New Model 

In this new research work instead of the usual 

concentrated force, it going to consider being uniform 

distributed and the usual assumptions of constants 

moment of inertia and k-stiffness is going to be 

variable. The problem dynamic behavior of Euler 

bernoulli beam of arbitrary Number of variable 

elastic K-Stiffness under a partially distributed 

moving load is governed by the fourth order partial 

differential equation given by 

 

 
2 2 2 2

2 2 2 2

( , ) ( , ) ( , )
( ) ( ) ( ) ( ) ( , )

U x t U x t U x t
EI x x N x K x U x t

x x x t


    
+ − + 

    
+
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2 2 2
2

2 2 2 2
2 ( , )

2 2
M V V U x t H x H x

t x t x

 
 

        
+ + − + − − − =               

( , ) 0 ( , )U L t U L t= =  

( ,0) ( ,0)U x U x=   

( ,0) ( ,0)U x U x=        (17) 

 

2 2
g H x H xM

 
 

    
− + − − −    

    

   (14) 

 

Subject to the boundary and initial conditions below: 

 

(0, ) 0 (0, )U t U t= =  

( , ) 0 ( , )U L t U L t= =  

( ,0) ( ,0)U x U x=       (15) 

 

where: 

 E  is the Young’s Modulus 

 ( , )U x t  is the Transverse Displacement 

( )K x  is the Variable Elastic K-Stiffness 

( )x  is the Variable Mass per unit Length of the 

Beam 

( )I x  is the Variable Moment of Inertia, 

( )N x  is the Pre - Stress  

 ( , )x t  Spatial and Time coordinates respectively 

 

Assuming a constant below: 

2 3

0( ) (1 4 3 )K x K x x x= + − +  

0( ) 1 sin
x

N x I
L

 
= + 

 

 

0( ) 1 sin
x

x
L


 

 
= + 

 
 

3

2 3

0( ) 1 sin 1 3sin 3sin sin
x x x x

I x I
L L L L

    
= + = + + + 

 

(16) 

 

Where   is elastic K-stiffness, 0I   and 0N  are taken 

to be constants. 

 

Furthermore, we assume that the beam has simple 

supports at the end . 

Therefore, the both the bending movement and the 

deflection vanish at both ends. Thus, the pertinent 

boundary conditions that pertain at these two ends is 

given as: 

(0, ) 0 (0, )U t U t= =  

Where 

 E is the Young’s Modulus 

 ( , )U x t  is the Transverse Displacement 

 ( )K x  is the Variable Elastic Foundation 

 ( )x  is the Variable Mass per unit Length of the 

Beam 

 ( )I x  is the Variable Moment of Inertia, 

 ( , )x t  Spatial and time coordinates, respectively 

 

Assuming a constant: 

2 3

0( ) (1 4 3 )K x K x x x= + − +  

0( ) 1 sin
x

N x I
L

 
= + 

 
 

0( ) 1 sin
x

x
L


 

 
= + 

 
 

3

2 3

0( ) 1 sin 1 3sin 3sin sin
x x x x

I x I
L L L L

    
= + = + + + 

 
 

(18) 

 

Substituting equation (18) into equation (14) gives: 
32 2 2

2 3

0 0 02 2 2

( , ) ( , )
1 sin 1 sin (1 4 3 ) ( , )

x U x t x U x t
EI K x x x U x t

x L x L t

 


      
+ + + + + − + −    

       

 
2 2 2 2

2

0 2 2 2 2 2

( , )
1 sin 2 ( , )

2 2

x U x t
N M V V U x t H x H x

L x t x t x

  
 

           
+ + + + − + − − − =                   

 

2 2
Mg H x H x

 
 

    
− + − − −    

    

       (19)
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On expanding, (18) result into: 

 

4

4

2 3 ( , )
10 15 6

x x x U x t
sin cos sin

L L L x

    
+ − − + 

 
 

3

3

30 24 2 6 3 ( , )x x x U x t
cos sin cos

L L L L L L x

       
+ − + 

 
 

2 2 2 2

02 2 2 2 2

24 2 15 3 9 ( , ) ( , )
cos sin sin 1

x x x U x t x U x t
sin

L L L L L L x L t

      


    
− + + + −   

   

 

2
2 3

0 02

( , )
1 sin (1 4 3 ) ( , )

x U x t
N K x x x U x t

L x

  
+ + + − + = 

 
 

2 2 2
2

2 2 2 2
2 ( , )Mg M V V U x t

t x t x

    
− + +  

     
                             

(20) 

Applying the orthogonality conditions below:  

0

0,
( ) ( )

L

n k

n k
X x X x dx

n k


= 

=
   

                 

(21) 

 

Solving equation (20) and apply the orthogonality 

condition the results we resulted in equation (22) and 

(23). 

 

(a) Moving Force (Neglecting the inertia terms) 

( ) ( )11 12 1 2 3 4 5 6 7 8 9 10 13 14 15 16 17 18( ) ( )n nP P T t P P P P P P P P P P P P P P P P T t+ + + − − + + − + − + − + + + + + =
 

23 24P P−      (22) 

  

(b) If all inertia terms were taken into consideration, 

we have Moving Mass: 

 

( ) ( )11 12 19 20 21 22( ) ( )n nP P P P T t P P T t+ + + + − +    

             

(23) 

( )1 2 3 4 5 6 7 8 9 10 13 14 15 16 17 18 23 24 25 26( )nP P P P P P P P P P P P P P P P P P T t P P+ − − + + − + − + − + + + + + + − = −

      

 

 

 

 

 

 

 

III. RESULTS 

 

3.1 Numerical Results and Discussion 

For numerical analysis, the numerical values were 

assigned as follows:  

10 ,L m= 3M kg= 6kg 9 ,kg 75 / ,kg m =
19 22.07 10 / ,E N m−= 

 
0.1, =

 
6 41.04 10 ,I m−= 

  
3.3 / ,m s =

 
210 ,g ms−=

  

3.14, =
 

1, 2,3n = 
 

 

The transverse deflections of the beam are calculated 

and tabulated against time for various values of 

moving load and subgrade K, values of K between 0 

and 50000 where used. The results are shown in the 

various Table below. Table 1 displays the Moving 

Load and Force at different values of Elastic K-

stiffness and the results show that as the Elastic K-

stiffness increases, while displacement of the beam 

decreases. It displays the Moving Force at different 

values of Elastic K-stiffness, the results show that as 

the Elastic K-stiffness increases, while the 

displacement of the beam decreases.  

 

Table 1. Moving load and force at different value of Elastic K-stiffness

 

 Moving Load  Moving Force 

t(sec) W(x, t) 

K=0 

W(x, t) 

K=50000 

W(x, t) 

K=60000 

 W(x, t) 

K=0 

W(x, t) 

K=50000 

W(x, t) 

K=60000 

0 0.00E+00 0.00E+00 0.00E+00  0.00E+00 0.00E+00 0.00E+00 

0.01 7.62E-10 7.62E-08 2.59E-09  3.81E-08 3.81E-08 1.29E-09 

0.02 1.51E-7 1.51E-07 9.98E-09  7.56E-08 7.57E-08 4.99E-09 

0.03 7.41E-8 7.41E-08 2.12E-08  3.70E-08 3.71E-08 1.06E-08 

0.04 1.09E-10 1.10E-10 3.46E-08  5.48E-11 5.48E-11 1.73E-08 

0.05 7.83E-8 7.83E-08 4.85E-08  3.91E-08 3.92E-08 2.43E-08 
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Fig. 3. Deflection of a beam subjected to a moving 

load under different values of elastic 𝐾-stiffness (𝐾 = 

0, 𝐾 = 50000, and 𝐾 = 60000) 

 

Figure 3 illustrates the deflection of a beam subjected 

to a moving load under different values of elastic 𝐾-

stiffness (𝐾 = 0, 𝐾 = 50000, and 𝐾 = 60000). The 

results show that the beam's deflection varies 

significantly depending on the stiffness, highlighting 

the role of structural elasticity in dynamic response. 

For 𝐾 = 50000, the beam experiences the highest 

deflection, peaking around 𝑡 = 0.02 seconds. This 

suggests that at this intermediate stiffness level, the 

structure exhibits a more pronounced deformation 

under the moving load. In contrast, when 𝐾 = 60000, 

the deflection remains lower throughout the time 

interval, indicating that higher stiffness provides 

greater resistance to deformation. The case where 𝐾 = 

0 follows a similar pattern to 𝐾 = 50000, but with a 

lower peak deflection, implying that the absence of 

stiffness still allows for some flexibility in the beam’s 

response. Over time, the deflection pattern varies 

with stiffness. For 𝐾 = 50000, the beam deflects 

sharply, reaching its maximum displacement at 𝑡 = 

0.02 seconds before decreasing and exhibiting 

another rise at 𝑡 = 0.05 seconds.  

 

In contrast, the 𝐾 = 60000 scenario results in a more 

gradual increase in deflection, demonstrating that 

higher stiffness dampens oscillations and leads to a 

more controlled response. The 𝐾 = 0 case follows an 

increasing trend initially, peaking at 𝑡 = 0.02 seconds, 

but does not reach the same magnitude as 𝐾 = 50000. 

Structurally, these results suggest that an intermediate 

stiffness value (𝐾 = 50000) may lead to the most 

significant displacement, which could have 

implications for material selection and structural 

design. A very high stiffness value (𝐾 = 60000) 

minimizes deflection, making the beam more 

resistant to deformation but potentially affecting its 

ability to absorb dynamic loads. Thus, balancing 

stiffness is crucial in optimizing the structural 

performance of beams under moving loads. 

 

 
Fig. 4. Deflection response of a beam under a moving 

force at different elastic K-stiffness values over time 

 

Figure 4 illustrates the deflection response of a beam 

under a moving force at different elastic K-stiffness 

values over time. The x-axis represents time (t) in 

seconds, while the y-axis denotes the beam's 

deflection 𝑊(𝑥, 𝑡), with values scaled to 10−8. This 

visualization compares the deflection behavior for 

three distinct stiffness values: 𝐾 = 0, 𝐾 = 50000, and 

𝐾 = 60000, highlighting how stiffness influences 

structural deformation when subjected to a moving 

force. From the plot, it is evident that stiffness 

significantly affects the beam's deflection. The curve 

for 𝐾 = 50000 (represented by the red line) exhibits 

the highest deflection peaks, indicating that under this 

stiffness condition, the beam undergoes substantial 

deformation in response to the applied force. The 

sharp rise and fall in deflection suggest that the 

structure experiences resonance effects at certain time 

intervals, which could lead to structural instability if 

not properly managed. 

 

In contrast, the curve for 𝐾 = 60000 (green line) 

demonstrates a more gradual increase in deflection 

over time, implying that higher stiffness helps to 

mitigate abrupt fluctuations and stabilize the 

structural response. This suggests that increasing the 

stiffness of the beam can enhance its resistance to 

deformation under dynamic loads. Additionally, the 

blue curve representing 𝐾 = 0 follows a similar trend 

to 𝐾 = 50000 but with a lower magnitude of 
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deflection. This indicates that while the structure still 

experiences movement under the applied force, the 

absence of stiffness makes it more flexible, allowing 

for some level of energy dissipation rather than 

amplifying oscillations. A notable observation is the 

peak deflection occurring at 𝑡 = 0.02 seconds for 𝐾 = 

50000, reaching approximately 7 × 10−8. This 

suggests that at this moment, the moving force exerts 

maximum impact on the beam. Following this, there 

is a rapid decrease in deflection at 𝑡 = 0.04 seconds, 

which could be attributed to a redistribution of the 

applied force or a shift in the load position. 

 

Thus, this analysis aligns with the broader study of 

moving load problems in structural dynamics, where 

variations in stiffness play a crucial role in 

determining the stability and resilience of beam-type 

structures. The findings emphasize the need for 

optimizing stiffness parameters to balance flexibility 

and stability in engineering applications such as 

bridges, highways, and railway tracks subjected to 

moving loads. 

 

Table 2 displays the Moving Load at different values 

of Masses for elastic K-stiffness; the results show that 

as the Moving Load increases, the mass is also 

increases. It also displays the Moving Force at 

different values of masses for Elastic Foundation; the 

results show that as the Moving Load increases, the 

mass also increases.  

 

 

Table 2.  Moving load and force at different Masses for Elastic K-stiffness

 

 Moving load Moving force 

t(sec) 

W(x, t),   

M=3kg 

𝑊(𝑥, 𝑡)    

M=6kg 

𝑊(𝑥, 𝑡) 

M=9kg 

W(x, t),   

M=3kg 

𝑊(𝑥, 𝑡)    

M=6kg 

𝑊(𝑥, 𝑡) 

M=9kg 

0 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

0.01 3.81E-08 7.77E-08 7.77E-08 7.62E-08 1.55E-07 2.37E-07 

0.02 7.57E-08 1.51E-07 1.51E-07 1.51E-07 3.02E-07 4.53E-07 

0.03 3.71E-08 6.99E-08 6.99E-08 7.41E-08 1.40E-07 1.97E-07 

0.04 5.48E-11 5.62E-10 5.62E-10 1.10E-10 1.12E-09 4.28E-09 

0.05 3.92E-08 8.54E-08 8.54E-08 7.83E-08 1.71E-07 2.77E-07 

 

 
Fig. 5. Deflection of a beam subjected to a moving load for different masses while maintaining a constant K-

stiffness 
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Figure 5 illustrates the deflection of a beam subjected 

to a moving load for different masses while 

maintaining a constant K-stiffness. The x-axis 

represents time (t) in seconds, and the y-axis shows 

the beam's deflection 𝑊(𝑥, 𝑡) scaled to 10−7. The 

analysis compares the beam's response for three 

different moving masses: 𝑀 = 3𝑘𝑔, 𝑀 = 6𝑘𝑔, and 𝑀 

= 9𝑘𝑔. From the plot, it is evident that the deflection 

of the beam increases as the mass of the moving load 

increases. The blue curve (𝑀 = 3𝑘𝑔) exhibits the 

lowest deflection values, indicating that a lighter load 

exerts a smaller impact on the beam. Conversely, the 

red (𝑀 = 6𝑘𝑔) and green (𝑀 = 9𝑘𝑔) curves display 

nearly identical trends, with the highest peak 

deflection occurring at 𝑡 = 0.02 seconds. The near 

overlap of these two curves suggests that beyond a 

certain mass threshold, additional weight does not 

significantly alter the deflection behavior. 

 

A notable pattern in the chart is the sharp increase in 

deflection leading up to 𝑡 = 0.02 seconds, followed 

by an equally rapid decline. This peak corresponds to 

the moment when the dynamic effects of the moving 

load induce maximum displacement in the beam. At 𝑡 

= 0.04 seconds, the deflection returns to near zero 

before increasing again at 𝑡 = 0.05 seconds, 

indicating a periodic structural response under the 

moving load. The results align with theoretical 

expectations in structural dynamics, where heavier 

moving loads cause greater deflection due to 

increased force application. The minimal difference 

between the 𝑀 = 6𝑘𝑔 and 𝑀 = 9𝑘𝑔 cases may 

indicate a limit beyond which further increases in 

mass do not proportionally influence deflection, 

possibly due to stiffness constraints or damping 

effects in the system. Hence, this analysis reinforces 

the importance of considering moving mass effects in 

structural design, particularly for bridges, highways, 

and rail tracks where varying loads interact 

dynamically with beam structures. Understanding 

these deflection patterns helps in optimizing stiffness 

parameters to enhance stability and structural 

integrity. 

 

 

 
Fig. 6. Deflection of a beam under moving force for different mases at constant 𝐾-stiffness 
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Figure 6 illustrates the dynamic response of an Euler-

Bernoulli beam subjected to a moving force 

corresponding to three different masses 3 kg, 6 kg, 

and 9 kg, while maintaining a constant elastic 

stiffness value (K). The deflection of the beam, 

denoted as 𝑤(𝑥, 𝑡), is plotted against time in seconds, 

ranging from 0 to 0.05 seconds. From the plot, it is 

evident that the deflection of the beam increases with 

the magnitude of the mass. At each observed time 

point, the largest deflection occurs with the 9 kg 

mass, followed by 6 kg and 3 kg respectively. This 

behavior is expected, as heavier moving forces exert 

greater influence on the structural response of the 

beam. The trajectory of each mass follows a similar 

temporal pattern, an increase in deflection from time 

zero to a peak at 0.02 seconds, followed by a sharp 

drop at 0.04 seconds, and then a modest rebound at 

0.05 seconds. This trend highlights the oscillatory 

nature of the beam’s response under dynamic 

loading, showcasing the influence of inertia and 

elastic rebound. 

 

The symmetry and consistency in the shape of the 

curves across different mass values also suggest that 

the relationship between the applied moving force 

and beam deflection is linear under the examined 

conditions. Furthermore, the overall increase in 

deflection with mass supports the hypothesis that 

mass significantly contributes to the dynamic 

performance of structures under moving loads. This 

plot thus confirms the theoretical expectation that, for 

a beam of constant stiffness, increasing the 

magnitude of the moving force (via heavier mass) 

proportionally increases deflection, and that the beam 

undergoes time-dependent oscillations in response to 

such dynamic loading. 

 

Table 3 displays the comparison of Moving Load and 

Moving Force for a particular value of Variable 

Elastic K-stiffness; the results show that the 

displacement of Moving Mass is more significant that 

of Moving Force 

 

 

 

 

 

Table 3.  Comparison of Moving Mass and Moving Force for variable K-stiffness (K = 0, K = 50000 and K = 

60000)

 

t(sec) Moving Mass  

K=0 

Moving Force  

K=0 

Moving 

Mass  

K=5000 

Moving Force  

K=50000 

Moving 

Mass  

K=60000 

Moving Force  

K=60000 

0 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

0.01 7.62E-10 3.81E-08 7.62E-08 3.81E-08 2.59E-09 1.29E-09 

0.02 1.51E-7 7.56E-08 1.51E-07 7.57E-08 9.98E-09 4.99E-09 

0.03 7.41E-8 3.70E-08 7.41E-08 3.71E-08 2.12E-08 1.06E-08 

0.04 1.09E-10 5.48E-11 1.10E-10 5.48E-11 3.46E-08 1.73E-08 

0.05 7.83E-8 3.91E-08 7.83E-08 3.92E-08 4.85E-08 2.43E-08 

 t-stat = 0.688, p = 0.513 t-stat = 1.215, p = 0.2617 t-stat = 1.114, p = 0.300 

 

This study investigates how varying elastic stiffness 

parameters (denoted as K-stiffness) influence the 

dynamic response of a beam subjected to a moving 

load. The beam is modeled using the Euler-Bernoulli 

beam theory, which is commonly employed in the 

analysis of bending in beams under various loading 

conditions. The study specifically examines how the 

elastic stiffness (K) impacts the beam's behavior 

under different load distributions, particularly 

focusing on the moving load that is partially 

distributed along the beam. The varying K-stiffness 

values (K = 0, K = 50000, and K = 60000) represent 

different degrees of beam rigidity, which are 

expected to alter the beam's deflection, velocity, and 

acceleration profiles when subjected to the same 

moving load. 
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The results shown in Table 3 provide a comparison of 

the "Moving Mass" and "Moving Force" at these 

three different stiffness values (K = 0, K = 50000, 

and K = 60000) over a series of time intervals. The 

data for both "Moving Mass" and "Moving Force" 

are presented alongside the independent samples t-

test results, which are used to determine if there are 

significant differences between the two variables at 

each stiffness level.  

 

For K = 0, the t-statistic is 0.688 with a p-value of 

0.513, which indicates that there is no significant 

difference between the "Moving Mass" and "Moving 

Force" at this level of stiffness. This suggests that, 

when the beam has no stiffness (K = 0), the moving 

mass and moving force exhibit similar behavior 

across the time intervals. 

 

At K = 50000, the t-statistic is 1.215 with a p-value 

of 0.2617, indicating that there is still no significant 

difference between the moving mass and moving 

force at this stiffness level. Although the difference 

between the two variables is slightly more 

pronounced than at K = 0, it is not statistically 

significant, meaning the dynamic behavior of the 

beam at this stiffness level is still relatively similar 

for both moving mass and moving force. 

 

For K = 60000, the t-statistic is 1.114 with a p-value 

of 0.300. Like the previous cases, the result suggests 

that there is no significant difference between the 

moving mass and moving force at this level of 

stiffness either. While there may be minor differences 

in the dynamic response as the stiffness increases, the 

overall behavior of the beam remains consistent 

across both variables. 

 

Hence, the t-test results across all stiffness levels (K 

= 0, K = 50000, and K = 60000) indicate that there 

are no statistically significant differences between the 

"Moving Mass" and "Moving Force" under the given 

conditions. This suggests that, within the framework 

of the study, the dynamic behavior of the beam, as it 

relates to these two parameters, remains comparable 

regardless of the level of K-stiffness applied. 

Therefore, changes in K-stiffness do not appear to 

significantly alter the relative dynamics of mass and 

force in this particular case. 

 

 

 
Fig. 7. Comparing of moving mass and moving force of a beam subjected to a moving load under elastic 𝐾-

stiffness (𝐾 = 0) 
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Figure 7presents the time-dependent deflection of an 

Euler-Bernoulli beam subjected to two different types 

of loading, moving mass and moving force under a 

condition where the elastic stiffness 𝐾 = 0, 

representing a theoretically flexible or extremely 

compliant beam. In this plot, the vertical axis shows 

the deflection 𝑤(𝑥, 𝑡), measured in units of 10−7, 

while the horizontal axis represents time in seconds, 

ranging from 0 to 0.05. The blue solid line with 

circular markers indicates the deflection caused by a 

moving mass, while the red dashed line with square 

markers represents the deflection due to a moving 

force of the same magnitude. A key observation from 

the graph is that the beam subjected to a moving mass 

experiences significantly greater deflection at every 

time interval compared to the beam under a moving 

force. At the peak point (0.02 sec), the deflection due 

to the moving mass reaches approximately 1.5 × 10⁻⁷, 

while the moving force produces just about half that 

amount (~0.75 × 10⁻⁷). This difference underscores 

the greater dynamic impact of a moving mass, which 

incorporates both the inertial and gravitational 

effects, compared to the purely external application 

of a force. 

 

Moreover, the pattern of deflection for both cases 

follows a similar trend—rising to a peak at 0.02 

seconds, dipping to a minimum at 0.04 seconds, and 

then slightly rebounding at 0.05 seconds. However, 

the amplitude of oscillation is more pronounced for 

the moving mass, suggesting that the beam’s 

response is more sensitive to inertial loading effects, 

especially when stiffness is absent or negligible. 

Thus, this chart confirms a critical finding in 

structural dynamics: that moving mass produces a 

more significant impact on beam deflection than an 

equivalent moving force. This insight is particularly 

important for the design and analysis of 

transportation infrastructure, such as railway bridges 

or vehicle-supported platforms, where the dynamic 

load may need to be modeled as a mass rather than a 

simple force for accurate assessment—especially in 

systems with low stiffness. 

 

 

 
Fig. 8. Comparing of moving mass and moving force of a beam subjected to a moving load under elastic 𝐾-stiffness 

(𝐾 = 50000)
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Figure 8 illustrates the deflection behavior of an 

Euler-Bernoulli beam subjected to two types of 

dynamic loads, moving mass and moving force, 

under a significantly stiffer condition, with the elastic 

stiffness coefficient 𝐾 = 50000. The vertical axis 

represents the beam deflection 𝑤(𝑥, 𝑡) in units of 

10−7, while the horizontal axis shows time in seconds 

(from 0 to 0.05 seconds). The blue solid line with 

circular markers corresponds to the beam’s response 

to a moving mass, while the red dashed line with 

square markers indicates the response to a moving 

force of equal magnitude. From the plot, it is evident 

that the beam continues to exhibit higher deflection 

under the moving mass across all time steps, even 

with the increased stiffness. At the peak point of 0.02 

seconds, the deflection under moving mass reaches 

about 1.5 × 10⁻⁷, while the deflection under moving 

force is slightly over 0.75 × 10⁻⁷. This trend is 

consistent with previous observations where moving 

mass produces greater deformation due to the 

inclusion of inertial effects, as opposed to the 

externally applied moving force, which lacks mass-

associated dynamics. 

 

Interestingly, when compared to the earlier scenario 

where 𝐾 = 0, the magnitude of deflection in both 

cases is significantly reduced. This demonstrates the 

expected mechanical behavior that increasing the 

beam’s stiffness results in lower structural 

deformation under the same loading conditions. Thus, 

the stiffness parameter 𝐾 plays a critical role in 

controlling the beam's displacement response. 

Another notable feature is the symmetry in the 

deflection patterns for both types of loading. The 

curves for both moving mass and force display a rise 

to a peak at 0.02 seconds followed by a dip at 0.04 

seconds, which then slightly rises again at 0.05 

seconds, indicating a similar temporal response 

pattern. However, the difference in magnitude 

confirms that even under stiff conditions, mass 

effects must not be ignored in accurate dynamic load 

modeling. Hence, the chart reinforces the importance 

of accounting for the dynamic nature of loads, 

particularly the inclusion of mass in beam modeling. 

It also highlights the effectiveness of stiffness as a 

mitigating factor for deflection. These findings have 

practical implications for structural design in 

transport systems such as railway tracks and bridges, 

where understanding the dynamic impact of moving 

vehicles is crucial for ensuring stability and service 

life. 

 

 

Fig. 9. Comparing of moving mass and moving force of a beam subjected to a moving load under elastic 𝐾-stiffness 

(𝐾 = 60000)
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Figure 9 illustrates the time-dependent deflection 

behavior of an Euler-Bernoulli beam subjected to a 

moving load under a high elastic stiffness value. The 

analysis compares two distinct loading conditions: a 

moving mass and a moving force. The deflection 

𝑤(𝑥, 𝑡), measured on the vertical axis in scientific 

notation (×10−8), is plotted against time (in seconds) 

on the horizontal axis, covering a short dynamic 

interval from 0 to 0.05 seconds. From the chart, it is 

evident that the deflection of the beam increases 

steadily over time for both loading conditions. 

However, the rate and magnitude of deflection vary 

significantly between the two. The blue solid line 

with circular markers represents the response of the 

beam to a moving mass, while the red dashed line 

with square markers depicts the response to a moving 

force. Across the entire time interval, the deflection 

induced by the moving mass is consistently higher 

than that caused by the moving force. For example, at 

the final time point (0.05 seconds), the deflection due 

to the moving mass approaches approximately 5 × 

10−8, whereas the deflection under the moving force 

condition reaches about 2.5 × 10−8. 

 

This difference becomes more prominent as time 

progresses, indicating that the inertia effects 

associated with the moving mass play a significant 

role in influencing the structural response. The beam, 

although characterized by a relatively high stiffness 

(K = 60000), still exhibits notable sensitivity to the 

dynamic effects introduced by the moving mass. This 

contrasts with the moving force scenario, which does 

not account for the inertial interaction between the 

structure and the moving body. Furthermore, the 

smooth and monotonic increase in deflection for both 

cases suggests that the beam does not experience 

resonance or oscillatory instability within the 

observed time frame. This behavior differs from 

earlier observations under lower stiffness values, 

where deflections often followed more fluctuating or 

oscillatory patterns. The high stiffness of the beam in 

this case likely contributes to its damped, more 

controlled response. Thus, this chart reinforces the 

conclusion that the inclusion of mass in moving load 

problems significantly amplifies beam deflection, 

especially under conditions of high stiffness. It 

highlights the importance of accounting for moving 

mass effects in structural dynamics analysis, 

particularly in high-speed transportation systems or 

precision structural components where accurate 

deflection prediction is critical for safety and 

performance. 

 

IV. CONCLUSION 

 

This study delved into the dynamic behavior of an 

Euler-Bernoulli beam subjected to a partially 

distributed moving load, with a focus on varying 

elastic stiffness (K) values. Numerical solutions were 

obtained using Maple 16 by reducing the governing 

fourth-order partial differential equation to a second-

order ordinary differential equation through an 

analytical series solution approach. The findings 

indicate that beam displacement decreases as the 

elastic stiffness (K) increases, while an increase in 

moving mass (M) results in greater displacement. 

Comparative analysis between the Moving Force and 

Moving Mass models revealed that the Moving Mass 

model predicts more significant displacements, 

attributed to the inclusion of inertial effects. These 

observations align with existing literature. For 

instance, Chawla and Pakrashi [56] examined the 

dynamic response of an Euler-Bernoulli beam on a 

two-parameter Pasternak foundation under both 

moving load and moving mass scenarios. Their 

results demonstrated that the Moving Mass model 

induces higher deflections due to the additional 

inertial forces introduced by the moving mass.  

 

Similarly, Esen [58] investigated the dynamic 

behavior of a beam carrying an accelerating moving 

mass using a moving finite element approximation. 

The study highlighted that considering the inertial 

effects of the moving mass is crucial for accurately 

predicting the beam's dynamic response. 

Furthermore, Akinpelu [59] analyzed the response of 

a viscously damped Euler-Bernoulli beam to uniform 

partially distributed moving loads. The study found 

that the response amplitude due to the moving force 

is greater than that due to the moving mass, 

underscoring the importance of incorporating 

damping effects in dynamic analyses. Additionally, 

research by Rajib et al. [60] on beams supported by 

Pasternak foundations subjected to moving loads 

emphasized the significant role of foundation 

stiffness parameters in influencing beam deflections. 



© JUL 2026 | IRE Journals | Volume 10 Issue 1 | ISSN: 2456-8880 
DOI: https://doi.org/10.64388/IREV10I1-1719856 

 

IRE 1719856          ICONIC RESEARCH AND ENGINEERING JOURNALS 1771 

The statistical analysis conducted in this study, 

yielding a t-statistic of 1.215 and a p-value of 0.2617, 

suggests no significant difference between the 

Moving Force and Moving Mass models at K = 5000.  

 

This finding is consistent with the work of Mofid 

[61], who demonstrated that the responses of 

structures due to moving mass must be properly 

accounted for, as they often differ significantly from 

the moving force model. Graphical representations 

from this study further illustrate that increased beam 

stiffness leads to reduced deformation, while higher 

moving masses result in larger deflections due to 

increased dynamic load intensity. These results 

corroborate the conclusions drawn in previous 

research [62-64], reinforcing the importance of 

accounting for both elastic stiffness and inertial 

effects in the dynamic analysis of beam structures 

under moving loads. In summary, this study 

contributes to the body of knowledge by providing a 

comprehensive analysis of beam deflections under 

dynamic loading conditions, emphasizing the 

interplay between elastic stiffness and moving mass. 

The findings have practical implications for the 

design and optimization of structural elements in 

engineering applications subjected to dynamic 

loading, such as bridges, railways, and runways.  

 

V. POLICY IMPLICATIONS AND 

RECOMMENDATIONS 

 

The findings of this study have significant 

implications for transportation infrastructure, 

particularly in the design and maintenance of railway 

tracks, bridges, and highways subjected to moving 

loads. The results demonstrate that incorporating the 

effects of moving mass, rather than relying solely on 

moving force models, provides a more accurate 

prediction of structural responses. This has direct 

policy implications for engineering standards, as 

current design codes should consider the influence of 

moving mass and elastic stiffness to enhance 

structural resilience and longevity. 

 

To improve the safety and durability of transportation 

infrastructure, policymakers should mandate dynamic 

analyses that incorporate variable stiffness and mass 

effects in structural design. Additionally, 

transportation agencies should invest in advanced 

computational tools and numerical modeling 

techniques to optimize beam structures under 

dynamic loading conditions. Future research should 

also explore real-time monitoring systems for bridges 

and railway tracks to assess dynamic responses and 

prevent structural failures. Also, future research could 

extend this analysis to nonlinear beam models, 

different boundary conditions, and varying velocity 

profiles to capture more complex real-world 

scenarios.   
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