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Abstract- This paper develops the geometric theory of
generalised n-normed spaces with the aim of
characterising those geometric properties that are
sufficient for the existence of fixed points of nonexpansive
mappings. We study the modulus of n-convexity 6_X"((n)
) and the modulus of n-smoothness p X"“((n) ),
establishing their basic quantitative properties, an n-
dimensional parallelogram identity for n-inner product
spaces, and the n-dimensional analogues of the Clarkson
inequalities. We prove that strict n-convexity yields
uniqueness of best n-approximations, and we obtain an n-
dimensional Lindenstrauss-type duality inequality relating
0 X™(n) ) and p_(X**)™((n) ), from which the duality
between uniform n-convexity and uniform n-smoothness
Jfollows. Finally, we establish an n-normed Milman—Pettis
theorem—every uniformly n-convex n-Banach space is
reflexive—together with the weak compactness of bounded
closed convex sets and the fact that uniform n-convexity
implies n-normal structure. These results identify uniform
n-convexity as the central geometric hypothesis underlying
the fixed point theory of nonexpansive mappings in the n-
normed setting.

Index Terms— Modulus of n-convexity, n-Normed space,
Reflexivity, Strict n-convexity, Uniform n-convexity.

L INTRODUCTION

The geometry of Banach spaces—the study of the
structural and metric properties of the unit ball and unit
sphere—occupies a central position in modern
functional analysis. Geometric concepts such as
convexity, smoothness and reflexivity have decisive
implications for the solvability of operator equations,
the convergence of approximation algorithms, and the
existence of best approximations. Classical milestones
include Clarkson’s introduction of uniform convexity
and the modulus of convexity [5], the duality between
convexity and smoothness established by Day [6],
Lindenstrauss’ duality relation between the moduli of
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convexity and smoothness [7], and the Milman—Pettis
theorem [8, 9], which asserts that uniformly convex
Banach spaces are reflexive. These geometric
properties are precisely what underlie the Browder—
Gohde—Kirk fixed point theorem [11, 12, 13] for
nonexpansive mappings.

The notion of an n-normed space, introduced by
Gibhler [1] and developed by Misiak [2] and Gunawan
and Mashadi [3], replaces the classical norm by a
nonnegative function of n vectors that measures the
volume of the parallelepiped they span. When the
norm structure is enriched in this way, the geometry of
the space is correspondingly transformed, and the
convexity, smoothness and reflexivity properties must
be reformulated. While several authors have studied
strict convexity for n = 2 [14] and equivalent n-norms
on sequence spaces [16], a systematic characterisation
of the geometric properties sufficient for fixed point
existence in the general n-normed setting has been
lacking.

The purpose of this paper is to supply such a
characterisation. We define and analyse the modulus
of n-convexity and the modulus of n-smoothness,
establish the n-dimensional Clarkson inequalities and
a duality inequality of Lindenstrauss type, and prove
an n-normed Milman—Pettis theorem. Together these
results isolate uniform n-convexity as the key
geometric hypothesis from which reflexivity, weak
compactness and n-normal structure—and hence the
fixed point property for nonexpansive mappings—all
follow.
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IL. PRELIMINARIES

Throughout, X denotes a real vector space of
dimension at least n, and Zz,,...,z, denote fixed
auxiliary vectors of X.

Definition 1. A function ||+, ...,l: X™ — [0, ) is an n-
norm on X if, for all x,, ..., x,,,x' € X and « € R: (NI)
Il i, ..., x5 I= 0 iff x4, ..., x,, are linearly dependent;
(N2) |l x4, ..., x|l is invariant under permutation; (N3)
| axi, %o, oo, 1=l Il Xq, e, 5 (N4) 1l %1 +
X', Xy ey Xn IS X0, X0, ey 2 I+ X 20, 0, 20 .
The pair (X, I, ... Il) is an n-normed space; if it is
complete in the derived-norm topology it is an n-
Banach space [3].

For fixed z,, ...,z, the map x & lIx,z;, ..., Z,|l is a
seminorm; the family of these derived norms generates
the topology of X [3]. We write X* for the n-dual of X
in the sense of Gunawan et al. [4]. Throughout, the
fixed auxiliary vectors z,, ..., z, are suppressed and we
write || x || for the derived norm |x,z,, ..., Z,|l
whenever no confusion arises.

Definition 2. The modulus of n-convexity of X is the
function 6)({71): (0,2] = [0,1],
837 (e) = inf{1 — llx +y/21 : lxll = llyl

=1, lx—yll = &}
X is uniformly n-convex if 5)((”)(8) > 0 for every € €

0,2].
I()eﬁ:ll'lition 3. The modulus of n-smoothness of X is the
function p: [0, 00) = [0, ),
(n)(r) = sup{1/2 (llx + =yl + llx — =yl) — 1: l|xIl
= llyll = 1}.
X is uniformly n-smooth if lim,_ g+ p” (1) /7 = 0.

III.  THE MODULUS OF n-CONVEXITY

A. Basic Properties

Proposition 1. The modulus 6}((71) satisfies, for all € €
(0,2]: (@) 6)((”) () = 0; (i) 5)((n) is non-decreasing; (iii)
8 (e) < €/2: and (iv) 687 (2) < 1.

Proof. (1) is immediate, being an infimum of
nonnegative numbers. (ii) If & < &,, the constraint
lxx — yll = &, is stronger than [[x — y|l = &;, so the
infimum defining 8}((”) (&,) is taken over a larger set,

giving 80 (e;) < 6 (e,). (iii) For admissible unit
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vectors, [lx — yll < llxll + lyll = 2 by (N4), and 2 <
2 ||x+y|| +2 || || since || || > ¢e/2 we obtain
||ﬂ|| <1-—6 for some § < /2. (iv) Taking |lx —
yll = 2 gives ||x+y|| > 0, whence 1 — ||?|| <1.0O
Theorem 1 (n-Dimensional Parallelogram Identity). If
.,+) [2] inducing
Iy .., ll, then for all x,y € X llx + ylI* + llx — ylI* =
2(11x? + lyll?).

X carries an n-inner product (-, | -,

Proof. Expanding Ix+yl>=(x+yx+
y|zy, ...,z,) by bilinearity gives (x,x]| ‘)t
26,y )+ (,y]| -); adding the two identities
cancels the cross terms and yields the assertion. O

Remark 1. In an n-inner product space 6)((71) (e&)>0
for all € > 0; failure of the parallelogram identity is
measured by the n-von Neumann—Jordan constant

Col (0 > 1.

B. Strict n-Convexity

Definition 4. X is strictly n-convex if x|l = ||yl =
=] = 1 implies x = .

Theorem 2 (Uniqueness of Best n-Approximations).
Let X be strictly n-convex, C € X nonempty and
convex, and u € X\C. Then there is at most one c* €
C with lu — c*ll = inf ecllu —cll.

Proof. Let ci,c; € C both attain the distance d.
| > d; the
triangle inequality gives the reverse 1nequa11ty, S0
equality holds. Writing v; = (u —¢/)/d we have
lvgll =1 and |22

n-convexity and ¢; = ¢;. O

* *
. . cq+c ci+c
Convexity gives % €C, so "u . 2|

|| = 1, whence v; = v, by strict

Theorem 2 extends the classical link between strict
convexity and unique best approximation [5] to all
n = 2, recovering the case n = 2 of [14].

C. The n-Clarkson Inequalities

Theorem 3 (n-Clarkson Inequalities). Let X be
uniformly n-convex. If x|, lyll < 1 and ||lx —yll = ¢,
then llx+vy/2[<1- 8)((")(8). Moreover, for all
%y €X, lx+y/21° +llx —y/21* < 1/2 (Ix11 +
IIyIIZ) +n(e), wheren(e) » 0 as € » 0*.
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Proof. Tnequality (1) is the definition of 8. For (2),
put M = max(llx|l, lyll) and normalise; (1) gives

||%|| <M (1 - 6§n)(s/M)). Squaring,  adding
||?”2 = £2/4, and using M? < %(IIXH2 + lyl?) +

£2 /4 together with 6,5") (e) » 0 as £ > 0% yields (2)
withn(e) = 0(e?). O

Inequality (1) is exactly the definition of uniform n-
convexity, while (2) supplies the quantitative estimate
used below to prove reflexivity.

IV.  DUALITY: n-CONVEXITY AND n-
SMOOTHNESS

Proposition 2.  The modulus p,((n) satisfies: (i)

p)((n)(O) =0, (ii) p)({n) is non-decreasing and convex;
(iii) p,((n)(‘[) < tforallt = 0; and (iv) X is uniformly
n-smooth iff lim,_g+p ™ (1) /7 = 0.

Proof. (1) is immediate. (ii) Convexity follows from
(N4) appliedto x t 1y =Ax £ 1;9) + (1 — D (x £
y)fort=2t, + (1= D1, Qi) lIx oyl <1+
gives ~(llx + 7yl +lx —7yl) =1 < 7. (iv) is the
definition. O

Theorem 4 (n-Dimensional Duality Inequality). For
an n-normed space X with n-dual X* [4] and all € €

(0,2], 6)((’})(6) > sup{eT/Z - p,((n)(‘[)}.
>0

Proof.- Take f,g € X* with || f llx==Il g llxy*= 1and ||
f — g llx»= &. Fix T > 0 and pick near-extremal unit
vectors x,y €X with f(x)>1—-n and (f —
9)(y) = e—n. Bvaluating f+g at x+7y and

estimating [lx + Ty|l through the definition of p,((n)

gives 1—Il f +g/2 x> %— p)((n)(‘r). Letting n —
0, taking the infimum over admissible f, g, and the
supremum over T > 0 gives the claim. O

Corollary 1 (Convexity—Smoothness Duality). Let X
be an n-Banach space. Then (i) X is uniformly n-
convex iff X* is uniformly n-smooth, and (ii) X is
uniformly n-smooth iff X* is uniformly n-convex.
Proof. By Theorem 4, p)((") (r)/Tt > 0 forces
6)((’3) (¢) > 0, giving (i) in one direction; the converse
uses reflexivity (Theorem 5) and the symmetry of the
inequality applied to X** = X. Statement (ii) follows
by exchanging the roles of X and X*. O
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Theorem 4 and Corollary / extend Lindenstrauss’
duality [7] to the n-normed setting; the case n = 2 is
consistent with [15], while n = 3 is new.

V. REFLEXIVITY AND n-NORMAL
STRUCTURE

Lemma 1 (Reflexivity Criterion). An n-Banach space
X is reflexive iff every bounded sequence has a

subsequence converging weakly with respect to the n-
dual X*.

Proof. This is the n-normed analogue of the Eberlein—
Smulian theorem [10]. By the equivalence theorem of
Gunawan and Mashadi [3], the weak topology of X
coincides with that induced by the derived norms ||-I|;
each derived space is a classical normed space, so the
classical Eberlein—Smulian theorem applies, and joint
reflexivity of the derived spaces gives reflexivity of
X.O

Theorem 5 (n-Normed Milman—Pettis Theorem).
Every uniformly mn-convex n-Banach space is
reflexive.

Proof. Let (x;,) be bounded in X. For fixed z,, ..., z,,
the derived space (X, I:ll) is a classical Banach space
[3], and uniform n-convexity yields &y .)(e) =

6)((")(5) >0, so each derived space is uniformly
convex, hence reflexive by the classical Milman—
Pettis theorem [8, 9]. A diagonal argument over a
determining family of derived norms produces a
subsequence of (x;) converging weakly in X;
Lemma / then gives reflexivity. O

Corollary 2. In a uniformly n-convex n-Banach space,
every nonempty bounded closed convex set is weakly
compact.

Proof. By Theorem 5, X is reflexive, so its unit ball is
weakly compact by the n-normed Alaoglu theorem; a
bounded closed convex set is a weakly closed subset
of a ball, hence weakly compact. O

The case n =2 recovers [16] under a modulus
condition; the diagonal argument on derived norms is
specific to the n-normed setting.

Proposition 3 (Normal Structure). Every uniformly n-
convex n-Banach space has n-normal structure.
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Proof Let C be a bounded convex set with
diam,(C) =d >0 and x € C. For y, € C with

lxx — yill = d, the midpoints H% € C satisfy, by (1),
=24 < (1 - 6((d —n)/d))d <d for small

1 > 0. Thus C contains a nondiametral point, so X has
n-normal structure. O

By Proposition 3 and Corollary 2, a uniformly n-
convex n-Banach space is reflexive, has weakly
compact bounded closed convex sets, and possesses n-
normal structure—precisely the hypotheses under
which nonexpansive self-maps of bounded closed
convex sets admit fixed points.

VL.  CONCLUSION

We have characterised the geometry of generalised n-
normed spaces through the moduli of n-convexity and
n-smoothness. The main results—the n-Clarkson
inequalities, the n-dimensional Lindenstrauss duality
inequality, and the mn-normed Milman—Pettis
theorem—show that uniform n-convexity is the
pivotal hypothesis: it implies reflexivity, weak
compactness of bounded closed convex sets, and n-
normal structure. These are exactly the geometric
ingredients required by the Browder—Gohde—Kirk
theory, and they set the stage for the existence and
iterative  approximation of fixed points of
nonexpansive mappings in n-normed spaces, which
will be treated in subsequent work.
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